Mz 2.22.
Finite dimensional vector space VO| & &AM7|X 3, 8’0l CHsl Q = [Iv]g, 2t StAt. CF
So| MEsict.

1. Qs invertible

2. ¥ol9l v € VOl tH3tH [v]s = Q[v]s OILCH.

H2| 2.22.00M Mol HA

5 S THERSH do|at sict ek Ha| 2.22.(2)0
ol Q= f/ZEE [BEHEER gy

rE @

B ={z1,., @}, B = {@l, ..., }oll thsto] 2, = ZQZ]%OIDE Qo jge
i=1

[:E;]g O|C}.

Q e BzEE f'AtER gL

Vector space VO|AM Xt7| XtAQ 2 JH= MY tﬂﬁ.i% Vel MY H MXt(linear operator)2t

S ME AR T Vel &M7IX B, B0l cthstol [T)g, [T)p Q2 EFHE|D, O] WE At

o|9| 2tAl= Cha =t ZLt.

Ha| 2.23.

Finite dimensional vector space V2 linear operator T2t V2| &M 7|X 3, 5’8 Mztst
&Q=[I ] 3} 8HH CF20| A2IstCY.

« Tl =Q 'T)pQ
uSHa.
A€ Myyn,(R)o R &=M7|X ~of CHSko CHS0| A ZBHCt.

o [La]y, =Q1AQ
(* A= [L4]%, o= R EE&M7|H)



Ojf nx n HZE Q2 ]2 ~2l jHmy HE{O|Ct,
I-Iol
o—

A, B7t My, (R)2| &Z0|2t 8tAt. B = Q1 AQ?! invertible matrix Q7t ZX{5tH B
= A2t M E EZ(similar, A ~ B)O|LC},

HE=A

« Prove that “is similar to” is an equivalence relation on M, ,(R)



b x| OI
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m X n AZ A0 CH5to] AS| &of| Ciet CtS M| Hits 7[2d H L (elementary row
operation)O|2} $tCt. / E(elementary column operation)d| CHSH A = OFXE7HX].

1. Row interchange: A2| & &2 wstst= 2
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2. Constant multiple: A2| st &iof| &
3. Row replacement: A2| ot &oj| CHE ol AZfEt HHE Hdt= A
A OI
pafe)
n X n 7|28 (elementary matrix)2 &S [0 7|2HLMS HEI L2 AHO|
Ct.
| 3.1.
HH A € M., (R)0H 7| 2H[S]S LS oto] S BE HJALCHH, B = EA[B = AE]7} &
Emxm[nxn] 7283 EZ} EXHBICE
Hi| 3.2.

Elementary matrices are invertible, and the inverse of an elementary matrix is an
elementary matrix of the same type.

Inverse operations(Row operation on E that reproduces I)
1. Interchange rows i and j
2. Multiply row i by 1/c

3. Add -c times row i to row |

HEZA
2tH
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e Let Abe an m X n matrix. Prove that there exists a sequence of elementary
row operations of types 1 and 3 that transforms A into an upper triangular matrix.

2. W Yo} AW

A OI
o—
HH A € M, (R)0 Chsto] A2| ranki= linear transformation L4 : R — R™2|

rank= A 2|5t rank(A)2t E7|BHCL.

n X n HHO| invertible0|7| et HREEXH2 WHH| rank?t n@! AO|LC}.

He| 3.3.

Finite vector spaces AtO|0| A Q| &l linear transformation T : V' — Wet v, w 2t2}
of &M7IX B, yoll thotd rank(T) = rank([T];)olct,

He| 3.4.

mxndHEA mxm Z7tSHE P, nxn 7IGAE QOl CHsto] CHS0| Mot
1. rank(AQ) = rank(A)

2. rank(PA) = rank(A)

3. rank(PAQ) = rank(A)

i EFE.

eHZH 9| elementary row[column] operations= ranks & Z 3t}

2|9 AZHQ| ranke= L.1.2!I E2f Z|CH 7=t ZLCt.

00|'

HO| ranke= 3 E0f|l 2|8 -4 El subspace?| dimensionO|L},

M2 3.6.

rankZb rgl mx n & Z] r <
H A2 AE CH21F 22 £ HiE 5= ULt

. Ir Ol
o= (o, 03)

ml‘U
>
i
0=
\
ok
Pal



mEda 1.

rankZt r@l m x n @& A0| CHSH] CHS 2 THESH= mxm 7S Bl nx n 719™E C
7t ZXBtCt,

_ (L 01 _
b= (4%) = mac

msde 2.
m x n &E A0 C3lf CtZ0| FEIStLt.
1. rank(A") = rank(A)

2. olo] #E9| rank= L.1.Q! Ho| Z|CH 7H=~oF Z L. HAC| ranks 1 Hoj| 2fsl -

d
=l subspace?| dimension O|C}.

3. Yoo Ho| lint 2 dimensionO| 2 subspaceE MA3IC} Dimension2 &E
i

mEde 3.

2 E invertible matrix= elementary matrices®| &2 2 LtEHHCE,

Hd| 3.7.

Finite dimensional vector space V, W, Z ALO|0f| 2|l linear transformation 1" :
VW, U: W = Zt dd& ABE Ho5t= F AE A, BO| CHoI C}20| dEet
Ct,

1. rank(UT) < rank(U)
2. rank(UT) < rank(T)
3. rank(AB) < rank(A)
4. rank(AB) < rank(B)
ol

mx n A A2t m x p @& BO|| T3t H7tE (augmented matrix) (A|B)= m x (n+p)
gHH (A B)O|CL.

At nx n 7t93Z@o|™ & (A|I, )0l elementary row operationsE |3t H X850
(I,|A™ )= wge 4 Qlct,



O&, nxn 7tAYE A0 CHotod, HIHHE (A, )0l elementary row operationsE &
b M 83t0f (I,|B)2 Hed 4 o™ B = A~ tolct.

o 19

r

7tHo| obl nx n W& Aol chstod, (A|L, )0l elementary row operationsE & £3}0]
(I,|B) 22 HYS MZstH dZsHX| Rt M3 n7l 20| 25 02! S 7Hx HHS
A ECt.

H&=Hl

e Suppose that A and B are matrices having n rows. Prove that M(A|B) = (MA|MB)
for any m x n matrix M.

Ct2of 22 HEfo| HEHHAIS system of m linear equations in 1 unknowns over

a11T1 + @122 + -+ a1xT, = b
a21T1 + ag2x2 + -+ a2, = b
Am1L1] + Am2L2 + .-+ Amndn — b’m:

CHE mx n HHS AR LXLH A o A~ (coefficient matrix)O| 2} StC,

aln\

as1 922 S £ 55 7%

—-..,“\
=
=t
[a—
-
[
b2

\a*ml Um2 - Umn /

HEIAKEIH A2 SHLEO| matrix equation@ Z LIEFE £ QICH Az = b

As = b2l n-tuple s& HE LXK} 49| 8ff(solution)2t BHC}.



=

A system Ax = b of m linear equations in n unknowns= b=0% [ homogeneouszt ot
Ct. Otherwise the system is said to be nonhomogeneous.

Mg 3.8.

Let Ax = 0 be a homogeneous system of m linear equations in n unknowns over a
field R. Ax = 02| i & &S Kat & uf, K = N(L4)olCt.

% KE R"™9| subspace0| 1 dimension2 n — rank(L4) = n — rank(A)O|Ct.
=,

m <n O|E HZUEAl Ax = 0 2 SHIE{7} Obl 847} QICt

He| 3.0.

£ consistentst HAZ LAl Ax = bQ| solution set, K E CH25t=
homogeneous system Ax = 02| solution setO|2} 5tXt. Ax = b2 &I9|9| SiE szt stH
CH2o| MEistrt.

K={s}+Ky={s+k:ke Ky}

Hg| 3.10.

Let Ax = b be a system of n linear equations in n unknowns. &2 A7} invertibleO|™
o HEURIHAIS U 8 A~ 1b7t Lk,

HoZ, o] (™Aool 7} RUSHH &MEH A= invertibleO|Ct.
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Xl(equivalent)2t



Mg| 3.13.

Az = b%} invertible

2 COf| chisto] Cf

b

H

.
o
o

mXm

QA{_B:

o« (CA)x =Cb

EFe!.

nZiQ| O|X|4=2t m7H Q| X}

(A|b)oll elementary row operation

|2h S X|O|C}.

UKt A

type 3 elementary row operation

=
—_

f

of &5

SH
(=]

ZEtE &ot0 LIMX]

—_—

od

ol
il d

i

Kr

=L

= ALESH0] X0l &2 1 ofefiol 2|

4. type 3 elementary row operation

ol S22 00| ol & of2f 02F ?| %[5t

|

e
o
o

5. 09 O|F0{Z &}t Lt w7bx| (2t

mujn
<

ad

2 2et7t

A
=

6. OHX|2f2 2 00| Ol MOl A A|ZHSH 2|2 A

RREF(reduced row echelon form)2t $tCt,

=0| 02! HEL} 20

M
(<)

4=0|

ol

ol M 7 &stA 00| ot

2. 2t lHe| Z2 = 00| Ol

Ct.

m

A
o

{2202

o 4222 00| oftl

H

Aol HEL= 00] ofl =2 10]12, OfFH

Zt
=

3.

S K| etCt,



HMIMHEE RREFE HH = W™ E 714 AMH(Gaussian elimination)O|2f $tC}. Of 2}

1. (2™ 1~5) flollA of2H= LH2{7HH A upper triangle matrix= FHECE
2. (2Hd 6~7) Of2HO| M RIZ H&2 S2tHA 2t 8ol X|Xx 2 00| Ot HE£0| I Hoj
M FL5HA 00| ot 42l RREFZ ZHELE,
2| 3.14.

JhRA A elojo| WUS RREFE HHFO| ZLt

¥2| 3.15.
Az = bE nJH2| O|X|=2t r7i2] FO| ol WY Ao = O] F0{T A LAY A 0[2} 8t
Xt rank(A) = rank(A|b)ol1, (A|b)7t RREFO|
1. rank(A) =r
2. oM HEE AN L2 L7 ChEa 22 £0[2t1 StAL,
§ =89 +tiu; +laus + ... +tp_ruUp_p

olm, {uy,ug, ..., Un_r }= (HESH= Skt HBIUKHH A O] S EBO| 7|X{0| 1, 5
2 NS LAY FE A9 sholct.

rd2
n
glo
o
0x
o
ot
n

RREFO]| CH{St off A

mxn¥H A9 HE aq,...,a,0l2t 5t11, AS| RREF BO| st BS| €2 by, ..., b,0l2t
BI|8RE A2 rankZt rH HE| 3.4.9| WEXE|0f 9|3l BS| 3 T (L},

B= RREFO|EZ B2 Ol ofl H2 CHE gl UXIATCE LIEH 4 QICE [M2tM B=
ol ofl Ho| M=ts| r7f QUL

r> 12 o, Bl €2 et YH ey, ..., e, 7t BEEA| LIE}FACEH 4 = 1,2, ..., 70f| CHSHO]
b;, = e;2! X|® j;7t ZXeiCt. Bl 0] S0l tHS3st= A2l €2 a;,, ..., a;, 2H & O, Of

JIXIEE B

(=2
=
g2 Ch3at

x m 7= e Mo| Zx§std MA = Bo|1, B= 2% r742| Fo| oftl 34
| 2E He otaat 22 Bolct (dy, ... dr,O, ...,0)T. oluf AQ| Lig3t=
z2 E0|LCt, M_l(dlel T drer) = dlaj1 + ...+ drajr

rankZ rel m x n @& A0 tisto] (T, r > 0) RREFE B2t 6HH CHZ0| MEstet
1. B2 Fo| otil #of 74~ rO|LCt,

2.2 =1,2,..,70 Ci5tod b, = e; 21 BS B bj, 7t EXHTHLY.



3. A9 51, ..., 5 B2 L.1OICE,

4 2tk =1,2,...,n0l 50| B kBO| dyey + ...dye, H A2 kB dyaj, + ... +
drajr C}.
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AZtet ad — beE A B Al(determinant)2} SHH, det(A) EE= |A|2H E 7| BT}

Ha| 4.1.

&t det : Moy o(R) — FE2x2 8E2 L2 %*OI DHE|O] AS ml, Al 2t Sof
CHSHO] linearOICh &, u, v, w € R21t AZka} koj| Chstof CHE & Alo

car) a3 orn )
(o o) = (1) <0 )

HH A € My, o(R)0 Chsto] A2Q| detO| 00] OFL|7| 2[5t HREE XA At invertible
ol Zio|Ct. E3| A7t invertibleO|™ 3 Ct2af 2Lt

A1 — 1 Ay —Ap
det(4) \—421 An

n > 29 o, @E4~A € Mnxn(R)OiI ChHstod AC) it j2S XM & (n — 1) X
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HH A € M, (R)0l CHot0] det(A)E CS 1t 20| HEHOZ HolstAt. (T n=1Y ol
A (All),det(A) = All)

det(A4) = Z(—l)HjAU 'det(filj)

o AZE}det(A)= AQ HB A (determinant)2t tH, |A|2H E7|StC,

o AZE}(—1)17 - det(A;; )= A2l i j= 20l CHEt 01214 (cofactor)2t BHCH.

AS| 8 j& M0 T3t cofactorZ ¢;; = (—1)117 - det(Ar;)2t E7I5HH AQ| detE L}
21+ 20| £ = Ut

det(A) = Aiicin + Aizci2 + ... + Ancin

%, AQ| det= (A2]) 18| Z M &0 cofactor2 &=6+0{ C{ot Z10|C} 2| S A2 AQ| 1810
CHSE 04214~ F7H(cofactor expansion)O|2t SHC.

2 x 2 HHOf| i35t cofactor expansion2 2 HO|st HH Al 4 1H-0f| M CHE HHA9| H
ol= ME &L

H2| 4.3.

nxn Al det= LIHXA| o] D™ QS ml, AE| 2+ &ofl CHsto IlnearOIEf 5
1 <r < nQlrd CistH CHS Alo] MEISICE O k= AZEH0|12, u, vet 2} a;= SHIH
(€ R™)o|C},
/ ai \ / a1 \ ( a1 \
Uy_q r_1 Ay q
det | ©u+ kv | = det u + kdet v
Ar41q r41 Ary1
\ an, ) \ iy ) \ a, /
=S
HH A € M, (R)2 0{= 32| 2E ME0| 00|H det(A) = 00]L}.
Mi| 4.4.
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| det= & 2|9| $Hof| LSO cofactor expansionsto] & 4= ULt
axn(R)2E el M4 (1 < i < n)ofl hsto] CHZ0| Mt

det(A) =) (1) Aj; - det(A;;)
j=1
}=ge

A€ M, ,(R)2 5 20| ZOH det(A) = 00|C},

Ha| 4.5.

#2 A € M,,,(R)2 £ %2 nsketo] e #4282 pat ¥ 1, det(B) = — det(A)
o|ct.

Mg 4.6.

dH A € M, n(R)2HAQ B Aol CHE o] AZtRHHHE T
ojmi, det(B) = det(A)OILt.

—_—r
Ot
2
ne
rlo
ot
M
o
o
I
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mEda.

#H A € M, (R)2 rank?} n 0|2tO|H det(A) = 00|CE.

elementary row operation0| A € M,,..,,(R)0ll 0|Xl= &S HelstH Ch3 2t 2L
1. Type 1: det(B) = — det(A)

2. Type 2: det(B) = k - det(A)

3. Type 3: det(B) = det(A)

Azt o] HHA2 CZH 2| Zut 2Tt Yol HAZAEHS type 1 & 3
elementary row operation THE M 8510 MAAZHHZ HHE +~ YO detE A AlLt

8 4 Qlct

HE=A

3a1 3das 3as a; @ ds
det | 3by 3by 3bs | = kdet | by bs bs
3(':1 3{32 3(?3 C1 Cc2 C3
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2a4 2a9 2a3 a ao as
det | 3by +5¢; 3bo +5ce 3b3 +5Hces | = kdet | by by b3
7(51 7{’12 7(:3 1 Co C3

« 299 A € M, ,(R)oll thHsto] det(kA) = k™ det(A) S SHstat,

o #H A c M,.,(R)O CH5I0] det(—A) = det(A)7t MEE =S 3tat.
4.3. HHA o] YH
Identity matrix2| det= 10|22 elementary matrix2| detOf] 25l CHS 1} 22 AtAS &
= QUL

1. I°| = &Hof 9|X|E Hi10f ¥2 EOf| CHstof det(E) = —10|Ct.

2. I°| st Hof| Hol opd AZtat kE Foto] B2 EO| thsto] det(E) = kOILCH,

3. I°| 3t &oj| Ct2 3ol Azt HiE C{sto] 22 EOf| CHsto] det(E) = 10|Ct.

Ha| 4.7.
0|2o| A, B € My, (R)0l Ch510] det(AB) = det(A) - det(B)olct.

=,

#HH A M,.n(R )7f |nvert|ble0|7| et HREEZU2 det(A) = 00ICt 53], A7t
invertible0|® det(A ') = = t yOICt

H2| 4.8.
olo|o| A € M, ,,(R)oll thstod det(A?) = det(A)olct.

2| 4.9 (Cramer’s Rule).
Az = bE n7{2| O|X|$E 7HFI n7He| HRIUktER Alo| T SI0|at A}, (T, o =
(mla L2y eeey wn)t)

det(A) = 0% mf, O] HEYHA2 Ct3at Z2 | a7t AL
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o, Ztk (k = 1,2,...,n)0ll it M= AQ kES bE HHE 22 nxn @EHO|CH

€
O HHE NTE2E otz FEME0|2} M2SHXL 0|2t & ¥ u, vE 71X = HAAHAES
ult v 2™ &= W AIHH (parallelogram)O| 2t SHCt,
e {u, v}7t linearly dependent(u®t v7t WH)0|H, uet vE 2HE= HAANHIA2 ME
O = E|3}st O S o|= 00| EICt,
e - - e~ u
& {u, v}7t linearly independentO| H, WaAHHE Q| H ol | det (v) |2t ZCt
a
HEl a1, ay,a32 O[Tt M| IOE JtX| & LIZ2tS| B2 BI]= | det | as | | OICH
as

o Ot X}3IZ: kofl Cheto] MF = O W& M € M, ,(R)Z nilpotent matrix(HE
@)zt stCh (O= nx n ) MO| nilpotentO|H det(M) = 02 SHstzt.

o M= —MAHYE M € M,y,(C)E skew-symmetric matrix(ZHE )2} of
t. no| & i, skew-symmetric matrix M2 invertibleO| Ot=l2 ZE3tat. no| &
=2 = ofEA EX| dHs}zt

M

=Y

o QQ' = I WA Q € M,.,(R)E orthogonal matrix(Xl s &)2t $tCt. Q7}
orthogonalO|H det(Q) = +1S ZHstzt.

o FHH A BE M,y,(R)7t similar0|™ det(A) = det(B)g SFstzt.

o« A%t C7}square matrix® mf, CtS 1t 22 Zel dH M € M, ., (R)E MZstxt.
det(M) = det(A) - det(C)L S ZF3l2t



b x| OI
o
Finite-dimensional vector space VOl|A 2| &l linear operator TOl| CHSHO]

o [T]7} diagonal matrix?t =| =& st (V) ordered basis 7t ZXHE f, linear
operator T CHZt%}7Hs (diagonalizable) st StCt,

o L 47t diagonalizable¥ I, square matrix A= CHZt87Hs (diagonalizable) st $t
Ct.
[T'] 57} diagonal matrix?t =/ =& Sti= ordered basis

T3 D = [T]g 7} diagonal matrix2 Skxt. 2t HlEf v; € GOl ot T'(v; ) =

()\1 o --- 0\
0 X -+ 0
Tls=1. .
\0 0o --.. )\n/
Hol

Vector space V2| linear operator TOf| CHsH0

o FGHIE|T} Ot WIEf v € Vot o A2t AJt EXHL] T'(v) = AvE THEY i, )
B vE& T 1RHlE(eigenvector)2t ST,



t AZ eigenvector vOll CHS35t= 1R 2k (eigenvalue)O|2t SHC}.
M,y (R)0 &35tH= HE A0 CHSHO]
o L 49 eigenvector, & Av = AvQl AZet A7t EXHsHA| TtE= FHIE 7t Ot HIE
v € R"2 A2l eigenvectorz} StCt,
o AZIEL A\E eigenvector vOi| CHE38H= & AQ| eigenvaluelt S},

~ O HIE{7} HE A eigenvector0|7| 23t HREEZAL O HETIL L 49|
eigenvector?! Zi0|C},

o AZEF AT E AQ| eigenvalueO|7| et HREEXRAS AZE A7t L4 9

eigenvalue®! Zi0|LCt,

He| 5.1.

Finite-dimensional vector space V2| linear operator T7t diagonalizableO|7| {3t 2L
SEXH2 TY eigenvectorZ O|F0{ZI (VQ]) ordered basis 57t ZX5t= ZO|C}.

3t T7t diagonalizableO|™ 8 = {vy, ..., v, }2 T2 eigenvectorZ 0|20{Z! ordered
basisO|H, D = [T'|g= diagonal matrixO|Ct. Olt, D;; (1 < j < n)2 v, ofl thSsh=
eigenvalueO|C}.

uEgel.

#H A € M,,,(R)O| diagnoalizable0|7| 2|3t HREEEXZ2 AQ| eigenvectorZ 0|
o{Zl (R™9]) ordered basis?t ZX{st= Z10|LCt,

£t {vy, ..., v, } 2 A2l eigenvector2 O|20{Zl (R™2]) ordered basisO| 11 jZ0| H#E
v; 2 nxn AZE QO L5t D = Q 1AQ= D;; 7t v; 0l tHE83t= (A2]) eigenvalue?!
diagonal matrixO|Ct. &, & A7} diagonalizableO|7| ¢|$t L REZE X2 diagonal
matrix2} similar@! Z10]|LCt,

Hd| 5.2.

HH A € M, (R)M CHSE] AZEEE ATL AQ| eigenvalueO]7| I3t HREEXT2
det(A — AIL,) = 00|Ct.

xo|
o

B A € Myn(R) CHSHO CHatA f(2) = det(A — tI,,)2 A2l EAMCHEA
(characteristic polynomial)O|2} StC},

S22 dF7El= M2 22 detet SHCIAIS JHZIC



go|

Finite-dimensional vector space VOIA| H2|El linear operator TE M42I5tXL. vl 22| 2f
ordered basis B0l Chsto] A = [T]32| detE T2| #HAl(determinant)O|2t 5t1
det(T")2t E7|StCH ot HH Al EMCIEA f(t) = det(A — tI,)2 TS SMCIEA
(characteristic polynomial)O|2} StC},

Hg| 5.3.
M A € M, (R)0ll CHSI LS 0| MRSt}

-

1. AS| EMLHEAL2 nkt CiEtAl0| 1, £ DXtEo| Al (—1)"0|C}.

2. AOl= Z[CH n7He| MZ CHE 1 =2Ho] ALt

Ha| 5.4.

#H A € M,,,(R)2 eigenvalue Aol CHSIO] #lE| v € R™0| Aoi| CHS3t= (A2])
eigenvector0|7| 9I3t HRFEEZULS v = 00|11 (A — Al)v = 02! Ao|Ct.

HEEH

o L2 =30 Eotzt.

=

o Finite-dimensional vector space0i|Al 2| El linear operator T7} invertibleO| 7|
Aot LUREEXAS T eigenvalue?t 00| OF:l ZIQIS ZHS|ZL,

o Linear operator T7t invertible® i, AZFat A7} T9| eigenvalueO|7| fIst 2R %
BxrHe A\ 17 T~ 19 eigenvalue®! AYUS ZHE}2}.

 Upper triangle matrix M2| eigenvalues= M2| diagonal entries® 2 S5}t

C} =5
ED| =

2t
=

rlo
OOF
rlo
rlo
im

doigAls 7t E Yot

o =

o Q2|9 square matrix Al CHBtO] ARt Aol EMCIEAI2 228 ZH3t2t. (MatA

eigenvalues ZLCt)

 Vector space V& linear operator T2t eigenvalue A\l CHE3tH= (T2|) eigenvector

xS MZSHAL 19lo| Xt 4 mof| CHSHY] z= eigenvalue A0l CHEst= (1T72Q]) 1
FHEAS S}

o M,..»(R)2l linear operator T'(A) = Aol CHst C}2 2301 Edtat.

o T2l eigenvalues +1#¥2g ZHG|2L.

o T2 Zf eigenvalued| CHES3t= eigenvectorE 5}zl

E AR S-CHEA f(t) (_1)ntn + an_lt”’l + -+ Cblt + CI,()O" CH
=30 gtk

xn e
o
| |



o £(0) = ap = det(A)U2 FH3tat.

o O|ZEE A7l invertibleO|7| Tt EREEXTAHL q =+ 02 =tolstzat,
5.2. 23} 7tsM

&gl 5.5.

Vector space?| linear operator T2t TS| A £ CIE eigenvalue Aq, ..., Az E 426t 2
1 =1,2,..., kol cHsto] \;0f CHS5k= (T2l) eigenvectorZ O| 20Xl FotEerE S, 2t
SHXt, 2t S,-(z =1,2,..,k)7tLI1OIH S; U Sy U---U Sk = L.IOICY.

uEHa.

n-dimensional vector space®| linear operator T7t M2 CtE n7H 2| eigenvalueES 7+X|™H
T+ diagonalizableO|L}.

o A2 AAO|Ct T7} diagonalizableO|2t11 sHA HEA| MZ CHE n7H2| eigenvalue?t
ALt & &= ALt (Cl: identity operator)

F(t) = et — an)(t — )+ (t — an)

He| 5.6.

Diagonalizablegt linear operator2| S4CtetA2 R 2|0l A &tX3| 2l=E38l(split over R)
ECt.

I-lOI

°—

EdoterAlof f(t)Q! linear operator((£=
9| Ql=7t B[ 2 Sh= JHE 2 X kE

(algebraic multiplicity)2t $tC,

29| eigenvalue A0l CHBIA, (¢t — A)¥O f(t)
A2 S5 (multiplicity) = U™ S5

el

Vector space V2| linear operator T2 eigenvalue A\Of| Cstod, Ct2 et FL & I1R2E A
of| cHSst= T9 1 FE 7t (eigenspace)O|2} BT,

Ey={zecV:T(x)=X} =NT - My)



0|2t H|=8kA| X0l CHEst= (L 42l) eigenspaceE A0i| CHE38t= square matrix A2
eigenspacezt $tC},

Hg| 5.7.

Finite-dimensional vector space V2| linear operator T2} multiplicity7t m@!l (T2|)
eigenvalue A0l thstod, 1 < dim(E)) < moO|C},

&gl 5.8.
Finite-dimensional vector space V2| linear operator TH| CHSH0] TS| EAMCstAI0] 2HH
8| QILEHE|D A\, Ny, ..., A7 M2 CHE (TQ)) eigenvalued I, CH20| MEIstL},

1. T7} diagonalizableO|7| ¥t HREEEA2 2E il CHSI A; 2| multiplicity 7t
dim(E), )%t 22 Z0|Ct,

2. T7} diagonalizableO|11 2t2t9| iofl CHSI 3,7t E) 2| ordered basis I, 8 =
B1U By U---U BLe Tl eigenvector2 0|20 El (V2]) ordered basisO|C}.

e —
tiztsiots B
n-dimensional vector space V2| linear operator T7} diagonalizable0|7| 2|3t ZREE
U2 L2 F =U0| 25 HEsh= ZAo|ct.
1. To E4rCteAlo] ts| Ql~& sl ElCt,
2. T9| eigenvalue A2| multiplicityZt nullity(T — AI)2F Z Tt & A2l multiplicity=
n — rank(T — A\I)o|Ct.

T7} diagonalizable@!X| THEEt mff (Vo) basis aE HESHH 1 B = [T].E 2= A
O] Ma|stct, =2 1, 28 FHESHH B(2t T)= diagonalizableO|Ct,

Diagonalizable®! n x n E*P*s”_"é AO|| CHSIO| HE| 2.232| ISP E AHESIH

Q 1AQ = DE 9tEst= HE Q, DE &2 £ ULt 0|mf, Q= n x n invertible matrixO|
1, ZtE2 A9 elgenvectorOIEf EESE DE n x n diagonal matrix0| 12, 1T diagonal
entry= ‘Q2| jE0Il Li83t=" AQ| eigenvalueO|Ct.

O|E 0| Z35lf A"Z ZHES| AlMe 4= ALY,

An _ (QDQ—I)TL
= (QDQH(QDQ™)---(QDQ™Y)
_ QDTLQ—I



Xlst
=

xo|
o

Vector space V2| subspace W1, ..., W0l Cisto] ChE EghS subspace?| g (sum)O|
2 otof

{vi 4+ -4 :v, €W forl <i<n}

k
OIS Wy + Wy + -+ W, EE ) W;2t B3t

i=1
xo|
o

Vector space V2| subspace Wy,...,W,E MZsiAt BE 4 =1,2,..., k0| CHSIH
W; C Wol1 Cts2 Bt&Est= WE subspace W1, . .., Wj 2| 22t (direct sum)O|2} 5t
HW =W, e&W, & ---p W,Et E7|StCL,

W; N ZW} = {0} foreach j(1 < j < k)
i
ge| 5.0.

Finite vector space V2| subspace W1, ..., W, 0 CHsto] CHE =242 SX|O|LCt,

Theorem 5.10. Let Wy, Wa. ... W} be subspaces of a finite-dimensional

vector space V. The following conditions are equivalent.

(a) V=W W2 B - & W
F'.

(b) V = ZW,- and, for any vectors vi,ve,...,v such that v; € W;
i=1

1<i<k) ifviy+ve+---+uv, =0, then v; = 0 for all i.

(¢) Each vector v € V can be uniquely written as v = vy + va + -+ - + v},
where v; € W;.

(d) If~; is an ordered basis for W; (1 < i < k), then v U~ U--- U~y is an
ordered basis for V.

(e) For each i = 1,2,... k. there exists an ordered basis v for W; such
that v U2 U --- U~ is an ordered basis for V.

Hg| 5.10.



Finite vector space V2| linear operator?} diagonalizableO|7| |3t HREEXHAL VIt
(T2l) eigenspace?| direct sum@! Zi0|LCt,
HEEH

« Finite-dimensional vector space V2| linear operator T7} invertibleO|2} StAt,

o T2| 22|9| eigenvector Ai| LhHsto] A\~1= T 12| eigenvectorO|Ct. Aoi| CHS 3}
£ (T2]) eigenspace= A0 tiSst= (T 2) eigenspace®t 282 S5t
2,

o T7} diagonalizableO|™ T~ & diagonalizable S ZHs}2}.



