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1. Computer Arithmetic

1.1. Units of Computer Storage
« bit = binary digit
- byte(B) = 8 bits

library(lobstr)

X <- 100

y <- c(20, 30)

sapply(ls(), function(z, env=parent.env(environment())) obj size(get(z,
envir=env)))

Xy
56 64

- 1™ 3|H 37((48) + 8 * A I

1.2. Storage of Characters

« ASCII: 7 bits -> 27 = 128 characters

« Extended ASCII: 8 bits -> 28 = 256 characters

+ Unicode: UTF-8, UTF-16, UTF-32 -> last 7 digits conform to ASCII
» UTF-8: current dominant character encoding

1.3. Integers: Fixed-Point Number System
« fixed-point number system: computer model for integers
« any representation of numbers in computer has to be an approximation
» computer memory (finite) vs. cardinality of Z (infinite)
+ number M of bits and method of representing negative numbers CtQF
» Riinteger type M = 32
» C: char, int, short, long, =
» Matlab: (u)int8, -, (u)int64



Unsigned Integers
- 30| ofd H
- range: [0,2M — 1]
Signed Integers
+ model of Z, #of| Clisf B3] US
« % HI| H|E(=MSB)+= sign bit
» 0: 30| Ofl H=
=SS
« two’s complement representation for negative numbers
» sign bit =1
» negate the remaining bits (0~ 1, 1— 0)
» add 1to the result
« unsigned integer 2™ — £2} 4 22| & S (mod 2M)

pryr:: bits(5L)

[1] "00000000 00000060 0000OCEO 00000101"

pryr:: bits(-5L)

[1] "11111111 11111111 11111111 11111011"

pryr::bits(2L * 5L) # shift bits of 5 to the left (why?)
[1] "00000000 00000060 00000000 00001010"

pryr::bits(2L * -5L); # shift bits of -5 to left

[1] "11111111 11111111 11111111 11110110"
« modular arithmeticof| & CHSE
» GiMl/ul: O F ORI Sl = MHIEZ EEPH (+ overflow 2HE)

- range (M-bit signed integer): [-2M~1 2M-1

pryr::bits(2147483647L)

[1] "e1111111 11111111 11111111 11111111"



Overflow and Underflow
+ R2 integer overflow/udnerflow0f| CH3 NAS &=

.Machine$integer.max + 1L

Warning in .Machine$integer.max + 1L: NAs produced by integer overflow

[1] NA

1.4. Real Numbers: Floating-Point Number System

computer model for the real line R

CHE 29| AEE| A|ARI2 IEEE 754 standard XHEH

scientific notation: (b = base, e.g. 10X/, 2%, )
+d;.dyds...d, x b, 0<d; <b

normalized vs. denormalized

» 18 = +1.0010 x 2% (normalized) » A XI2|= 2xZH 1
» 18 = +0.1001 x 25 (denormalized)

RSad MAMM HFREE tES MY

» sign bit
» fraction (mantissa, significand) of the normalized representation (&<=X}
» actual exponent plus a bias

A Hlw
» R: double (double precision)
» C: floatE= single precision, double= double precision

» Julia: Float16 (half), Float32 (single), Float64 (double)
» Python: double

Half Precision

sign(1) + exponent (5) + fraction (10)

10 significand bits = p = 11

5 exponent bits: e, = 15,e,;, = —14, bias =15 = 01111,
> ey = 00001, = 01111, = —14

oy = 11110, = 01111, = +15

range of magnitude: 10** (log,,(2'%) =~ 4)

precision: log,, 21 ~ 3311

value: (R Xt2[7} b, ;)

> €



) 10
(value) — (_1)b15 % 2(2?:1 b15,j25—1)_15 x [ 1+ Z blO'—i
=1 2!

# bitstring(Floatl6(5)) "0100010100000000"
# bitstring(Floatl6(-5)) = "1100010100000000"

Single Precision

« sign(1) + exponent (8) + fraction (23)

+ 23 significand bits » p = 24

- 8exponent bits: e, =127, e,; = —126, bias = 127
- range of magnitude: 10+ (log,(2'%*") ~ 38)

+ precision: log;, 2% ~ 7.225

Double Precision

« sign(1) + exponent (11) + fraction (52)

+ 52 significand bits > p = 53

+ 11 exponent bits: e, = 1023, e,; = —1022, bias = 1023
- range of magnitude: 10+3% (log,,(21%23) ~ 308)

+ precision: log;, 2% ~ 15.95

+ value: (XM Xt2|7} b))

Special Floating-Point Numbers
« infinity(+00): exponent e . + 1 + mantissa O

max

pryr::bits(Inf); pryr::bits(-Inf)
[1] "01111111 11110000 OOOCOO0CO O0OOOEOOO O0COOCOOO OOCOOOOO COOEOOEO COOOCOOO"

[1] "11111111 11110000 00000000 0000000 00OCOOCO 0OOOOOOO OOOOEOOO 6OOEOO"

+ not a number (NaN): exponent e+ 1 + mantissa nonzero
» in general NaN !'= NaN bitwise — test by is.nan()

pryr::bits(0@ / 0)

[1] "01111111 11111000 00000000 0EOOO0EO0 OOOOOOEO 0OOOOEOO OEOOOOEO COEOOOEO"
* exact zero: exponent e, — 1 + mantissa O

pryr::bits(0.0)



[1] "00000000 00000000 0OOOOCOO 0OOOOOEO OO0 OO0 OO0 60OCOO"

+ denormalized numbers: exponent e, — 1 + mantissa nonzero
» numbers less than pemin
» numbers are denormalized in the range (0, b®»») = gradual underflow
» e.g. in half-precision, e, = —14, but 272 = 0.0000000001,, x 274
» without gradual underflow: x 1= yQIHE x - y == 0¥ £ JUAS
Rounding
« p O|&9| significand bits 7}%l AL ZQ
« most computer system: IEEE 754 round to nearest, ties to even
- round to nearest: 0.1 = 1.10011001...5 X 24
» 1.100110011001-:- = 100 2} 101 AfO|= 1001 0000--- 0|22 1010l 7P
+ ties to even: midwayO|™ even least significant digit2
» precision0] 42! Z<:1.011100 x 2! - 1.011 1002 1.0112f 1.160 AtO], round up

Errors
- real number z7} floating point number [z]2 E§E|E E2
» absolute error

[z] — |

» relative error

[z] — |
]

Machine Epsilons

- floating-point numberse uniformstA| 2X8tX| &S (Th (2¢, 20+ )0t 22 27+ oM =
uniforms}| £i¢)

« machine epsilon: 1 £2| %=X}2| spacings
> Emax = (10l CIZHS W 10] OLLIA| Sh= 74 2 ) = & + 552
> €y = (10A WS 10| OFL|A| Bh= 7HEH &2 ) = L + L

© 15,14+ 5] Aole] =12 B3

-

Machine Precision
- relative error= ¢, Oll 2|3l bounded &
* double.neg.eps: €,

1.5. Floating Point Arithmetic
+ addition of two numbers z and y
>z = [z] + [y]
» 2+ [7]



Overflow and Underflow of Floating-Point Number

« overflow: produces +o00
« underflow: zero or denormalized numbers
« underflow 7} G} MSE!
N exp(a:Tﬁ) . 1
» logitlink: p = s ~ Trem—aTh)
» ™XH=Inf / Inf = NaN, EX}= gradual underflow

* .Machine$double.xmax, .Machine$double.xmin — largest/smallest non-subnormal numbers

Lost Significant Digits
+ magnitude XtO|7} 2 F Xt Sl Ml - X2 £X}2| precision S40{HE
»a>>b, a+b=a

Catastrophic Cancellation

« MO Z2 F XX WMl - RE REXK SL0H 2= S
+ operand?| rounding error0i| 2|3l 2

Implications

. 2 2ot iy FHof 22 £57|2| st
. H|28H 37|9| 2XIS 77|2] pairZ H5}|
« 712 SLst e77|2[2f Wil |5t

2. Solving Linear Systems of Equations

- Ax=b E7| ?ist AFH L12|E
2.1. Algorithms

Measure of Algorithm Efficiency
+ flop (floating point operation): &112|& £ 24M9| ttQ|, floating point 9I4F Sl
« Big-0 notation
» A * b(m xn B n x 1 HWEH) - 2mn = O(mn) flops
» A * b(m xndEn x p @) - 2mnp = O(mnp) flops
* O(nlogn) — fast < O(n) < O(logn)

2.2. Triangular Systems

Lower/Upper Triangular System
+ Ax=DbEEZM A € R"™*" 0|

» lower traingular O|™: forward substitution » 2, = b, /a,, £ A2H2

» upper triangular O|™: back substitution (backsolve) = z,, = b,,/a,,,, FE X2 2
« B 2 flops

Implementation
+ BLAS triangular system — ‘done in place’ i.e., b is overwritten by x



# forward substitution
for (i in seq len(n)) {
for (j in seq len(i-1)) {
b[i] <- b[i] - A[i, jI * b[j]

}
b[i] <- b[i] /
}

# backsolve

Ali, 1i]

for (i in rev(seq len(n))) {

for (j in i + seq len(max(n - i,

0))) {

b[i] <- b[i] - A[i, j] * b[j]

}
b[i] <- b[i] /

Algebraic Facts

Ali, 1]

© AZY AC IRA| A= T A q,,

* det(A) =], ay

+(EX9)) APAZIsRI0| B2 (EH)) AMZI

+ (B9 AArZEO| TS (2h9)) ANz

2.3. Gaussian Elimination and LU Decomposition
+ Gaussian Eliminatione| Z3t-> A = L,---L_ U =LU

Elementary Operator Matr
* Ej(c) =1+ ce; ek tide

ixX

ntity matrix2| (j, k) 45 c2 |

» unit trlangular, full rank

> Eji (c) = Eji(—c)
» noxom AE XO| jHm A
»eg Ly =Ey(-2)

+ Gaussian elimination2 Ax = b0]| elementary operator matrix s HM&

Gauss Transformations
« column 10]| CHaH

X2 cx;, + x;2 x| (2m flops)

1

C
M, =E,;(cp1)Eg;(c31)Eg (co1) = 21 .

« column kO] CH3H

Cn1

Bl

rr

A



M = By (Cnp) Eppr i (Crern) = Crirp 1

+ M,,...,M, _,: Gauss transformations

LU Decomposition
+ Gaussian elimination?| Z1}:

Mn_l"'MlA == U.
« let
- thus we have the LU decompositon

A =LU,

2all= sub-matrix A[1: k,1 : k|7t non-singular for k = 1,...,n — 12 [ =Y

]
« LU 2387} ZxX5t1 A7} non-singularO|™, LU £3l= QYs5tn
n
det(A) = det(L) det(U) = [ ] uy-
k=1
» RO|A| determinant HAtsH= 12|
« LU €12|ZE done in place: A7} overwrite =l

for (k in seq len(n-1)) {
for (i in k +seq_len(max(n - k, 0))) {
Ali, k] <- A[i, k] / ALk, k] # computes L
for (j in k +seq len(max(n - k, 0))) {
Ali, j1 <- A[i, j1 - A[i, k] * A[k, jl1 # computes U
}

- AN SEE:
2 2 2,2 3
2(n—1)*+2(n—2)*+-+2-1 ~gn flops .

+ LU 287t E|H (LU)x = b Al4t0ll= 2n? flops



» One forward substitution (n? flops) to solve

Ly=Db
» One back substitution (n? flops) to solve

Ux=y

Matrix Inversion
« multiple RHS - LU 23lj= st et
c dllEH o AX =12 X 37
» n7H2| RHS: ey, ...,e, > 0 ALEE 13 flops

=
=
> S

- CH39| 22 Nilstl AMES =T AHIASIX| S (FRILRtFAlo| E0|2 Ofa)
» standard error A2t ZQ
» RHSS| 7§47t nELCHOHR 2 I}
» nO| 23

Pivoting

- LS E2 R LU 23l A8 = QIS

. pivot a7 00I7ILE 00l B 77t 22
* es.

.7;1 + xz = 2
with solution
xy| _ [1.001001| [1.0
zo|  [0.998999| T |1.0]
- with two significant digits, GE via LU yields
0001561 + .’E2 = 1
(1 —1000)x, =2 — 1000

or

—1000z, = —1000,



yielding

zy| _ |0.0f,
zo| 10|
Condition Number and Stability
© Ax=DbE FEASHSA MY22 O3l f: R™" 5 A A 'b € R"”
« ill-conditioned problem: A2| 2 #siIt f(A) I HEtA|I7|= ER
+ condition number2 &3

R(A) = 0 (A) /01010 (A)

min (

> Ok (A) = max, s | Ax || /|| x || is the maximum singular value of A;

> Opin(A) = min, o || Ax || / || x || is the minimum singular value of A.

+ AZ}singuar—= o, =0, K(A) = o

- Yma|EQ| stability: Z12|E foil 2sh AlASt & = f(A)2tD 5, LTE|EL stable if the
relative error between % and A~—'b is bounded by O(e).

Analysis of the Example

« 2o &= A Q| condition numberes 2.2622 Z7| H{EX| oLt GE/LU Z12|F9| instability
Of| 2|af| true solutionZ} computed solution Z+2| X}0|7} 37| 2

« AWM X ay,/ay; = 1000

Solution: Fix the Algorithm by Pivoting
« pivoting: elimination2| #&=A] 814

T+ 3y =2

«  With two significant digits, GE yields

(1—0.001)z, = 1 —0.002
or

T+ Ty =2
1.0z5 = 1.0,

-]

+ partial pivoting (GEPP): k% & 022 THE7| ® max™ , |a,, |2 &S kHM HOZ WH|

yielding

10



» 3t H|Woj| =& cost: O(n?)
« LU with partial pivoting yields
PA =LU,

where P is a permutation matrix, L is unit lower triangular with |£ij| < 1, and U is upper
triangular.

« Complete pivoting (GECP): do both row and column interchanges so that the largest entry in
the sub matrix A[k:n, k:n] is permuted to the (k, k)-th entry. This yields the decomposition

PAQ = LU,
where |€ij| <1
+ GECP7} O stable 5tX|8t costs more computation
« partial pivoting2 CHEE stable
Implementation

« BLAS and LAPACK 2}0|E212|: GETRF (partial pivoting)
* R:solve()

library(Matrix)

A <- t(Matrix(c(2.0, -4.0, 2.0, 4.0, -9.0, 7.0, 2.0, 1.0, 3.0), ncol=3))
alu <- Matrix::lu(A)

ealu <- expand(alu)

3. Cholesky Decomposition
« amatrix M is positive (semi)definite if

xIMx > 0(>0), Vx+#0.
« We can always assume that a postive (semi)definite matrix is symmetric
3.1. Theorem

« Theorem: Let A € R™*" be symmetric and positive definite. Then A = LLT, where L is
lower triangular with positive diagonal entries and is unique.

« proof: by induction (HW)
 algorithm:
for (k in seq len(n)) {
for (j in k + seq len(n - k)) {

a_jk div_a kk <- A[j, k]l / A[k, Kl
for (1 in j - 1 + seq_len(n - j + 1)) {

1



Ali, j1 <- A[i, j1 - A[i, k] * a_jk div_a kk  # L 22

}
}
sqrt_akk <- sqrt(Af[k, kI)
for (1 in k - 1 + seq len(n - k + 1)) {
A[i, k] = A[i, k] / sqrt_akk # 1 11 and b
}
}
e Cost:
1
5[2(n —1)2+2(n—2)24-+2-1% ~ -n® flops
. stabledt 2112|Z - 251 Aluff = A7} LEX|7} Opl HoZ =t
3.2. Pivoting

. pivoting2 YA x| 22| Cholesky factor YA} &t gt Lo

+ symmetric pivoting: row?t columns SA[0| permute 510 max,,,,, a;;7} pivotO| =| =5 &t
» If we encounter max;,_;,, a;; = 0, then A[k : n, k : n] = 0 and the algorithm terminates

«  With symmetric pivotingiz -

PAPT = LL7,
where P is a permutation matrix and L € R™*", r = rank (A).

Implementation
+ LAPACK: dpotrf, dpstrf
* R:base::chol() or Matrix::chol()

3.3. Example: Positive Definite Matrix
library(Matrix)
A <- t(Matrix(c(4, 12, -16, 12, 37, -43, -16, -43, 98), nrow=3))
b <- c(1.0, 2.0, 3.0)
Achol <- Matrix::chol(Matrix::symmpart(A)) # upper triangle matrix; A = R"T R
y <- solve(t(Achol), b) # two triangular solves; only 2n"2 flops; Ax = R"T Rx

= b
solve(Achol, y) # Rx = vy

[1] 28.583333 -7.666667 1.333333

. sHEdAl

det (Achol)”"2

12



[1] 36

. O
=

29
=

g

solve(Achol, solve(t(Achol))) # A”-1 = R*-1 R*-T;

3 x 3 Matrix of class "dgeMatrix"

[,1] [,2] [,31]
[1,] 49.361111 -13.5555556 2.1111111
[2,] -13.555556 3.7777778 -0.5555556
[3,1 2.111111 -0.5555556 0.1111111

3.4. Example: Positive Semidefinite Matrix

A <- Matrix(c(1,1,.5,1,1,.5,.5,.5,1), nrow=3)

(Achol <- base::chol(A, pivot=TRUE)) # turn off checking pd

Warning in chol.default(A, pivot = TRUE):

or not positive definite

[,1] [,2] [,3]
[1,] 1 0.5000000 1
[2,1] 0 0.8660254 0
[3,] 0 0.0000000 0
attr(,"pivot")

[1] 1 3 2
attr(,"rank")
[1] 2

3.5. Applications

Multivariate Normal Density

density:

1

(2m)7/2 det () 172 eXp( 2

Hence the log likelihood is

1 1
glog(Zw) —3 logdet X — §yT2_1y.

Method 1:

1. compute explicit inverse X1 (2n3 flops),

13

R*T A™-1

= R*-1

the matrix is either rank-deficient

1
——yT'sly

)



2. compute quadratic form (2n2 + 2n flops),
3. compute determinant (2n3/3 flops).

+ Method 2:

Cholesky decomposition ¥ = LL” (n3/3 flops),
Solve Lx = y by forward substitutions (n? flops),
compute quadratic form xTx (2n flops), and

4. compute determinant from Cholesky factor (n flops).

W N -

+ To evaluate same multivariate normal density at many observations y,,y,,.... we pre-
compute the Cholesky decomposition (n3 /3 flops), then each evaluation costs n? flops.

Linear Regression by Cholesky
+ Assume X € R™? and y € R™.
» Compute XTX: np? flops
» Compute XT'y: 2nyp flops
» Cholesky decomposition of XTX: %pi” flops
» Solve normal equation X7X 3 = XTy: 2p? flops
» If need standard errors, another (4/3)p? flops
- Total computational cost is np? + (1/3)p3 (without s.e.) or np? + (5/3)p? (with s.e.) flops.

4. QR Decomposition
« 1m()OllA] linear regression ZE = Al

4.1. Definition
+ Assume X € R™*? has full column rank. Necessarilly n > p.
« Full QR decomposition:
X =QR,
where

» Q e R™, QTQ = QQT =1, In other words, Q is an orthogonal matrix.
- First p columns of Q form an orthonormal basis of (X)) (range or column space of X)
- Last n — p columns of Q form an orthonormal basis of (X)) (null space of X7T)
- Recall that ¥(XT) = R(X)* and R(X) @ NV (XT) = R".
» R € R™*? is upper triangular with positive diagonal entries.
- The lower (n — p) x p block of R is 0

+ Reduced QR decomposition:
X = Q1R17

where

14



» Q, eRVP, QTQ, = I, In other words, Qj is a partially orthogonal matrix. Note

» R, € RP*P is an upper triangular matrix with positive diagonal entries.
Given QR decomposition X = QR,
XTX =RTQTQR =RTR = RIR,.

» Once we have a (reduced) QR decomposition of X, we automatically have the Cholesky
decomposition of the Gram matrix X7 X.

Least Squares

Normal equation
XTXB=XTy
is equivalently written with reduced QR as
RIR,3=R{Qfy
R, 0| invertibleO| 22 CtZ2 &M & (R, 0| upper-triangular 0|22 backsolveZ)
» Multiplication Q7'y is done implicitly (see below).
R,8 = Q{y
0| 20| numerically more stable since k(X7 X) = x(X)?!

standard error7} 225t 22 RIR, 2 A&l A&t - triangular solve 22

4.2. Gram-Schmidt Procedure

X &= & QR £31E ZH=C} (« Gram-Schmidt Procedure for basis orthonormalization)

Assume X = [x, |-x,] € R™*? has full column rank. That is, x,,...,x, are linearly inde-
pendent.

Gram-Schmidt (GS) procedure produces nested orthonormal basis vectors {qj, ..., qp} that
spans R(X), i.e,

span ({x;}) = span ({q;})
span ({X;,X,}) = span ({q;,q,})

span ({xl,xz,...,xp}) = span ({ql,q2,...,qp})

and (q;, q;) = ;-

LTS

0. Initialize q; = x,/ || x4 ||
2

1. Fork=2,....p,

15



k—1

Vi = X, — Pran (a1 (%) = Xk — (a4, %) - q
j=1

qg = vi/ |l vi !

* note.

* Proon ({ay, a1 (Xx) k= 221 B, q, 0l span 3h= subspace2 x,E projection &t 2

GS Conducts Reduced QR

© Q= [ai|+[q,]0l2 QTQ =T, A2 X
-+ Rel 74

02

» Re-write the above expression:

k—1
Trrdr = X — Tik * 4y
Jj=1
or
k—1
Xp = TreQx + Z Tk dj-
j=1

» If we letr, =0forj >k thenR = (rjk) is upper triangular and

X =QR.
Classical Gram-Schmidt

cgs <- function(X) { # not in-place
n <- dim(X)[1]
p <- dim(X)[2]
Q <- Matrix(O, nrow=n, ncol=p, sparse=FALSE)
R <- Matrix(@, nrow=p, ncol=p, sparse=FALSE)
for (k in seq len(p)) {
Q[, k]l <- X[, Kl
for (j in seq len(k-1)) {
R[j, k] = sum(Q[, j1 * X[, kl) # dot product
Q[, kI <- Q[, kI - R[j, kI *Q[, jl
}
R[k, k] <- Matrix::norm(Q[, k, drop=FALSE], "F")
Q[, kI <- Q[, kI / RI[k, kI
}
list(Q=Q, R=R)

16



+ CGSE unstable (rounding error2 @15l orthogonality 28 4= Q! - €0| 79| collinear
« 2N|7F Yilot= 2

» Q[, kI <- Q[, kI - R[j, kI *Q[, jl
» Q[, kI <- Q[, kI / R[k, K]

Modified Gram-Schmidt
« The algorithm:
0. Initialize q; = x,/ || x4 ||
2

1. Fork=2,...,p,

k—1
Vi = X, — Pran ((a,,..a, ) (Xk) = Xk — (a4, %) - q
j=1
k—1 Jj—1
= Xk_z<qjaxk_z<qlaxk>ql> "q;
j=1 I=1
qr = vie/ | Vi !

mgs <- function(X) { # in-place
n <- dim(X)[1]
p <- dim(X)[2]
R <- Matrix(@, nrow=p, ncol=p)
for (k in seq len(p)) {
for (j in seq len(k-1)) {
R[j, k] <- sum(X[, j1 * X[, k]) # dot product
X[, kI <- X[, kI - R[j, kI * X[, jl
}
R[k, k] <- Matrix::norm(X[, k, drop=FALSE], "F")
X[, k]l <- X[, k] / R[k, kI
}
list(Q=X, R=R)

« X is overwritten by Q and R is stored in a separate array.
« CGS HC} stable 5HX|2t 2™ 5| immune SHX|= %42

» Q1M 2| 24?
» CGS@ MGS2| computational cost: Y-F  4n(k — 1) ~ 2np
4.3. QR by Housholder Transform
+ LAPACKO]| LiEHEl 2 (ROIIM A E)

. GSE CHSTHZO| 2 4 U

17
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XR1R2“‘Rn =Q,
where R; are a sequence of upper triangular matrices.

+ Householder QR:

R
H,-HH, X = ( 01),

where Hj € R™ "™ are a sequence of Householder transformation matrices.

» It yields the full QR where Q = H,--H,, € R™*"™.
» Recall that CGS/MGS only produces the reduced QR decomposition.

. HFEH-
o k|-

» For arbitrary x, w € R™ with || x ||=|| w ||, we can construct a Householder matrix (or
2 2
Householder reflector)

1
H=1I —2uu’, u=———(x—w
2
that transforms x to w:
Hx=w
- H= thE, Hudd
- u A4t 3n flops
» Now choose H; so that
+ || % |
2
Hx, = 0
0

Thatis, x =x; and w = + || x; || e;.
2

- Left-multiplying H, zeros out the first column of X below (1, 1).
» Take H, to zero the second column below diagonal:

O O O O X
S O O X X
X X X X X
X X X X X

+ In general, choose the j-th Householder transform Hj =1I,— 2uju;-.F, where

18



J U

0. .
o, = [ j ] iy € R4,
J

to zero the j-th column below diagonal. H; takes the form

H. — Tja ol = Ljm _ .
J I, 1 —20;u; H;

+ Applying a Householder transform H = I — 2uu?’ to a matrix X € R?*?P
HX = X —2u(u”X)
costs 4np flops. Householder updates never entails explicit formation of the House-
holder matrices.
+ Note applying E[j to X only needs 4(n — j+1)(p —j + 1) flops.
Algorithm

for (j in seq len(p)) { # in-place
u <- Householder(X[j:n, j1)
for (i in j:p)
X[j:n, il <- X[j:n, 1] - 2 * u * sum(u * X[j:n, 1i1)
}

- done in place

+ Upper triangular part of X is overwritten by R, and the essential Householder vectors (aﬂ
is normalized to 1) are stored in X[j : n, j].

- Can ensure Ujy #+ 0 by a clever choice of the sign in determining vector w above
+ At j-th stage

0. computing the Householder vector @, costs 3(n—j+1) flops
1. applying the Householder transform Hj to the X[j: n,j: p] block costs 4(n —j+

1)(p—j+1) flops
* Intotal we need 377 | [3(n—j+1) +4(n—j+1)(p—j+1)] ~ 2np® — 2p3 flops.
© Q=H,-H,= BAH2= MIEX| IS

» Accumulating Q costs another 2np? — 2p? flops.
» linear equation 2 e Q #HAHE 2 1S (regression coefficients?t 52); fitted value 74|[4F
Alol= 22

set.seed(2020) # seed
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n <-5
p<-3
(X <- matrix(rnorm(n * p), nrow=n))

[,1] [,2] [,31]
[1,]1 0.3769721 .7205735 -0.8531228
[2,] 0.3015484 .9391210 0.9092592
[3,]1 -1.0980232 -0.2293777 1.1963730
[4,]1 -1.1304059 .7591313 -0.3715839
[5,]1 -2.7965343 .1173668 -0.1232602

O H OO0 O

(y <- rnorm(n))

[1] 1.80004312 1.70399588 -3.03876461 -2.28897495 0.05830349

gr.solve(X, y)

[1] 0.615117664 -0.008382116 -0.770116370

(qrobj <- qr(X, LAPACK=TRUE))

$qr

[,1] [,2] [,31]
[1,] -3.2460924 0.46519442 0.1837043
[2,] 0.0832302 -2.08463446 0.3784090
[3,] -0.3030648 -0.05061826 -1.7211061
[4,] -0.3120027 0.61242637 -0.4073016
[5,]1 -0.7718699 0.10474144 -0.3750994

$rank
[1] 3

$qraux
[1] 1.116131 1.440301 1.530697

$pivot
[1] 123

attr(,"useLAPACK")
[1] TRUE
attr(,"class")

[1] "qr"
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+ $qr: a matrix of same size as input matrix
» The upper triangular part of qrobj$qr contains the R of the decomposition and the lower
triangular part contains information on the Q of the decomposition
* $rank: rank of the input matrix
+ $pivot: pivot vector (for rank-deficient X)
+ s$aux: normalizing constants of Householder vectors

qr.Q(qrobj)

[,1] [,2] [,3l]
[1,] -0.116131065 -0.3715745 0.40159171
[2,] -0.09289581 -0.4712268 -0.64182039
[3,] 0.33825998 0.1855167 -0.61822569
[4,] 0.34823590 -0.7661458 0.08461993
[5,] 0.86150792 0.1359480 0.19346097

qr.R(qrobj)

[,1] [,2] [,31]
[1,] -3.246092 0.4651944 0.1837043
[2,] 0.000000 -2.0846345 0.3784090
[3,] 0.000000 0.0000000 -1.7211061

qr.qty(qrobj, y)

[,1]
[1,]1 -2.1421018
[2,] -0.2739453
[3,]1 1.3254520
[4,] -3.3263425
[5,1 1.7707709

+ GSO|M 2tS3HX| §AE 2l 7hs

4.4. QR by Givens Rotation
» Householder &% H ;i= vector0f| O Ct= ZX|
+ Givens transform2 vector?| &t PIAE 02 (Givens (n — 1) = Householder 1&1)

+ Givens/Jacobi rotations:
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G(i,k,0) = |: P 1,

where ¢ = cos(6) and s = sin(f). G(i, k, 6) is orthogonal.
08 ot=e 2l

- —

» Pre-multiplication by G (i, k, )7 rotates counterclockwise 6 radians in the (i, k) coordi-
nate plane.
» If x € R and y = G (i, k, 0)Tx, then

CT; — 8TL] =1
y]: S$i+cxkj:k
T, jFik
» Apparently if we choose tan(§) = —z; /x,, or equivalently,
P S —"1 -
Vai+al  \ai+al
then y,, = 0.
Pre-applying Givens transform: & 712| &2t 235k (65 flops)
Post-applying Givens transform: & 7H2| &gt 245t (61, flops)
QR by Givens: GT--G{X = [F;l]
If X € R™*P, the total cost is 3np? — p3 flops and O(np) square roots.

Z+Z2+9| transform StLte| =Xt2 22 715! stored in the zeroed entry of X.

4.5. Conditioning of Linear Regression by Least Squares

condition number for the least squares problem y ~ X3 is more complicated and depends
on the residual.
the condition number is

2
#(X) + k(X) tane,
n
where
L IXB] | X Il 81
6 = cos? ” , =
18] I X8|
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+ k(X)7t 3H (X7} collinear) condition number?| 37|7} x(X)20f| 2|5 dominate & — stable
algorithm is preferred

4.6. Summary of Linear Regression

- Methods for solving linear regression 3 = (X7X) " XTy:
Method Flops Remarks Soft- Stability
ware
Cholesky np® +p3/3 unstable
QR by House- 2np? — (2/3)p? R, Ju-  stable
holder lia,
MAT-
LAB
QR by MGS 2np? Q, available stable
QR by SVD 4n2p + 8np? + 9p3 X =UDVT most sta-

ble

« remarks
» n >> pO|™ CholeskyZt QREL} 28l W21 Z7+S Aok
» Cholesky= gram matrix0| 7|8t (huge n, moderate p Ci|O|E{ handle 7}5)
» QR methodE O stabledt numerically Z&st solution
» MGSE Householder0f| HIa =2|X|2t Q, 2 At

Undetermined Least Squares

- gram matrix7} singular@! 2<% (rank (X) < p, in particular n < p)
- require solution x has a smallest norm

« depends on the choice of the norm

» £, norm: closed form solution
» ¢, norm’: model selection problem (combinatorial)
» ¢, norm: convex optimization — tractable

5. Iterative Methods for Solving Linear Equations

5.1. Motivation: PageRank
« PageRank &2 9| stationary distribution

xTP = xT.
Equivalently it can be cast as a linear equation.

(I-PT)x=0.
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- nO0| O} 2 A< - direct method2= 0§ 224 Z2
5.2. Splitting and Fixed Point Iteration
+ keyidea: &#lE A = M — K& split

» M: &l invert & =

- Then Ax=Mx—-Kx=bor

x =M 1Kx + M 1b.

Thus a solution to Ax = b is a fixed point of iteration

xt = M1Kx® + M~'b = Rx® +c.

« R2 XA}/ MEH - the sequence x(¥) generated by the above iteration converges to a

solution Ax =b

» converge if and only if p(R) < 1
» p(R) =max,_; _,[\(R)]

Matrix Norms

+ operator norm (induced by a vector norm): || A ||= sup,_

+ norm?| M=

xlzo
lx|=0ex=0,
ex = el I x | forallc € R,

Aty i<+ 1yl
T AB <[ A-[|[| B |

u b~ W N o

Convergence of Iterative Methods

- if || R ||< 1 for a certain (induced) norm, then x® — x*

» Let x* be a solution of Ax = b.

» Equivalently, x* satisfies x* = Rx* + c.

» Subtracting this from x(t+*1) = Rx(®) + ¢, we have
x(tHD — x* = R(x® —x*).

» Take a vector norm on both sides:

I —x [[=] R(x® —x*) [<[| R | x® —x~ |

where || R || is the induced operator norm.
+ theorem (pf A42F):

» The spectral radius p(A) of a matrix A € R™*" satisfies

p(A) <[ A

24



for any operator norm.
» forany A € R™*" and € > 0, there is an operator norm || - || such that || A ||[< p(A) + €.

» In other words,

p(A) = inf A

[I-|l: operator norm
» Thus it is immediate to see
p(A) <l A<l
for some operator norm.

Implications

« When A is invertible, the iteration x(t*1) = Rx() 4 ¢ converges to A~!b for any x(@ if
and only if p(R) < 1.
» (<) 12l "2l (A7} singularo{= dE)
» (=) when A is invertible (hence x* is unique):

x(t) — x* = R! (x(o) — x*).

- If LHS converges to zero for any x(©), then Rt — 0 as t — co.
- This cannot occur if |\;(R)| > 1 for some i
- if x(0) = v, + x* for an eigenvector v, # 0 such that Rv, = \,v;, then | Rt (x(® —
N t
x) =1\ vi 121 v 1 0.

5.3. Jacobi’s Method

- O RE MEHSHOf sH=7te| EH| (XE {84 split?)

« Split A =L + D + U = (strictly lower triangular) + (diagonal) + (strictly upper triangular).
+ Take M = D (easy to invert!) and K = —(L + U):

Dx(+Y = (L 4+ U)x® + b,

xt) = DL 4 U)x® + D 'b = D 'Ax® + x® + Db,

i—1 (t) n (t)
(t+1) b; — Zj=1 QijTs — Zj=i+1 Qi T

i =

Q4

+ Convergence is guaranteed if A is striclty row diagonally dominant: |a,,| > Z#i|aij|.

+ One round costs 2n? flops with an unstructured A. Gain over GE/LU if converges in o(n)
iterations.

+ Saving is huge for sparse or structured A. By structured, we mean the matrix-vector
multiplication Av is fast (O(n) or O(nlogn)).
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» Often the multiplication is implicit and A is not even stored, e.g., finite difference:
(Av); = v, — ;4.

5.4. Gauss-Seidel Method

« Split A =L+ D + U = (strictly lower triangular) + (diagonal) + (strictly upper triangular)
as Jacobi.

+ Take M = D + L (easy to invert, why?) and K = —U:

(D + L)x*Y = —Ux® +b

xt+) = (D4 L)"'Ux® + (D 4+ L) 'b.
« Equivalent to
Dx®D) = _Lx(t+D) — Ux® + b
or
x(t+) = D~ ( Lx(+1) — Ux(* —l—b)
leading to the iteration.

S+ n (t)
LD _ Z] 1 %57y 2 i1 %%
; .

Q4

+ “Coordinate descent(d24%)” version of Jacobi. » HIZ 0|™ ME2 AIEsIEZE 8 £ O
HHH=

- Convergence is guaranteed if A is striclty row diagonally dominant.

5.5. Successive Over-Relaxation (SOR)

« Split A =L+ D + U = (strictly lower triangular) + (diagonal) + (strictly upper triangular)
as before.

- Take M = 1D + L (easy to invert, why?) and K = =D — U:
(D + wL)x®Y = [(1 — w)D — wU]x® + wb
Dx*V) = (1 — w)Dx®) + w(—Ux¥ — Lx*1) + b)

)
x(tHD) = (1 — w)x® + WD~ (—Ux® — Lx**V) + b)
» w = 1: Gauss-Seidel; w € (0, 1): underrelaxation; w > 1: overrelaxation

» Relaxation in hope of faster convergence

5.6. Conjugate Gradient Method
+ huge, structured linear system Z7|0]| 7}& £&
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+ Key idea: solving Ax = b is equivalent to minimizing the quadratic function Zx” Ax — b”x
if A is positive definite.

5.7. Numerical Examples

Generate Test Matrix
- Poisson matrix: block tridiagonal matrix from Poisson’s equation V24 = f in on the plane
» sparse, symmetric positive definite and has known eigenvalues

Result
» Cholesky — awfully slow
« iterative: Jacobi, Gauss-Seidel, SOR, Conjugate Gradient

6. Nonlinear Equation Solve

6.1. Problem
« Find x such that

f(x)=0.

» f7F non-linearO|™ closed form solution ZX{5IX| S - ZTHH A2 27t
» iterative, numerical method AtE

- nonlinear equationz} optimization Al (g7t differentiable StCHA..)
» maximizer of g < solving f(z) =¢'(z) =0

6.2. Univariate Problems
f:R—=>R

Bisection

© f7HLrOIM A, f() f(r) <0

- U a0l 28t 32+ such that f(z*) = 0.

« consider the midpoint m = HTT

» if f(m) =0, done
» otherwise, r < m if f(I)f(m) < 0,1+ mif f(m)f(r) <0
- nt 8t= 0|F £|F interval2| ZO|: (r(® — (1) /2n
- algorithm
bisect <- function(f, 1, r, tol=1le-6) {
iter <- 0

while ( r - 1 > tol ) {
m<-(L+r) /2
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if ( (1) * f(m) <0 ) {
r<-m

} else {
1l<-m

}

iter <- iter + 1

}

ret <- list(val = (L + r) / 2, iter = iter)

- example: quantile of continuous distribution

F <- function(x) {pt(x, 5) - 0.95} # Student's t distribution
ret <- bisect(F, 1.291, 2.582)

Fixed-Point Iteration
+ def: x € Ris a fixed point of function F: R — R if F(z) ==

. strategy

» determine F'such that f(z) =0 F(z) ==«
» apply FPI: z(k+1) = F(z()

- example: find a root of f(z) = z* — sinz on (0, 1]

» method 1: F, (z) = (sinz)/%, since f(z) = 0 & z = (sinz)Y/*
» method 2: F(z) = 882 since f(z) = 0 < z = S5 > it

- contraction mapping theorem: Suppose the function F' defined on a closed interval I ¢ R
satisfies

1. F(z) € I whenever z € T
2. |F(z)— F(y)| < L|x — y| for all z,y € I (Lipschitz continuity).

Then, if L € [0,1), F has a unique fixed point z* € I. Furthermore, fixed-point iteration
z**1 = F(z*) converges to z* regardless of the initial point z(?).

» pf &2
» remark. rate of convergence (geometric) — linear convergence

@ — 2| <

[zt — 20|

+ Lipschitz modulus of a differentiable function: L = sup,;|F’(z)|

« recall example

» F; maps I =[0.2,1] to a smaller interval. Fj,(z) = Tand/ia] 1S decreasing on [ and 1 >
F,(0.2) > F,(1) > 0.
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» Fy expands I = [0.9,1] to [0.841,1.075] and also Fy, (z) = £<s2-3ss js increasing on [
with E, (1) < —1.

Obvious Choice of F
 F(z) = f(z) + z ~ iteration z(k¥+1) = z(® 4 f(z()

Newton’s Method
- iteration:

+ motivation: 1X} B2 X7}
v if 2(F) o~ > (root of f),
0= f(z*) = f(ac(k)) + f(2) (:E* — acU“))

for some 7 on the line segment connecting z(*) and z*
» substitute 7 with z(*) and z* with z(*+1)

0= f(z®) + /(a0 (z*+D) — z®)),

« Newton’s method is a FPI with

+ local convergence is governed by

» If f/(z*) # 0 and |f”(z*)| < oo, then F’(z*) = 0. So there is a neighborhood of z* in
which |F'(z)| < 1.

» With this assumption, apply 2nd-order Taylor expansion of F around z*: for Z on the line
segment connecting z(*=1) and z*.

» If furthermore F” is continuous and z(? is sufficiently close to z*, then z(*) — z* and

|x(k) -z 1

Thus Newton’s method has a locally quadratic convergence property (under suitable
contidions).
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» The local convergence theory requires a good starting point z(©) (“sufficiently close to
z*”). With a good starting point, Newton-Rephson will converge very fast to the nearby
solution. Otherwise, it can fail miserably.

6.3. Multivariate Problems

Newton’s Method
+ linearize f around x = (z, ..., x,,) = univariate versionz} Z2 O}0|C|04

+ Iteration:
x(b+1) = x(k) — [Jf(x®))] -1 F(x®))
where

0f1(x) 0f1(x)
ox, 7 Oz,

Jf(x) = : g :
0fn(x) 01y (x)
oz, 7 Oz,

- Remember we should solve a linear system
[Jf(x")]Ax = —f(x™)
to get x(¥+t1) = x(*) 4 Ax, using LU etc, for each iteration.

Variants
- Modified Newton: replace J f(x*)) with J = J f(x©).

- Jacobi's method: replace J f(x*)) with diag (J f(x®))).

- Gauss-Seidel: replace J f(x*)) with lowertri (Jf(x*))).

« SOR: replace Jf(x(k)) with % diag (Jf(x(k))) + strictlowertri (Jf(x(k>)).
7. Optimization

-problem:

min f(x)

7.1. Golden Section Search
o d =1, AEMo| Zto| M Hol=l &40 HE

+ assumption: f is continuous and strictly unimodal

» Afunction f : [a,b] — R is strictly unimodal if

fQz+ (1= Ny) <max{f(z), f(y)}, z,y€ab],zFy, A€ (0,1).
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+ idea: keep track of three points a < z; < b such that f(z;) < min{f(a), f(b)}
+ choose a new point z, such that z, belongs to the longer of intervals (a, z;) and (z,,b)
+ WLOG, suppose a < z, < z;

» If f(zy) > f(z), then the minimum lies in the interval (z,, b). Hence set (a,z,,b) :=
(x(bxla b)
» Otherwise, the minimum lies in the interval (a, z, ). Hence set (a, z,,b) := (a, zy, z,).

+ z,2| MEH: = candidate interval?| ZO|E ZA|, 2|11 F7HEC| MTHA 2|X|E Z2H !X

To—a T{—T b—x
o=ty = Hope SE = a0l

=y+a:y, at+yta=1

(6%
P EMg =35 x1 o= @ (golden section, &=2£2%!)

algorithm

goldensection <- function(f, a, b, tol=le-6) {
alpha <- (3 - sqrt(5)) * 0.5
iter <- 0

while ( b - a > tol ) {
X0 <- a + alpha * (b - a)
x1l <- b - alpha * (b - a)
if ( f(x0) > f(x1) ) {
a <- x0
} else {
b <- x1
x1 <- x0
)
iter <- iter + 1
}
list(val = (a + b) / 2, iter = iter)
1
« $Z2 Lg|x|at & (assumption ZHE Al global minimum E%)

7.2. Newton’s Method
« first-order optimality condition: V f(x*) = 0

» g(x) = Vf(x)0ll Newton-Raphson §&3}= 2t S

+ idea: iterative quadratic approximation (2X} E|&2{ Z7H)
F00)  Fx) + 7 ()" (e = 09) 4 5 (e =) [72 ()] (= )

» gradientS 022 FH (Vf(x®) + [V2f(x®)] (x —x®) = 0) CIS iterate
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x(t+H) = x(t) _ [v2 f(x(t))]_lv F(x®)
gold standard: W2 quadratic convergence

” X(t+1) — x* ”
——— — constant

» iterationO}C} FEIGE XSl4=71 of 28114 S7t

2|Z naive Newton’s methodz} &

stability issue: naive Newton2 descent algorithmO| OFd (f(x*1)) < f(x®) E& X)
» L2/ 228 712|X| 942 - A|ZHEO|| et local maxE 43, local minQ 2 3, = 2

7.3. Practical Newton

instabilityoil CHot SHZAAH:
1 V2f(x¥)E 2HX| P HYE 2AHYER| ot E2)
2. line search (backtracking)2 descent property 2%t
o XX AL ZL? Newton direction &2
Ax® = [H®)] 1y F(x®)

» Xt E| 22| TIH:

F(x® 4+ sAx®) — f(x®) = —s - Vf(x®) [HO] 7V f(xD) 4 0
» HOIF FHX[0|H S235| =2 501 CHal 2| 2t0| Z5HH S - L2 B

{Vf x(t)) [H® ]_1Vf(x(’f))}1/2E Newton decrementz} &t
practical Newton-type algorithm:

(s)

(D) = x(®) — s[H®)] “ly F(x0) = x® 4 sAx®

» H®: sz( ) | et YA X| AL, s: step size
strictly convex fO|H V2 f7t &t A7 X| » damped Newton
» J2HE 3 HE 2[dl line search= (|8t H) 2

Line Search

Newton directiong A&kt | f(x® + sAx)E Z|Astste s B4
» direction2 &F HHOH A
full line search: s = argmin,, f(x® + aAx®)) (e.g. golden section search At&)
approximate line search: step-halving (s = 1,1/2,...), Armijo rule, -+

backtracking line search (Armijo rule)
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# given: descent direction Ax, x € domf, a € (0, 0.5),

t <- 1.0

B € (0, 1)

while (f(x + t * delx) > f(x) + alpha * t * sum(gradf(x) * delx)) {

t <- beta * t
}

.« V2f(x)E 097 2AP? scienceECH= art —» 2HE 2M =
- H® = IZ =M gradient descent (7.6 ZX)

7.4. Fisher Scoring
- MLEOIM f(x) = —£(8), £2 log-likelihood

- Fisher scoring: —V2/(6)& expected Fisher information matrix2 CHA|

I1(0) = E[-V?%£(0)] = E[VL(0)VL(0)T] =0

» 7|Sigtat 0l2o| et 7hsd stof JE (tif =22 &8t Z20l|k

» HY =I(6")2 &H

9t+1) — g(t)

» QEX|(= 0)0|E2 line searche} ZAgt

60)]" ve(e®)

OII

Example: Logistic Regression
+ binary y; € {0,1}, x; € RP, y; ~ Bernoulli(p,)

eni

b = (771) 1 + en

+ log-likelihood®} O|&:

. [}2tA O] 2H|0i|A Newton’s method == Fisher scoring:

™M descent algorithm

p;
n; =x{ B =g(p;) =log 7

)

Blt+1) — gt) 4 S(XTWu)X)—lXT(y —p®)

- (XTWOX) ' XTWO 20

» working response z() = X3 + s[W(®) ]_l(y p®)

» St 9| Newton iteration = weighted least squares min g Z

» = |IRLS (iteratively re-weighted least squares)
» IRLS == Fisher scoring == Newton’s method

Example: Poisson Regression
+ county, € {0,1,2,...}, y; ~ Poisson(},)

N, =€, n,=xIB=1log); (log link)

+ log-likelihood®} O|&:

33

(logit link)



- 9A| Newton == Fisher scoring == IRLS, working response z(*) = X3®) + s[W ()] - (y—
)\(t))

# Poisson regression via Fisher scoring (IRLS) + step halving
# deaths ~ quarter, lambda = exp(beta® + betal * quarter)
poissonreg <- function(x, y, maxiter=10, tol=le-6) {
beta <- matrix(0, nrow=2, ncol=1); betaold <- beta
lik <- function(bet) {eta <- bet[1l] + bet[2] * x; sum(y * eta - exp(eta))}
likold <- lik(betaold); iter <- 1; stop <- FALSE
while ((!stop) && (iter < maxiter)) {
eta <- beta[l] + x * beta[2]
w <- exp(eta) # lambda
s <- 1.0 # line search by step halving
for (i in 1:5) {
z <-eta+s * (y/w-1) # working response
m <- lm(z ~ x, weights=w) # weighted least squares
beta <- as.matrix(coef(m)); curlik <- lik(beta)
if (curlik > likold) break
s <-s * 0.5
}
if (norm(beta - betaold, "F") < tol) stop <- TRUE
likold <- curlik; betaold <- beta; iter <- iter + 1
}

list(val=as.numeric(beta), iter=iter)

Generalized Linear Models (GLM)
- 2| & of|9] IRLS == Fisher scoring == Newton = 10| O}

- exponential family: density

yn — b(n) }
ply | n o :exp{—-i-c Y, ¢
(vl 7.6) W)
» n: natural parameter, ¢: dispersion parameter
» mean p = b’(n); canonical link g(-) = [b']71()
» variance Var(Y) = b”(n)a(¢)

Family Canonical Link Variance Function
Normal n=u 1

Poisson n=Ilogu 7

Binomial n=1log(p/(1—p) pl—p)

Gamma n=p" 2

Inverse Gaussian 7 = =2 u’
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© GLM: =8 = E(Y | x)E strictly increasing link2 222
9(p) =xTB, p=g*(x"B) =0b'(n)
- score, Hessian, information (a(¢) = 1 7}&):
» Fisher scoring = IRLS, weights w; = [1/¢’(;)]?/0?
+ canonical linke| 22 (xT8 = g(u) = n):

» HessianQ| & & 0| AI2}E! = Hessian = Fisher information
» IRLS == Fisher scoring == Newton’s method, MLE= convex optimization

+ non-canonical link: Fisher scoring = Newton, 28X 92 non-convex
» e.g. probit regression (p, = ®(x! 3)) — &, 0| 42E GIAF2E convex

« R9| glm()O| GLMO|| CH3H Fisher scoring (IRLS) 7184

7.5. Nonlinear Regression: Gauss-Newton Method

« A} 1801 Gauss?t 247 2E5 22 6-parameter HEZ fittings}0{ dwarf planet Ceres2| ¢
X2 MLA (method of least squares)

« nonlinear least squares (curve fitting):
. . . 1 - 2
minimizef(8) = B Z [y; — 1;(x;, 8)]
i=1

» ;7 BOIl CHal ME0|™ HE9] |east squaresZ &
+ “score”@} “information”:
 3(B)T = [Viiy, - V] € RP™

« Gauss-Newton (= Fisher scoring): I(8) = J7J At2 (&4 QHFHX])

B = g1 — g[1(B®)] 'V F(BD)

* justification:
1. residual y;, — p, 7t ZALE p, 78 H2| M - EW & FA| 7ts
2.y, ~ N(pi(x;,8),0%) (02 LAHEE FHE[-V(B)] = 3. Vi, V]

» AMe Gauss= O S S HY2I5H7| I3l Hr=Z(Gaussian)E 2HE

7.6. Gradient Descent Method
* iteration:

» Newton-typeOA H, = I®| E+42
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+ idea: iterative linear approximation (1x} E|&2{ ®7H)E compact set Q0|A Z|A 3}

A VF(x®)" Ax=Ax o~V f(x)

+ step size= descent property SX|StE= MEH (e.g. line search)

» Newtond} &2| 1X} 2At= & unbounded below — step sizeE HIEA| MEHS|OF &t
* pros

» 2} iterationO| X3

» Hessian R=/AM/ME/A™E 2R ~ w2 2|0l oHH=A
+ cons

» =2l £& (zigzagging)
» non-smooth 2H|0|= X5 X

Convergence
- LC}Z 7HY stof:
1. f convex, differentiable on R?
2. f7} L-Lipschitz gradient: | Vf(x) = Vf(y) [S L || x—y |
2

3. p* = inf, f(x) > —oo, x*0lIM Y i
Ak step size 4, = v € (0,1/L]0l| CHaH
FOx0) = p* < [ %O —x* = O(1/8)
27t 2

» sublinear convergence (line search= SAFst bound)

» LEHIHOZ gradient descent?| Z|M2 linear convergence (cf. Newton2| quadratic)
Examples

least squares f(8) = 3 || X8 — yﬁ

» Vf(B) = XTXB — XT = || XTX || Lipschitz = v € (0,1/0,,,.(X)?]
 logistic regression

- VJ(8) = —XT(y ~p)E £ | XTX |-Lipschitz

> gt 2222 I2™ unbounded below 7ts — ridge penalty £ || 8 ||§ identifiable
« Poisson regression

» V£(B) = —XT (y — A) Lipschitz7} OFl (HW)

7.7. Coordinate Descent
« idea: ZtEY F|ASPT} MR | ASIHCH | AUt ES



xg.tﬂ) = argm1nf< +1), ,wgtﬁl),x],xﬁl, '-'7mz(it)>
J

» MEHFYAIO| Gauss-Seidel} SA}
« block descent: coordinate descent2| HIE{ HHA (XtE CHAl 2 x . Z4AD)

. Hg-l

()II

4= 210 =37 - A: descent property

0

o

F9|: BMTI4T} convex0iE coordinate descent”} global minimumO| Ol suboptimal point
2 $Esk & 912 (E35| non-smoothdt 4)

8. Numerical Integration

8.1. Goal
ff F(z)dz, f: [a,b] — R At

» MO 2 ME TS et A - LINKX|= £X[& Z2AL
- MEFO0| st Olw
» expectation: E[Y] = [ g(z)

» Bayesian mference posterlor f@‘X(e | z) = ffj:"‘;)@(‘y)}];@(ée, - (B2 HZ0| closed

form Ot #= QUZ
» structured data®| MLE (e.g. GLMM2| random intercept): likelihood/scoreZ} closed form
o= dMEo=E 1Y
- = MZ: quadrature (Archimedes 0|2}) / Monte Carlo (20A7], 9~11%})

8.2. Newton-Co6tes Quadrature
. I<ey idea:
1. [a,b]E ZO| h = =29] SZH] subinterval [z, z,,,|E B&
2. 2t 27N fFE mXI‘ interpolating polynomial p, 2 ZA}
3. I, = f e~ f p; (=S| ALt 7tHs)
4 I~ z”_ol I
o Rt mo| MEH:
» m = 0: Riemann (rectangular) rule
» m = 1: Trapezoidal rule
» m = 2: Simpson’s rule

Riemann Rule
© [EEF f(z)R 2L L~ hf(;)
« BB error = O(n)

Trapezoidal Rule

fg (z;, f(z;)) (xi+17 f(xi+1))% A= Lxtets

=
1 b(5F(@) + f@0) + o+ f(o,0) + 5F0)) = T0)
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HEE: error = O(n?)

Simpson’s Rule

© fE (zy, fzy) B, (xi+1a f(xi+1)>% X|Lh= OlRfet=2 2AL

h T, + %

I; ~ E[f(%’) +4f<ZT> + f(xwl)}

HElz: error = O(n~*) (Trapezoidal2| O(n~2)0llM 2 =)
» T, Simpson2 H= 24l A8 ~ SFset Hlu= 3L H 2

trapezoidal <- function(f, a, b, n) {

h<-(b-a)/n
xi <- seqg.int(a, b, length.out = n + 1); xi <- xi[-c(1, n + 1)]
h * (0.5 * f(a) + sum(f(xi)) + 0.5 * f(b))

General m

Lagrange polynomial L7 (z) =T, I””J_—’“’zkk ME-pi(z) =3 f(z;;) L7 ()
3

interpolation theorem: A2 CI2 + 1742 M2 X|Lt=E mAl
Corollary: f7t mX} O[5} CtatAl0|H f f@)de =" w;f(z;), w; = [ LT (z)de (BE)

8.3. Gaussian Quadrature

Newton-Cotes: M z;,5 AR 1H, w, Bt Z|X5t - mXt CHEHATEX] exact

M

Gaussian: 2t ®|of M|, w, ;2 ;5 BF /& MEY
Theorem: f7} 2m + 1X} 0|5} CHEHAO|H, m + 1702 H/7IEXIZ2 fﬂiiﬂ f= Z;nzo wijf(wi;j)
7t exact (w;; > 0)

» m+ 170 22 2m + 1XMIEX| exact » Newton-Cotes CHH| 2 7i{M

8l Ofo|C|of: Z@CHEHAl

P™(a,b) (FZt | mx} Olst CHtANO|| inner product (p, q) f p(z)q(z)dz =& — inner
product space

{1, z,...,2™}0ll Gram-Schmidt - orthonormal basis = Legendre polynomial (uniform 2=
ol CH3)

SHOOILIO: f =g - g,y + 7 CFEMLER), (9,¢,11) = 00122 [ f= [rBz,E ¢y
o| 302 HOH f(r,) = r(x,)

» Lemma: ¢, 2| 22 % &40/ MZ OIS

» Rbz= 2m + 10| 2T (B f(z) =[] (2 — ; ) £ 2m + 2RI Y w, f(x;) = 0)

Weighted Orthogonal PonnomiaIs

inner productE (p, ¢ f p(x (z)dz2 HHFFH w-orthogonal polynomial ‘44
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distribution

orthogonal poly  weight w(z) domain
Legendre 1 (—1,1) uniform
Laguerre x%e ” (0, 00) gamma
Hermite e’ (—o0,00) normal
(1—2z)*(1+=x)® (-=1,1)  beta
88

£ HE Newton’s methodZ EH: 3-term recursion, interlacing property

Jacobi
)e‘“zdx =~ ijf(a:j)eI?
=0

—1
Off > Lt ZAL

Gauss-Hermite Quadrature (GHQ)
0l Hermite polynomial AF2:
f(z)

X
i
712
AEet R
[XE St scaleZ 0|S (e.g. mode §° 4!

.+ (—00,00)
/Zf(w)dwz/:(

. flz) = f(x)e* 7t CEHAlOl| 77t &t
=Xk

» fol mass7t RIFOIM EH (u > 0 E=0? > 1) ® 2,7t
29| peak

» remedy: change of variable2

o)
8.4. Laplace Approximation
© [ flz)e 9@ dzE HER ChH| (92| FAH 7HY WLOG 0)
(a — 00)

o

(0)22 + o(z?) HlZ2] H7 =

+ g(z) =g(0) + 39"
f(z)e~ 9@ dy < f(0)e~*9(0) —
/ RE (0) —
3t dizoz Bt

» a — 000 0 22X 7|0{7} dominate ~ N (0,1/[ag” (0)])0Hl
Stirling’s formula: T(t + 1) = ¢"** [* ¢7%(*)dz, g(2) = 2 —logz B2 2 = )= T(¢ + 1) <

Applications
B quadrature= H 7§

>
rio

/27Ttt+1/2e—t
o] AE‘I}” |_'_|-

22} Laplace XA}
_H

beta X ME S0 HE
multidimensional: Laplace approximation2 X}

271 XF2l0)| X|&=&o 2 =7} (Monte CarloZ} 0| &t5F — Ct

glo

posterior expectation: n0| 3™ log posterior7t mode § 2X{0f| sharply peaked » 2Xl/2 32

9. Random Number Generation

9.1. Uniform Random Number Generation
- goal: U; " unif (0,1) A4 — BE L Mol 7|%
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o AMA: AFEO TN L= QIS - X E HY B (pseudo-random)

Congruential Generator

z; ., =ar;modm, u; =z;/m

- modulus m: & &4, multipliera:2 <a <m —1- f: z = azmod m {1,...,m — 1} 2| LH
2 tiE (onto) - z,, = a"xymod m = a™ = 1lmod mO|H =& gH=; 0| nO| period, z,”| seed
« primitive root: Fermat’s little theorem (¢™ ! = lmod m)Z periodn <m —1;n=m —1
O|A ot= a
» e.g.m = 2% — 1 (Mersenne prime), a = 7° = 16807 — period 23! — 2 (Z7| MATLAB)
+ Z2 RNG: 7! period + uniform3|A| £0|= & (E=2 37| « period0|H randomstH E2l)

Autocorrelation
« O|AMA PRNG: p7H & HIE{7} pAtR hypercubeZ uniformd}| X Llof &

- 2L} congruential generator= O|™ ZtOf| 2|= — correlated, €& pOlA XX hyperplaned||
JCI7c

» e.8. RANDU (a = 65539, m = 231)2| 2t =2 Alnj

R’s RNG

« 7|27} Mersenne-Twister (Matsumoto & Nishimura, 1998), period 219937 _ 1; 623XI2I77IX]|
equidistributed

9.2. Transformation Methods
+ O|= uniform e MM 2 SHZE|ACHD 7HY

Inverse CDF Method

+ inverse CDF: F~!(u) = inf{x : F(x) > u} (strictly increasing0|™ HE Agt2t AUX|)

+ Proposition: (1) F A&0|H U = F(X) ~ unif (0,1); (3) U ~ unif (0,1)0|™ F~1(U)2| CDF
=F
» M2t UE &0t F-1(U)E AlMtstH FE M2 B&

« OfAl:
» exponential: F~*(u) = —1 logu
» Cauchy: F71(u) = pu— %

» discrete uniform {1,...,k}: F~1(u) = [ku]
» geometric: X = | log U 71 ([Exp (A)], A = —log(1 —p))

log(1—p)

Normal Random Numbers
+ ®710| closed form QIS — H Yt

+ Box-Muller: (X,Y) = (Rcos©, Rsin ©)2 X u—>3ZtHE Het

» R? ~ Exp (1/2), © ~ unif (0,27) =&
+ U,V ~ unif (0,1)0lM R = /2TogU, © = 2xV ~ (X, Y) iid N(0,1)

+ Marsaglia (polar): TH|0l|lM (U, V) F&, T? = U2 + V2 ~ unif (0,1) 0|&
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» X =+/—2logT?Z, Y = \/—2logT?%

» &fZiets ot S|, ciAl Hat 4/#H) O 22 & E2 (acceptance-rejection)

9.3. Random Numbers by Definition
. Ho|/BAIE 0|28l CI2 Ex=EE MA

» Bernoulli: X =T,

» Binomial: 2?11 Ber (p)

> negative binomial: 37 Geom (p)
Poisson: H U, > e > ]_[N+1 U;2l N (Poisson process| CH7|A|ZH —+ log U, ~
Exp () |9')
chi-square *(v) = 3°7 | Z7: ®= vie —210g[[ U; (+ x*(v) = Gamma (v/2,2))
Student'st: T = Z/\/X /v, Z ~ N(0,1), X ~ x%(v)

X, /v
» FIF = X%,l X; NX2(V1')

v

v

v

9.4. Acceptance-Rejection Sampling
- 5t density fOlM E&2 F& (CDF/inverse AFE 27t Al), von Neumann |t
1. envelope 7|: ZtEHSt density g, &4 c2 f(z) < cg(z) =: h(z)
2. X ~ g FE
3. U < £53019 accept (S8 U ~ unif (0,1))
4, OH-I':“ reject S22
« 4 ZE? (body By = {(x,y) : 0 <y < f(x)})
» Theorem: (X, cg(X)U)E B,, %l uniform
» acceptEl (X,Y)E B; ¢ unlform - XO| FHERE f

» M| acceptance ratio = P(U < fg(fx))) =17t 2E2+E 585
« Of: Marsaglia (Zt|®, ¢ = 4/7); gamma = (0 < o < 1, ZZ'H envelope)

9.5. Multivariate Random Numbers

Batch Methods

« multinomial: (1) pmfolA ntH 52! £, t£= (2) E2! Poisson =& & 80| n0|H =787}
multinomial

- multivariate normal N(u,¥): LTL = X L &0t LTZ + u, Z ~ N(0,1)
» L: Cholesky factor EE= matrix square root $1/2 = QA/2QT

+ multivariate ¢: T = ﬁ (0,%)

i

Sequential Sampling
. GMuEloR MEuE KU X




10. Monte Carlo Integration
10.1. Naive Monte Carlo
dac(EE'—fg r)dz), g : R? - R
» quadratureZ dXH’-JOE =N AI n® H ZQ (curse of dimensionality)
Elg(X)], X ~ F. 29 #zloz
iid

goal:ng(
== 9(X), X, ~F

=1

x)dr =

3I'—‘

dret= [, ga
E[g(X)] ~ I,(
» unbiased estimator, variance = X Var [g(X)]
8d [g(X)]
vn
EsIX| 43
k) > d > 48E MCTL ]2

s CLTR MERZH] 42 s
+ MC integration?| stidl EX:
1. error7t SZt XH0f| =Y 2]
2. errorZt =21 O(n /22 A
IZHOIM O(n") (k > 2), dXIHOIM O(
ek (sample & average)

» quadrature=
of: fl —=dz = 20|X|2F Var [1/\/ } = oo ~ naive MC 28t
HNETE d bl E

off 7FA -

. MCe] oj: 30| 0je
> change of variable (t = \/z)E 1|
N |:||-x-lo§ u|x4|_ .:H\Jf MAoﬂ 7|.7}} AE MC I‘Igl-
- Buffon’s needle: P(WA}) = 2% - 79| MC F3
10.2. Variance Reduction Methods
- O(n1/2) rate= RX|, 4= (/Var [¢(X)|E EO0l=
] (CHE density h, gf # 021 2O A > 0)
iid

+ = Ctunbiased; I,
S5 o |g ()| f () g > 002

Importance Sampling
. [ = Ef[g(X)] =E, [g(X
1 n
n Z Xi ~
n =
L2 =40 ’“% = (Cauchy Schwarz)

g > 00[3 BN 002 25 4 U3

1= |g!f01| I:||E|01| TP Ero™ EAE ZEA
N(e,1)E importance sampling A| 2 cO|A S5 7

(Var [I;] + Var [L])

- |
L & flglf= 01K
« O 3HEE tail &8 7(c) = (—c) —
| AFHO|Dd Var %} <1
g(F~ ' (u))E HIHZE, g(F (1 —u))

Antithetic Variable Method
* unbiased estimator I, I,7| ¢
+ Proposition: g,, g,7t Z2 W&o 2 THE0|M Cov (g,(X), g5(X)) >0
C B = g(FI(U)), I = g(F(1—U)) @2 1)~
= H|E7t = Cov <0
» = UEY 018 f7t p CtHEOIH I, = g(2p — X;)
“du — naive 2212 vs antithetic 2:003

ol: fol [
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Control Variable Method
- 7|H%f pE Ol Y ALE: I= F(X) —c(Y — p) (2E ol unbiased)

* Cov = Cov (f(X),Y)?
» BH ot = —V(a{([Y)] L&A B4 Var [f(X)] - S [11]_)
» f(X)2 Y7t LotA HEEFE B4 3A LA (cE 3FHE FH 7tS)

11. Markov Chain Monte Carlo

11.1. Introduction
« MCMC: 22 ZI} 2HEET 12 Z+2 Markov chain2 AA610] 72 simulatest= HiH

11.2. Review: Markov Chain
+ (O|&tA|ZH-OfAkAfEH) Markov chain: Pr(X, ., =j | X,, =4,...) =Pr(X,,, =j | X, =1)
F; (Markov property)

» time-homogeneous: P(n) = P; transition matrix P = (B;), > . B; =1

« Chapman-Kolmogorov: p(m+n) — p(m) p(n) » p(n) — pn

« communication: ; < j; irreducible: =t communication class

- stationary distribution: 7 = 7P, 177 = 1, 7 > 0 (= invariant); 22 %27} Zx5HM station-

ary
- B4

» period d(j) = ged{n : P} > 0} aperiodic: 2= d(i) = 1

» recurrent (r;; < oo a.s.): positive (E[7;;] < oo) / null; otherwise transient

» ergodic = aperlodlc + positive recurrent (8t &EfZ7F + irreducibleO|™ ergodic)

+ limit theorem: irreducible + ergodicO|™ lim,, Plg Y= BB, 7 RY, 1, = 1/E[7]

- ergodic theorem: 1 57"  ¢(X;) — E_[g(X)] as.
» ii.d. SLLN2 Markov £&2 &%t - MC integration2 H|-i.i.d. &€& &% = MCMC

« MCMC M&F: stationary distribution0| S & fQl irreducible, aperiodic, positive recurrent chain

74

+ detailed balance (E2%=2): m; B; = 7, P;, = w7} stationary (reversible chain)

- AKYENZZH B; — transition density K (z, y), detailed balance 7 (z) K (z,y) = 7 (y) K (y, =)

11.3. Metropolis-Hastings Algorithm
- Zh0fl CHaH:
1. proposal g(- | X®))0llM £ X —’E‘-)%
; ) %) - X)XV X)
2. MH rat|0R<X(),X)—W )
3. acceptance probability o = min{R, 1}2 X+ = X, OtL|H X+ = X ()

» Metropolis (1953): symmetric proposal g(u | v) = g(v | u)
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- stationary distribution: kernel K (z,y) = a(z,y)g9(y | ) + (1 — r(x))d(y — x)

y
» f(z)a(z,y)g(y | ©) = min{f(z)g(y | =), f(y)g(x | y)} & ~ detailed balance 2=~ f
7} stationary

» irreducibility/aperiodicity= gOfl 2|E, AH2X}7t &2l (aperiodicity= 25 rejection & > 0
olzt &)
+ posterior sampling: Zata4s 7t O|X|0{ = MH ratio0| M A24= - MCMC2| ZH-
» independent chain ($g = $ prior)O|™ ratio?} likelihood H| 2 Et

11.4. Gibbs Sampler

o ORI SERZ0|A B AR E(S35] closed form)E &=

141 t+1 t+1 t
Xq,( iR Ix | X_; ( ’ :C(1+ )7"'7'%2741 )7x§421""’x(t)>

MH>
Kb

_>|'_|
12
|0
Hu
Ibh
M

» cf. Gauss-Seidel
+ Ofl: bivariate normal — X, | X, ~ N(pzy,1 —p?), X, | X; ~ N(pz,,1— p?) Wi F&
A

- MHete| #7|: Gibbsi= proposal g;(z | y) = fx, | x . (; | y_)d(z_; —y_;)E »E MH

—i
» MH ratio R = 1 — proposalO| &4t acceptt|=, time-varying proposal2| MH sampler

« Of|: Ising model — F#&}Aks Z7F2r7| ato] gto|2t ZIF A|A 27F5HK| Bt Gibbs Z71E = |ogistic
e 7iet

11.5. Practical Considerations
1. mixing: MC7} 1| stationary state0l| ZE? X HEL}?
2. burn-in: =7| €8 Z2 H|7| — L0OmLf?
3. iid HE:
2Z™MozZ HE0| correlated
- O|MEo=ZE NI HEH chaing S ZLHITHAIR
- thinning: Y,, = X,,, (k > 1)2 subsamples}0o{ Azt Zka
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