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1. Statistical Learning Overview

1-1. Statistics / ML / Al

® Al: the whole person — perception, memory, reasoning, and action.
® ML.: the brain’s learning mechanism — adapting from experience.

e Statistics: rational thinking under uncertainty — quantifying
evidence and doubt.

* Data Mining: curiosity — searching for hidden patterns and
structure.

 data mining: R8st EEOZHE O|X|2 HERHE FHSH= A
1-2. Statistical Learning

Supervised Learning: P(Y | X)
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e goals:
o prediction
o inference
o quantify uncertainty

e learning is not just fitting — generalization under uncertainty

Unsupervised Learning: P(X)
e goals:

o structure estimation

o clustering

o representation learning

 models structure in P(X)

2. Understanding Data

2-1. Data as Probabilistic Evidence
¢ data are stochastic evidence

o estimators are random because samples are random!

2-2. Assumptions and Identifiability
» data alone do not uniquely determine the target
o we restrict the set of possible worlds (functional form)
« same data can have multiple explanations
o examples of function classes
o linear models
o parametric models
o RKHS models (kernel methods)

o nonparametric classes

2-3. Data Structures and Their Implications

i.i.d. Assumption
o typical iid settings
o randomized controlled trials

o survey responses sampled independently

g 7|2 AL



o repeated coin tosses

» beyond iid: dependence (e.g. time series data)

High-Dimensional Regime

e p >>n - linear system is underdetermined (OLS is not unique)
o curse of dimensionality
o number of points needed to cover the space grows multiplicatively

o high dimension - exponential complexity

Partial Observation

e e.g. survival time

Measurement Error

o observed relationships may be distorted

3. Explanatory Data Analysis

3-1. Statistics

« understanding population

o functional classE 71HdlH SESAHHUCE 2N Jts

o e.g. center, dispersion, orientation(correlation), skewness, kurtosis, ...

e summarize data
o quantiles
o five-number summary
o robust statistics: median, IQR, MAD

o visualization

4. Supervised Learning

4-1. Setup
« statistical model: Y = f(X) + €
o prediction
o inference

« in general, the conditional expectation minimizes MSE
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® At a given value, say X = 4, there may be many possible Y values.
* What is the best prediction of Y at X = 47?

® |n general, the conditional expectation minimizes mean squared
error:

f(®) = argmin E[(Y - gX))’ | X =x] = E(Y | X = x),
called the regression function.
_ ® Hence, E(Y | X = x) is the optimal predictor under squared loss.
4-2. Parametric Approach for Estimating f
o HK}
o specify a functional form for f
o estimate the parameters from data

« fE low-dimensional parameter spaceZ |2}

o M 20|38}X|2F model misspecification $I&

4-3. Non-Parametric Approach for Estimating f

+ e.g. KNN, kernel regression, spline smoothing, Gaussian Process regression

Yal

. HEH

0.

o flexibility &

=X gR

u]

I

re)

rlo
i

o

-

4-4. Assessing Model Accuracy

 training error(MSE) vs. test error(MSE)

¢ bias-variance trade-off
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o flexibility vs. interpretability
« test error 2|2| 7|&: penalizes model complexity (number of variables)
o adjusted R?
o AIC
o BIC
e AICvs.BIC

AIC BIC
Penalty 2k klogn
Goal Prediction True model selection
Model size Larger models Smaller models
Consistency No Yes

® AIC focuses on predictive performance.

® BIC prefers simpler models when = is large.
® In practice:

> Use AIC for prediction.
> Use BIC when identifying the true model structure.

5. Resampling

5-1. Cross-Validation
o test error estimation st= H4
» validation set approach
o test errorE overestimate & £ US (HEA| split =|=X[0]| }2})
« LOOCV
o less bias (CHE 22| data set 0/8)
o computationally intensive (nti 22 Xt
o K-fold CV
o randomly divide the data into K equal-sized parts

o typical choiceis K = 5 or 10

Cllo|E{otol'd 7|2 1A}



o LOOCVO|ME fold7|2| highly correlated — averageZt &2 At

o HAMEH 4 XBtg ZHo|8l{of & fold kE validation@ 2 i C}2 LIHX| Ci[O|E{2tO 2 Hi4 MEH
it » fold kOlX error A4 - 0|2 KH HiS

!
]
rE
4>
HuU
Ha
oot
—h

K
ng
CVyy = > —~MSE,
k=1
¢« CV
o prediction risk R(f) = E[(Y — f(X))?]

o
_I_(J)k-l

mjo

=t

rr

o LOOCV is asymptotically equivalent to AIC
o limitation

(0

iy
f0
2
Es
rr
o
)

52
dlo

rir

o true model2 AlHSIX|

o LOOCVE overly complex 3t ZH#S Mzsh 4 Qg

+

e CV - fold ¥ MSE & 4 IS + SE

5-2. Bootstrap
o estimator? 2244 £H

o standard error

B
SEu@) = 5y (07 =& )

o confidence intervals (bootstrap percentile)

« prediction error estimation2Z2= £ 5= 213 (each bootstrap — overlap with the original
data(training sample) — underestimate true prediction error)

6. Regression

6-1. Regression

Single Predictor X

o least squares approach — minimize RSS (residual sum of squares)

« standard error: how estimator varies under repeated sampling — CI A4t

Bi £ t1_as2,as - SE(B)
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* hypothesis testing: compute ¢-statistic - compute p-value

Bi—0
SE(51)

stat — ~ ty_o

o overall accuracy of the model

o RSE (€9 standard deviation2| Z=XzF)

o R?
[ ,  TSS —RSS
RSE =/ —5RSS R®= g

Multiple Linear Regression
o 2 FA oM
o predictor 7t2| A2t0| E2X|E Yo £+ Q!

o e.g. B, B2 ~ Po= B10] HESt= B Melotn LofLt HHSH=T}?

dlo

Some Important Questions
« Is at least one predictor useful? — F-statistic (CH2i7H: HOix= stLt| B; = 0)
« deciding on the important variables — variable selection
« how well does the model fit the data? - RSE, R?
« how accurate is our prediction - A ZF79| 2&4lM
o reducible error: 42| Hgtd (Bt Be ktol)
o model bias: MEZH f(X)e= ALt 2AH (AR HINELSE)

o irreducible error: €2 ZXf - y7t OFF 2| ZOLT yof CHE 5101l 83
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(f(@0) + € = f(0))?]

= B [(f(20) ~ f(20))?] +2Bld - B |f(z0) — f(a0)] + B[’

= B(f(@0) ~ f(20))*| + Var(e) (- Ele = 0)

A

Let u = E[f(x0)]. Then:
B |(f(20) — f(20))*] = B |(f(20) = 11+ 1~ f(0))?]
= (F(@0) = w)* + 2(f(20) — WEp — f(@o)] + B |(F(@o) — )]
————

=0

= Bias(f(20))* + Var(f(x0))

E |(yo — f(20))?| = Var(f(z0)) + Bias(f(20)) + Var(e)
N AN PRENG

~

variance bias2 irreducible error

Qualitative Predictors

o categorical -~ dummy variable

® Then both of these variables can be used in the regression
equation, in order to obtain the model

Bo +pB1+¢ ifithis fromthe South
yi = Bo+PBixii +Paxn+€ =3 Bo+pr+¢ ifithisfromthe West
Bo + € if i th is from the East

Gauss-Markov Theorem
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Gauss—Markov Theorem
Suppose
y=XB+e¢, E() =0, Var(e) = o1,

and X has full column rank. For any fixed vector ¢, consider
W =c'B.
Then among all linear unbiased estimators of i, the estimator
b=cB,  B=X"X)"'XTy,

has the minimum variance. It is unique.

« least squares is the BLUE (Best Linear Unbiased Estimator)

Extensions of the Linear Model
¢ interactions

¢ non-linear (polynomials) - residual plot2 = A3

6-2. Regression: Potential Problems

Common Issues

e outliers
Data Problems e measurement error
» missing data

» omitted variable bias
Model Problems » model misspecification
o multicollinearity

« normality
Error Problems » heteroskedasticity
« autocorrelation

Non-Gaussianity
« if the errors are not normal, B is not exactly normal
« butby CLT, B ~ N(8,02(XT X)) for large n
o t-AFA M=t ZAE L= valid

o Z2 bootstrap inference 0| (resampling — B* A& — empirical distribution)

Outliers
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e robust regression (via alternative objectives)
o least absolute deviation
o Huber regression (B%)

o least trimmed squares (7+& 2 h7H THXI2t 0|8)
¢ |east Absolute Deviation (LAD)
p=argmin > 1y —x]fl
¢ Huber Regression

B =arg mﬁin Zp(ri), ri=yi—x; B

where

® Least Trimmed Squares (LTS)

h
N . )
B = arg n Z i)
i=1
using only the smallest squared residuals.

« breakdown point: measures the robustness of an estimator (22| %A H|E)

o high-breakdown estimators can tolerate nearly 50% contamination

® |t is the smallest fraction of contamination that can make the
estimator arbitrarily large.

Method Breakdown Point
OLS 0
LAD 0
Huber M-estimator 0
Least Median of Squares 0.5
Least Trimmed Squares ~ 0.5

Hlo|E{Ofo|Y 7|2t DA} 12
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Measurement Errors
o truemodel: Y = By + 51 X* + €
« predictor is measured with error: X = X* + u
o attenuation bias: slope is attenuated toward zero

Var(X™)
Var(X*) + Var(u)

E(B1) =B

o X &Y

o
rE

+0/8

rr

o Tt X*oh= ARE0] AXP uot=E SE

rir
80

o repeated measurements: Z2 CH& 2] H ZEHA W
o erros-in-variables models: measurement processE Z&&
o SIMEX (simulation-extrapolation): 2I¢|HMO 2 LLO|= F7} T L0|X=0 Y IHE 2[4

o validation data: X*E 2F &g & U= 22T 0|8
6-3. Explainable Model

Subset Selection
e best subset selection — 27
« stepwise selection (using CV prediction error, Cp, AIC, BIC, adjusted R? - complexity 27H)

o forward selection - pp;’1

o backward elimination - 1 + p(p;l)

= n < pol HFOM= AHESH| OfEiE 5

Shrinkage
o ridge regression
o tuning parameter \: CVE M& (24Z penalty 37})

standardize ¢t 5l MEst= 20| LR

]

o

ridge > OLS?! O|: bias-variance trade-off

n = p2 % =7s

o

o

B*7t dense SHX| 2t £o-normO| X2 M K8
Br=(X"X+ X)Xy

« LASSO
o variable selection

o tends to produce sparse models — response/t M2 MEHLZ AFE|H LASSOI} 22
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e theoretical view

EXS
o E™?

ot ZZ(restricted eigenvalue ) St0| A LASSO+= consistent estimation 7ts

o exact support recovery 5t7| 2= 2t = R (e.g. irrepresentable condition, beta-

min condition)

Dimension Reduction
o key idea
o construnct M < p transformed predictors and fit the linear model
o ZtZto| Z,,2 feature space?| directionS CHE

o POl XY B4 - M UL OF M5 By

« PCR
o Cou(X) - eigendecomposition — largest eigenvalue®| eigenvector A&

o Z2t9| principal component= Z

[
B

C MM ™ standardization 22
o limitations
» predictorE & MHsH= Yk £ response 0|2 s A% 9| Hisk

= ROl QO] B4 of=iE

» prediction accuracy EX| %2 = US (X1, Xy BXl= B2 JUX[TY HdHSIX| RoH=

?)
e PLS
o new set of predictorsE 7|& H3o| MYZFYo= Mo
H(YE 0|8

o PCRz g2| M MHHSE supervised way 2 A
.

PNV
=2 =2

08
SF
rr
0%

grl-

>
rr

o assumption: 8* lies in a low-dimensional structure

o mechanism: iterative projection

CloJE{DrOld 7|2 At
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The first PLS direction is obtained by solving

wp = arg ||m|?)§ Cov(Xw, Y)?.
wll=

The first component is then

Z] =XW1.

Subsequent directions are obtained sequentially by removing the
variation explained by previous components.

Hence, PLS finds directions that maximize covariance with the
response.

Algorithm (Sequential Construction)
e Standardize X and Y

* Form=1,--- ,M:
> Compute direction
Wy, O X(m—l)Ty(m—l)

> Form component
Zy = X"y,

> Regress and update residuals:
ym — ym=-1 _ BmZm
> Deflate predictors:
xm — xm-1) _ ZmpT
PLS O|3f

6-4. Non-Linear Regression

Basis Function Based Regression
e polynomial regression

o d - cross-validation@ 2 Agt

Cllo|E{otol'd 7|2 1A}
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o step-function (piecewise-constant regression)

® Another way of creating transformations of a variable - cut the
variable into distinct regions.

CoX)=IX<cy), Ci(X)=1I(c1 £ X <),..., Cx(X) =I(cx < X),
® For any value of X, Cy(X) + C;(X) + ... + Cx(X) = 1, since X must be
in exactly one of the K + 1 intervals
yi = Bo +P1Ci1(x) + B2Ca(x) + ... + BxC(x) + €

¢ basis function-based

o 7|E}: fourier series, wavelets, ...

¢ Basis function-based regression:

Yi = Bo + B1b1(x;) + Baby(xi) + - - - + Bpby(xi) + €

Polynomial and piecewise-constant regressions are just a particular kind of
a “basis function” approach.

Instead of writing a polynomial regression as
Yi = Bo +Bixi +Bax; + -+ Bpx] + €
® We can write it as
yi = Bo + B1b1(xi) + Bobr(x;) + - - - + Byby (X)) + €
where

bj(x;) = b

1

Similarly, for piecewise-constant regression,

bi(x;) = I(cj < x; < ¢j1)

Regression Splines
o piecewise polynomials

e cubic splines

Cllo|E{otol'd 7|2 1A}
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® A cubic spline with knots at &,k = 1, ...,K is a piecewise cubic polynomial
with continuous derivatives up to order 2 at each knot.

® We can represent this model with truncated power basis functions
yi = Bo + Bib1(xi) + Baba(xi) + - - - + Br+3bk+3(xi) + €,

bi() =xi,  by(x) = x2

bi(x)=x, b)) =i —&)3, k=1,.,K
where

(= &) ifx>&
0 otherwise

(x; — &0 =

e natural cubic splines - extrapolates linearly beyond the boundary knots

o determination of K (number of knots): CV, heuristic

Smoothing Splines

Consider this criterion for fitting a smooth function g(x) to some data:

minimize » (y; — g(x;))*+ A f g"(t)dt

S
&< i=1 N .
RSS roughness penalty

® The first term tries to make g(x) match the data at each x;.

® The second term controls how wiggly g(x) is. It is modulated by the
tuning parameter A > 0.

> The smaller A, the more wiggly the function, eventually interpolating y;
when 1=0.

> As 1 — oo, the function g(x) becomes linear.

> A can be determined using k-fold CV.
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Local Regression

Algorithm 7.1 Local Regression At X = xg

1. Gather the fraction s = k/n of training points whose x; are closest
to xg.

2. Assign a weight K;o = K (x;,20) to each point in this neighborhood,
so that the point furthest from x¢ has weight zero, and the closest
has the highest weight. All but these k nearest neighbors get weight
Zero.

3. Fit a weighted least squares regression of the y; on the x; using the
aforementioned weights, by finding 5y and [3; that minimize

Z Kio(yi — Bo — Buxi)?. (7.14)
i—1

4. The fitted value at xq is given by f (z0) = 0’() + 31370.

GAM

GAM allows for flexible nonlinearities in several variables, but retains the
additive structure of linear models.

yi = Bo + fi(xi) + falxix) + -+ - + fp(xip) + €.

e pros

o non-linear fit

ajo

o additive - predictor 2t2{2| ot = £ U
o more accurate predictions
e cons

o interactions can be missed

7. Classification

7-1. Classification Errors

Classification Problem
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« regression — MSE; classification - error rate % > Iy = 9i)
o Bayes optimal classifier
o arg ming misclassification error P(C(z) = y)
o argmaxy conditional class probabilites P(Y =k | X = x)
» Bayes error rate: lowest possible error rate that could be achieved
o SVMEZ C(x)oll chst 2 & g1, LR/GAM2 X718%tE 2 HY
K-NN

¢ estimation

fo)=% 3 v

z;€Nk ()
« bias-variance trade-off: k7 2245 flexibility/complexity 7} &= OXIC}H
o ROC-AUC: false positive rateX} true positive rate2 plot2 2 LIEHH

K
n
« cross-validation: dataZ K7iQ| foldZ Lh= &, CVx = E —kErrk where Err, =
n
k=1

> I(yi # 9:)/mw !

1€eCy,
7-2. Discriminative Methods for Classification

Generative vs. Discriminative

Discriminative Generative

: directly estimate P(Y = ¢ | X = ) : (1) Build a model then (2) estimate
* KNN

« logistic regression « LDA

« classification tree (CART) « QDA

* ensenble methods » Naive Bayes

« support vector machine

Logistic Regression
o GLM: Y2 ZF0 w2t
o continuous
o binary/categorical - logistic (u)
o count - Poisson (p)
o skewed-continuous - Gamma / Exp (%)

» Logit transformation (two-class case: c1, c2)

CloJE{DrOld 7|2 At
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PY=c|X) P(zi)
1 1 = X
OgP(Y:CQ\X) Ogl_P( i) Po 1
ebotBi1X 1
P(Y201‘X) 1+eﬂ0+51X’ P(Y:C2|X):W

« limitation of linear regression: class 7t 7t4 SY3ICt ZtF — multiclass logistic regression
=2 discriminant analysis

« estimation: maximum likelihood (= O| It2t0E{0| A ZZEl O, 10| LIZ SHE)
o partial derivative — p + 1742| &l

o nonlinear in B - Newton-Raphson Algorithm (e.qg. iteratively reweighted least squares,
IRLS)

0(Bo,B) =log ¢ [ p(z:) ] (- p(z;))

Y= jry;=0

= Z yZ(IBO + /31-'131) — log(]_ + eﬁO"’ﬂlﬂ?i)

o SllA: 1 unit (X) increase — increase in the log odds by ___ units

« confounding: 'H 7t Al A2 2% HFE - multiple logistic regression2 confoundingE &
|

=% polynomial / piecewise constant / GAM / regularization (minimize —£(By, 8) + A||B]|:

~

Multi-Class Classification Problem

« multiclass (K classes) logistic regression = multinomial regression

PY =k|X)
PY =K | X)

log = Bro + B X

7-3. Generative Models for Classification

Discriminant Analysis
« model the distribution of X

o LDA: X | Y = ¢, ~ N(pug,0?)
o QDA: X | Y = ¢; ~ N(py,07)
+ Bayes Theorem

Pr(X=2z|Y =k)-Pr(Y =k)
Pr(X =)

PrY =k | X =2) =

o discriminant analysis (7 = marginal / prior probability)
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Pr(Y =k X:.’B:MO{F T
W=k X =) = S gy <

» classify a new point according to which probability is highest
C(z) = arg max Pr(Y =k | X =z) = arg max mj, - fr(z)

+ advantages
o AL E L0 e AL logistic regression| M2 S0t
o nO| &1 FejAE X o FXI| ZAMNC=E MaEEd mf

[Lm

o response classes?Zt 27l 0| A mh

LDA

e assume oy =0

discriminant score: (log px(x)0ilA kol 25t Ztat)

ou(z) = z- B — L 4 log(my)

decision rule: C'(z) = arg maxy, 0y ()
o note that §; () is a linear function of =

estimation:

K
N ny N 1 ~9 1 ~ \2
Wk:;a ,Ukzn— E Li, UZ’I”L—KE (zi — fix)
k Y=k k=1 i:y;=k

o 10) = g (@ — ) 2 e~ )

o 0k(z) =2 S\ — 3 B e + log(mx)

o linear decision boundary

prior& =3 vs. varying the threshold (2X|AE!)

QDA

e Y1's are allowed to be different

CloJE{DrOld 7|2 At
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1

1 _
or(z) = —5 log [Zg| — §($ — )" S (2 — i) + log Ty, = @TWkw + zTwy + b,

2

quadratic form

« decision boundary:

{.’L‘ : ilf(Wk — Wk/)m + :zz(wk — ’wkr) + (bk- — bkr) = 0}

X 5,0

® The Bayes (purple dashed), LDA (black dotted), and QDA (green
solid) decision boundaries

Naive Bayes

« assume independence among input variance when class is given

flzy, ..o zp ly=cp) = flz1 | cr) - flzp | cr)

o Gaussian NB assumes each 3, is diagonal

p 1 p o 2
Sr(z) o< log [my | [ fri(zy)] = —3 - [(3630_72”’”) +log o%;] + log Tk
j=1 j=1 kj

« useful when p is large: p-dimensional density function £89| 028 o4

7-4. Comparison of Classification Methods

LR vs. LDA

clolE{otolY 7|2 At
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* For LDA, the log-posterior odds between class k and class K is
linear

(Pr(v=ck|x))
log| 31 <% 12

Ty—1 Tk
2 (e — px) + log =%
g Pr(y = ck |x) X (ﬂk )uK) og Tk

1
_E(yk + k) 7 e — k)

o + CL’,Z‘)C

® Logistic model has linear logits by construction

Pry =ci |x)
Pr(y = cx |x)

® The same form. Are they the same estimator?

Bro + 5{»‘5

log

o linearity
o LDA: Gaussian assumption + common variance assumption
o LR: by construction

e common component

® The joint density of (X, Y) is
PriX =x,¥Y =¢;) =Pr(X = x) - Pr(Y = ¢ | x)

where Pr(x) is the marginal density of the input x.

¢ For both LDA and logistic regression, the second term Pr(Y = ¢ | x)
has the same logit linear form

CXp(gk() + 9{.{)

Pr(Y =c¢; | x) =
1+ Y51 exp(Bro + 6L x)

« different assumption about Pr(X)

o LR: marginal density of X unspecified — fewer assumptions, more general
o LDA: Gaussian mixture density 7}&

e parameter estimation
o LR: maximizing the conditional likelihood Pr(Y = ¢ | ), marginal density Pr(X) is
ignored

o LDA: maximizing the full likelihood Pr(X = z,Y = ¢), marginal density plays a role
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e remarks
o LDA AIAHH %2
o true fy(z)7t Gaussian - LDAZ} O L}
o robustness: LR (decision boundaryd|A| H Z2IE down-weight); LDA= 2E data points
o|lg
QDA vs (LDA, LR, KNN)
o QDA: non-parametric KNNZ} linear LDA, LRe| EZ&
« true decision boundaryZt
o linear —» LDA, logistic
o moderately non-linear - QDA

o more complicated - KNN

8. Tree-Based Models

8-1. Tree

Decision-Tree Methods
« predictor spaceE stratifying 22 segmenting
« splitting rule2 treeE R°f

. T

—

o pros: simple, useful for 844 (prediction accuracy= MM ZE Gg)

o cons: sf{A0| S
8-2. Tree for a Regression Problem

Example

e log(salary) ~ years_played + hits
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Years < 4.5
! 238

Rs

Hits
B
=

R,

Hits </117.5

5.11

Years

6.00 6.74

o leaf2| =X} = mean of the response

e Ry, Ry, R3: terminal nodes

« points along the tree: internal nodes (e.g. years < 4.5, nits < 17.5)
. oA

o years 7t 7tE ZQ%t Ha

ro

ki

o KXt Mz hits 7H HHMOE N

Tree-Building Process
» goal: find boxes Ry, Ry, ..., R that minimizes the RSS

J

3 36— 5w,

J=1 i€R;

where Jr, is the mean response for the training observations within
the j-th box.

or

o D E partition2 12{st= AU E74
o top-down search

o greedy search

Tree-Pruning

o overfit 2X|

ufn
|U
)
Y
e
4>

o RSS ZA Z2 0|83t ¥ - X2 worthlessdll 20| splito] LIS = RSS
(short-sighted)

o CHA O 2 tree THE LS prune o106 subtree TtE = B4l
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® Consider a sequence of trees indexed by a nonnegative tuning
parameter a. For each value of «, there corresponds a subtree
T c Ty such that

|T]|

min " )" (vi = $g,) + T

m=1 x;€R,,

> |T| indicates the number of terminal nodes of the tree T
> R, is the rectangle corresponding to the m-th terminal node

> Jx, is the mean of the training observations in R,,.

e tuning parameter a
o trade-off: a7t 7t 45 subtree =0}
o cross-validationS Sdlf Mgt

o LCtA| full data®ilA ™ot a0l BH= subtree S

8-3. Tree for a Classification Problem

Classification Tree
e prediction - most commonly occurring class in the region
« RSS LAl classification error rate 0|2

o not sufficiently sensitive for tree-growing

E=1- ml?x(ﬁmk).

Here, p.. represents the proportion of training observations in the
m-th region that are from the k-th class.

« Gini Index: measure of total variance across the K classes
K
G = Zﬁmk(l _ﬁmk)
k=1
e Cross-Entropy

K
D=—> pmilog(pm)
k=1

Advantages and Disadvantages of Trees

Cllo|E{Dto|'d 7|2 A
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e tree vs. linear model

o linear modelx basis & 1 2™ &|X|2t 12{7| O{FLCt,
+ advantages

o explain, display st7| #I&

o QIZto| decision-making X2} O A}

o qualitative predictor 0|8 7t (dummy %t & e §i3)
« disadvantages

o predictive accuracy 20{%l

o robustness &S

FAL

o

[

 aggregation of many decision trees - 0% d&

0!

8-4. Ensemble Classifier

Bagging
« general-purpose procedure for reducing the variance of a statistical learning method
o Ziy...y Zy — Z2| 20| 1n

o multiple training setS bootstrap= 0|3l &
« B different bootstrapped training data sets

o train our method on the b-th set — f**(x)

o then average all the predictors: fbag(m) =4 Zile ()
« classification tree0f| A

o B9l tree0| A prediction 7|=

o 7t& 0| LI2 classE A|B G|Zge 2

o O

M
(=]

A%
or
rio
00k

FAME| X| BH(more flexible decision boundaries) sHA2 O {2 Z
o Qut-of-Bag(OOB) error estimation
o testerror =%
o WHXOR 2}2t9| bagged tree= samplel| 2/32 0|8
o LIMX|1/3 - OOB sample
o estimation: 8% 2tZx[7t OOBC! tree (B/37H) Wi — LOOCV error for bagging if B is
large
Random Forest

» baggingd CtEA| treeE decorrelate A|Z - reduces the variance when we average the
trees

o split & i m7i2| predictorE random selection (3 & StL| MEH)

HlO|E{OfO|Y 7|2 DA 27



o Of split O}CH A{ER =3t 0|8
o TE m ~ \/2_9
e RF (m < p) vs. Bagging (m = p) -~ RF7t 4 L2

o Z23| 2 B - overfitting &X|

Boosting

« baggingdt | ASHX| 2t tree?} sequentially grown: 0|7 tree2| M= (residual) 0|2

¢ learns slowly
o treeQ| i B
o baggingO|Lt RFet &2| B7t L2 FHX|H overfit

o Zhtree?| split 214 (complexity): d

« shrinkage parameter \: slows the process down even further (Cf %11 CtY¥$t tree O|2E| =2

tuning parameter: cross-validation

Boosting - Toy Example

AdaBoost (Adaptive Boosting)

. 50| OIBE W ERII0| ME T2 B (UBY 8E
o SEl ¥Z0| o5 Ho|Eo] O B0l SESHA e
(i) H=FZZ |0 2= Dy
(i) o-HW 2 1,2 Dy2 7|22 S5
(i) 72| 2LEFE(e) 2 7t 2(a) S AlLt
ap = llog 1-&
2 €
(iv) CIOJE 2X Qro|E: =

Dy, exp(—apyhp(x))

D =
b+1 Zb

™ Z,= st

Gradient Boosting Machine (GBM)

- GDE 0/83f0] 24842 A AL WOz o

ok
>

GBMO|| M & Alst2H?

Cllo|E{Dto|'d 7|2 A
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Z:

B
H(x) = sign (Z a,,h,,(x)]
=1
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https://www.notion.so/Boosting-Toy-Example-36b6484f443480a3a783dab292e8a7b3?pvs=21
https://www.notion.so/GBM-36b6484f4434801ea1c2d4d47777cb6b?pvs=21

() b-HM 2 f, = DS 7|2 = Sl
(i) 22HRp)E AlLh

y:fb(x)+Rb — Rb:y—fb(x)
(i) 2t2HE 7|EI22 y AG[O|E, y =R,

I\Mt‘a
8

+

&

o standard GBM2| $tA|

o overfit 754 (tree 7
o tree complexity0il CHgt IE A A

o sequential fitting0| computationally inefficient

Extreme Gradient Boosting (XGBoost)

e regularized version of GBM

o tree2| depthdi| CHSH penalty £

Regularized Objective

n B
L= ) t0nI)+ ) Q).
i=1 b=1

where

i
— i 2
Q(fp) = vTp + 5 ;ij-

Here, T}, is the number of leaves in tree f;, and wy; is the score assigned
to leaf ;.

« GBMO| H|3H optimization + computation ZO0}Z!

o regularization2 2 overly complex tree0l| CHdsll penalty — reduce overfitting
o second-order optimization

o system optimization

LightGBM

L

« efficient implementation of GBM (TH&: accuracy= St0}E!)

o histogram-based learning: bins continuous features

Cllo|E{Dto|'d 7|2 A
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o leaf-wise tree growth

o efficient computation

o LightGBM2 scalabilityof] =&

o histogram-based splitting2 = faster training
o leaf-wise growth — better accuracy (reduce loss Gl 2ZHXOZ)

o efficient for large datasets / high-dimensional features

CatBoost

o designed to handle categorical data efficiently

o native categorical handling: £5 TXz2| ZQ ¢iS

o ordered boosting: reduces target leakage and prediction shift

Ordered Boosting0|2t?

o robust training: less sensitive to overfitting

DS
(=

o reduced bias (ordered boostingR 2 HHE F+4 HX|)
o better categorical modeling (target statistic 0|&)

o improved robustness

=7t A XGBoost, LightGBM2 ZZ%| Hz|of {2

8-5. Importance Measure

Feature Importance in Tree-Based Methods

each split - reduces a loss function (e.g. RSS, Gini)
SRt H$ = splitd| M Xt SE + 2 improvements
ensembled| A importance= 2E treed| CHal &4t

higher importance = stronger influence on prediction (causal Ot'd)

CloJE{DrOld 7|2 At
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https://www.notion.so/Ordered-Boosting-36b6484f44348094ba10ec70222c8337?pvs=21

Importance Measure

Imp(X;) = Z reduction in loss.

splits on X;

® Regression: reduction in RSS

® (Classification: reduction in Gini or cross-entropy

B
| 1
Final importance = B bz; Imp, (X))

Limitations of Tree-Based Importance
« fast, but biased toward variables with many possible splits

¢ depends on model structure - not comparable across models

Permutation Importance

e measures how prediction error changes when a feature is randomly shuffled

o based on prediction error

Idea
Break the relationship between X; and Y, and observe the increase in
prediction error.

Imp(X;) = Errorperm¢) — Errororiginal

SHAP (Shapley Additive Explanation)

« explains predictions by fairly distributing contributions among features

Cllo|E{oto|
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Key Idea
Each feature contributes to prediction based on its marginal contribution
across all subsets.

p
f@ =0+ ) &
j=1

® ¢,: contribution of feature X;
* Provides local explanations (per observation)

® Consistent and theoretically justified

9. Support Vector Machine

9-1. Support Vector Classifier

Motivation
e two classes, two predictors
o two classes?Z| linearly separable StCHH?

o F classE 71& 3 2Y5t= line &&= 20| XIHAAZZ (the points are as far from the line
as possible)

» hyperplane in p dimensions: flat affine subspace of dimensionp — 1
« equation for a hyperplane: By + 81 X1 + -+ + B3, X, =0
« Oto|C|oje| =tz

o soften what we mean by “separates”

o enrich, enlarge the feature space

Maximal Margin Classifier
* m: minimum perpendicular distance between each point and the separating line
« find the line which maximizes m — optimal separating hyperplane
e constrained optimization problem
o maximize m, subject to HT%Hyi(ﬂo +x;8) >m
o A
o non-separable data (N < p OtL|2IH CHEE.)

o noisy data

CloJE{DrOld 7|2 At
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Support Vector Classifier

« small subset of the observations are on the wrong side of the margin

® |et ¢ represent the amount that the i-th point is on the wrong side of the
margin.

max m
Bob
subject to H%H(ﬂo +xB) 2m(1-¢)
i S m
7 §i=20, Zé’i <C

margin .
3 ® /;: slack variable

0. ¢ 5
m

® C:tuning prameter
o slack variable(¢;) and tuning parameter (C)

® 1,0, , 4, allow individual observations to be on the wrong side of the
margin or the hyperplane

> If /; = 0, then the i-th observation is on the correct side of the margin

> If 1 > ¢; > 0, then the i-th observation is on the wrong side of the
margin

> If £; > 1, then the i-th observation is on the wrong side of the
hyperplane

® ( can be viewed as a budget for the amount that the margin can be violated
by the n observations.

® As the budget C increases, we become more tolerant of violations to the
margin, and so the margin will widen. Conversely, as C decreases, we
become less tolerant of violations to the margin and so the margin narrows.

« when C'is large - high tolerance for obs being on the wrong side of the margin — margin
will be large

o CVE MFH

9-2. Support Vector Machines

Non-Linear Decision Boundary
o feature expansion — SV classifier in the enlarged space

e e.g. cubic polynomials, kernels (SVM)

Cllo|E{otol'd 7|2 1A}



Inner Products and Kernel
« inner product between vectors: (z;, ) = Z?:l Tij - Titj

linear support vector classifier can be represented as

f(z) = o+ Z iz, i)

n + 1 parameters — estimation2 2[sfA= ZE 2EX| Wof| it (g) 7H9] inner products
(xi,zi) 7t ER

HEE22 &;= 00| & £ AS - S = support set of indices 7 s.t. &; =0

f(e) = o+ Z 6 (@, z;)

€S

e.g. polynomial kernel, radial kernel

® Polynomial kernel of degree d,

d
r

K(xj,x) = [1 + injxi’j]
=

computes the inner-products needed for d dimensional polynomials

® The solution has the form

F) = Bo+ ) @iK(x,x).

€S

P
K(x;,x;) = exp [—y Z(x,-j - x,-fj)2] where v is a positive constant
j=1

® Implicit feature space; very high
dimensional.

® Controls variance by squashing
down most dimensions severely.

oY FO)=Po+ ) é K(x,x)

€S

-2
1

-4
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Kernel vs. Enlarged Feature Space
« advantages of using a kernel
o computational complexity Zf2

o some kernel2 enlarged featuresZ B3 2715

9-3. SVM with More than Two Classes

SVM with K > 2

¢ OVA (one versus all) vs. OVO (one versus one)

o if K is nottoo large, use OVO

* Two most popular solutions: (1) OVA and (2) OVO

OVA One versus All. Fit K different 2-class SVM
classifiers f;(x), k = 1,...K; each class versus
the rest. Classify x* to the class for which fi(x*)
is largest.

OVO  One versus One. Fit all (’;) pairwise classifiers
fk;(x). Classify x* to the class that wins the
most pairwise competitions.

SVM vs. Logistic Regression
® SV classifier with f(X) = Bo + 51X + - -+ + 8,X, can be

minilgnize{ i max[0, 1 — yy(x;)] +/lzp:ﬁ}}
i=1 =1

;\’—/
hinge loss penalty

= SVM Loss
= Logistic Regression Loss

® This has the form loss plus penalty.

Loss
4
]

® The loss is known as the hinge loss.

¢ \ery similar to "loss” in logistic regression
(negative log-likelihood).

e which to use: SVM or LR
o class?l (nearly) separable - SVM (+ LDA) > LR

Cllo|E{otol'd 7|2 1A}
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o not separable - LR (with ridge penalty) ~ SVM
o wish to estimate probabilities - LR

o nonlinear boundaries - kernel SVM (kernel LR, LDAE= A4t BEE =2)

SVM 2tz

Cflo[E{Dto]
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https://www.notion.so/SVM-36b6484f4434805e9d74ea609bfbb6a8?pvs=21

