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1 혡뤡육 젡육

1.1 옡씡됡

-뜡댡숡픡: 갡갢뤢 혡숡픢갣 옡측픣 숢 씡눡 숡픡

-퐡밡갤갥(sample space): 갦눢픤 먡됡 숡픡 갡갢됢윢 줡픥

-쀡갧(event): 퐡밡갤갥윢 봢봡줡픥

-쀡갧 C윢 혡뤡: 쀡갧 C갦 윣씢뀡 괡뜢됣픤 젡댢

Example. (댣젢 댤줢긡 숡픡)

퐡밡갤갥 e = {H,T}

쀡갧 C = {H}, {T}, →, {H,T}

Definition. (숣괡뤣 픦됤) B 뤢 퐡밡갤갥 e윢 봢봡줡픥됢윢 먡윤(줣, B ↑ P(e))윥뜣 픢윦. B갦 눣윧윢 섡줤율
뤤젣픢먢 숡괡뤢 픡됢(ω-field)뜣 픤눣.

(i) → ↓ B

(ii) (씣줡픥씤 눤휡) B ↓ B =↔ B
c ↓ B

(iii) (갦쀢 픥줡픥씤 눤휡) C1, C2, . . . ↓ B =↔
→⋃
i=1

Ci ↓ B

Theorem. D뤢 갤줡픥윥 씥눥 e윢 봢봡줡픥됢윢 먡윤윥뜣 픢윦. D뤢 팡픧픢눡 먡됡 숣괡뤣 픦됤윢 괢줡픥윩
숣괡뤣 픦됤윥눣. 줣, B :=

⋂
{ε : D ↑ ε, ε윩 숣괡뤣 픦됤}. 윥 딡, B뤢 ω(D)뜣 퐡숣픢먣, B뤢 D갦 쀣섡픢눡

숣괡뤣 픦됤뜣 픤눣.

Proof. (i) (→ ↓ B) D뤢 팡픧픢눡 먡됡 숣괡뤣 픦됤 ε눡 →율 팡픧픤눣. ↭ → ↓ B.
(ii), (iii) can be proved similarly.

↫

Theorem. B뤢 숣괡뤣 픦됤, e뤢 퐡밡갤갥윥뜣 픢윦.

(i) e ↓ B

(ii) B눡 갦쀢 괢줡픥씤 댥픨 눤혢 윪눣. 줣 C1, C2, . . . ↓ B =↔
→⋂
i=1

Ci ↓ B

Proof. 숣괡뤣 픦됤눡 씣줡픥씤 댥픨 눤혢 윪윧율 윥옢픤눣.

↫
-밢렡 숣괡뤣 픦됤: 갨뤥 갤갥씤섢 씦뤦 줡픥됢렢 쀣섡됥눡 숣괡뤣 픦됤
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1.2 혡뤡 1 혡뤡육 젡육

1.2 혡뤡

Definition. (혡뤡) e뤢 퐡밡갤갥, B뤢 e쀤윢 숣괡뤣 픦됤뜣 픢윦. 픧숢 P : B ↗ R갦 눣윧율 뤤젣픢먢 혡뤡
(probability) 혣윩 혡뤡 측댡(probability measure)뜣 픤눣.

(i) P (C) ↘ 0, ≃C ↓ B

(ii) P (e) = 1

(iii) (갦쀢갦밣섡, countable additivity) C1, C2, . . . ↓ B, Ci ⇐ Cj = →, ≃i ⇒= j =↔ P (
→⋃
i=1

Ci) =
→∑
i=1

P (Ci)

Definition. (측댢) µ : B ↗ R윥 눣윧윢 젤갧율 뤤젣픢먢 측댡(measure)뜣 픤눣.

(i) µ(C) ↘ 0, ≃C ↓ B

(ii) µ(→) = 0

(iii) (갦쀢갦밣섡) C1, C2, . . . ↓ B, Ci ⇐ Cj = →, ≃i ⇒= j =↔ µ(
→⋃
i=1

Ci) =
→∑
i=1

µ(Ci)

Note. 혡뤡윩 P (e) = 1윫 측댢윥눣.

Theorem. B눡 e 쀤윢 숣괡뤣 픦됤, C,C1, C2, . . . ,↓ B, P눡 B 쀤윢 혡뤡윥눣.

(i) P (→) = 0

(ii) (윬픤 갦밣섡, finite additivity) C1, C2 ↓ B 섢렢섣 =↔ P (C1 ⇑ C2) = P (C1) + P (C2)

(iii) P (Cc) = 1⇓ P (C)ㄷ

(iv) 0 ⇔ P (C) ⇔ 1, ≃C ↓ B

(v) (눦젤섡, monotinicity) C1 ↑ C2 =↔ P (C1) ⇔ P (C2)

(vi) (갦쀢 줥갦밣섡, countable subadditivity) P (
→∑
i=1

Ci) ⇔
→∑
i=1

P (Ci)

(vii) (a) (씥뜤렢봢턡 씧설섡, continuity from below) C1 ↑ C2 ↑ · · · 윥먢 P ( lim
n↑→

Cn) = lim
n↑→

P (Cn), lim
n↑→

Cn =
⋃
n
Cn

(b) (윭렢봢턡 씧설섡, continuity from above) C1 ↖ C2 ↖ · · · 윥먢 P ( lim
n↑→

Cn) = lim
n↑→

P (Cn), lim
n↑→

Cn =
⋂
n
Cn

Proof.

(i) Letting C1 = C2 = · · · = →, Ci ⇐ Cj = →, ≃i ⇒= j.

갦쀢갦밣섡씤 윢픨 P (→) = P (
→⋃
i=1

Ci) =
→∑
i=1

P (Ci) =
→∑
i=1

P (→) ↭ P (→) = 0

(ii) C1, C2 ↓ B, C1⇐C2 = →윥뜣 픢윦. P (C1⇑C2) = P (C1)+P (C2)뤢 밢윥갩윦 C3 = C4 = · · · = →뜣 됦윦.

갦쀢갦밣섡씤 윢픨 눣윧윥 섡뤧픤눣.

P (C1 ⇑ C2) = P (
→⋃

i=1

Ci) =
→∑

i=1

P (Ci) = P (C1) + P (C2) + 0 + 0 + · · ·

= P (C1) + P (C2)

(iii) e = C ⇑ C
c
, C ⇐ C

c = →윥묡렢 눣윧윥 섡뤧픤눣.

1 = P (e) = P (C ⇑ C
c) = P (C) + P (Cc)
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2 젢갡봡 혡뤡갢 댡뤢섡

(v) C1 ↑ C2, C1, C2 ↓ B뜣 픢윦. P (C1) ⇔ P (C2)뤢 밢윥갩윦 C1 ↑ C2윥묡렢 C2 = C1 ⇑ (C2 \ C1)윥갩

C1 ⇐ (C2 \ C1) = →. 윬픤갦밣섡씤 윢픨 눣윧윥 섡뤧픤눣.

P (C2) = P (C1) + P (C2 \ C1)

↘ P (C1) (↬ P (C2 \ C1) ↘ 0)

(iv)눡 (v)씤 윢픨 섡뤧픤눣. (↬ P (→) = 0, P (e) = 1)

(vi) C1, C2, . . . ↓ B. A1 = C1, A2 = C2 \ C1, A3 = C3 \ (C1 ⇑ C2), . . . , An = Cn \ (C1 ⇑ · · · ⇑ Cn↓1), . . .뜣

픢윦.
⋃
Ci =

⋃
Ai, Ai됢윩 섢렢섣윥눣. 딢뜣섢

P (
⋃

Ci) = P (
⋃

Ai)

=
→∑

i=1

P (Ai)

⇔
→∑

i=1

P (Ci)

(vii) (a) C1 ↑ C2 ↑ · · · . A1 = C1, A2 = C2 \C1, A3 = C3 \C2, . . . , Ai = Ci \Ci↓1, . . .뜣 픢윦.
⋃
Ci =

⋃
Ai,

Ai됢윩 섢렢섣윥눣. 딢뜣섢

P ( lim
n↑→

Cn) = P (
⋃

n

Cn) = P (
⋃

n

An)

=
→∑

i=1

P (Ai)

= lim
n↑→

n∑

i=1

P (Ai)

= lim
n↑→

P (
n⋃

i=1

Ai)

= lim
n↑→

P (Cn)

(b)눡 (a)씤섢 씣줡픥율 촡픢먢 됧눣.

↫

2 젢갡봡 혡뤡갢 댢뤣섡

2.1 젢갡봡 혡뤡

Definition. P (C) > 0율 갦젡픢윦. C갦 젥씢젦율 딡, A윢 젢갡봡 혡뤡윩 P (A|C) = P (A↔C)
P (C) 렢 젡윢픤눣.

Theorem. P (C) > 0.

(1) P (C1|C) ↘ 0

(2) C1, C2, . . . 섢렢섣윥먢 P (
→⋃
i=1

Cn|C) =
→∑
i=1

P (Cn|C)

(3) P (C|C) = 1
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2.1 젢갡봡 혡뤡 2 젢갡봡 혡뤡갢 댡뤢섡

(4) (갪윢 밣츢) P (C1) > 0.

P (C1 ⇐ C2) = P (C1) · P (C2|C1)

P (C1 ⇐ · · · ⇐ Cn) = P (C1) · P (C2|C1) · P (C3|C2 ⇐ C1) · · ·P (Cn|C1 ⇐ · · · ⇐ Cn↓1)

(5) (젢혡뤡갤숤) P (Ci) > 0, i = 1, 2, . . . , n, e =
→⋃
i=1

Ci, Ci됢윩 섢렢섣.

P (C) =
→∑

i=1

P (Ci) · P (C|Ci)

(6) (밤윥줦 젡뤥) P (Ci) > 0, i = 1, 2, . . . , n, e =
n⋃

i=1
Ci, Ci됢윩 섢렢섣.

P (Cj |C) =
P (Cj)P (C|Cj)
n∑

i=1
P (Ci)P (C|Ci)

Proof.

(2) 젡윢뤢 윥옢픤눣.

P (
→⋃

i=1

Ci|C) =

P ((
→⋃
i=1

Ci) ⇐ C)

P (C)
=

P (
→⋃
i=1

(Ci ⇐ C))

P (C)

=
→∑

i=1

P (Ci ⇐ C)

P (C)
=

→∑

i=1

P (Ci|C)

(4) P (C2|C1) =
P (C1 ⇐ C2)

P (C1)
.

(5)

P (C) = P (C ⇐ e) = P (C ⇐
n⋃

i=1

Ci)

= P (
n⋃

i=1

(C ⇐ Ci)) =
n∑

i=1

P (C ⇐ Ci) (↬섢렢섣)

=
n∑

i=1

P (Ci) · P (C|Ci)

(6)

P (Cj |C) =
P (Cj ⇐ C)

P (C)

=
P (Cj)P (C|Cj)
n∑

i=1
P (Ci)P (C|Ci)

Note. P (Cj |C) ↙ P (Cj) · P (C|Cj), j = 1, . . . , n

↫
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2.2 댡뤢섡 3 혡뤡밡숡, 눡젣봢팡픡숡, 혡뤡밢댢픡숡

2.2 댢뤣섡

Definition.

(a) (됦 갫윢 쀡갧)

C1, C2 :댦뤧∝↔ P (C1 ⇐ C2) = P (C1)P (C2)

(b) (섥 갫 윥쀤 쀡갧됢)

C1, . . . , Cn :댦뤧∝↔ P (Ci ⇐ Cj) = P (Ci)P (Cj), ≃i ⇒= j

P (Ci ⇐ Cj ⇐ Ck) = P (Ci)P (Cj)P (Ck), ≃i ⇒= j ⇒= k

...

P (C1 ⇐ · · · ⇐ Cn) = P (C1) · · ·P (Cn)

(c) (됦 갫윢 숡픡)

ε1 = {C1, . . . , Cm}, ε2 = {A1, . . . , An} :댦뤧∝↔ Ci옣 Ai갦 댦뤧 ≃i = 1, . . . ,m, ≃j = 1, . . . , n

Note. P (C1) > 0윥뜣갩 픢윦. C1 ′′ C2윥먢 P (C2 ⇐ C1) = P (C1) · P (C2|C1) = P (C1)P (C2) 윥묡렢

P (C2|C1) = P (C2).

Example. (댦뤧윩 씥눧줢뤤 줧윮렢눡 댦뤧윣 딡) 1, 2, 3, 123윥 젧휢 넡 갫윢 갤윥 윪눣갩 픢윦.

Ai = {i갦 쐡윫 갤율 촢촣}, i = 1, 2, 3

P (A1) =
1
2 = P (A2) = P (A3)

P (A1 ⇐A2) =
1
4 = P (A1 ⇐A3) = P (A2 ⇐A3)

P (A1 ⇐A2) = P (A1)P (A2)윥묡렢 A1, A2, A3: 줧윮렢 댦뤧 (pairwise independent)

픢줢뤤 P (A1 ⇐A2 ⇐A3) =
1
4 ⇒= P (A1)P (A2)P (A3) =

1
8윥묡렢 A1, A2, A3윩 댦뤧윥 씥눧눣.

3 혡뤡밡숢, 눡젣봢팡픢숢, 혡뤡밢댡픢숢

3.1 혡뤡밡숢

Definition.

(1) (혡뤡밥숢)

X눡 e 쀤씤 젡윢됧 혡뤡밥숢∝↔ X눡 e 쀤씤 젡윢됧 숡숢갬율 갭눡 픧숢. 줣, X : e ↗ R

(2) (X윢 갤갥)

X윢 츣씨 = X윢 갤갥

= {X(w) : w ↓ e}
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3.2 눡젣봢팡픡숡 3 혡뤡밡숡, 눡젣봢팡픡숡, 혡뤡밢댢픡숡

(3) (X윢 봡팡) R 쀤씤 젡윢됧 혡뤡 PX

PX(B) = P (X↓1(B)) = P ({w ↓ e : X(w) ↓ B}) = P (X ↓ B), ≃B ↑ R

Example. X: 댣젢율 됦 밦 댤젨섢 씩먢윥 뀢오 혤숢

3.2 눡젣봢팡픢숢

Definition. X윢 눡젣봢팡픢숢(cumulative distribution function, cdf)눡 FX : R ↗ [0, 1]윫 픧숢렢

FX(x) := P(X ⇔ x), ≃x ↓ R

옣 갮윥 젡윢됧눣.

Theorem. (툡섡혥 젡뤥) F : R ↗ R윥 씢딣 혡뤡밥숢윢 cdf

∝↔ (i) F눡 줨갦(nondecreasing) 픧숢

(ii) lim
x↑↓→

F (x) = 0; lim
x↑→

F (x) = 1

(iii) F눡 옥측씧설. 줣, lim
x↗x0

F (X) = F (x0)

Proof. (↔) X ∞ F뜣 픢윦.

(i) x1 < x2윣 딡 F (x1) ⇔ F (x2)뤢 밢윥갩윦

F (x2) = P(X ⇔ x2) ↘ P(X ⇔ x1) = F (x1) (↬ [X ⇔ x1] ↑ [X ⇔ x2])

Note. [X ⇔ x1] = {w ↓ e : X(w) ⇔ x1}
(ii) xn ∈ ∋윣 딡, F (xn) ↗ 1율 밢윥갩윦

lim
n↑→

F (xn) = lim
n↑→

P(X ⇔ xn)

= P(X ↓ R) (↬ [X ⇔ xn]눡 줨갦, 혡뤡측댢윢 씧설섡씤 윢픨
⋃

n

[X ⇔ xn] = [X ↓ R])

(iii) xn △ x0윣 딡, F (xn) ↗ F (x0)뤢 밢윥갩윦

lim
n↑→

F (xn) = lim
n↑→

P(X ⇔ xn)

= P(X ⇔ x0) (↬ [X ⇔ xn]윩 갯섣,
⋂

n

[X ⇔ xn] = [X ⇔ x0])

(∝) F갦 3갦줢 젤갧율 뤤젣픢먢 F뤢 cdf렢 갭눡 혡뤡밥숢뤢 뤤됢씢뀣 숢 윪윧율 밢씣씪 픤눣.

(sketch) 갥눦픤 혡뤡 갤갥 (e = [0, 1], P )뤢 쀣갰픢윦.

P (A) :=
∫
A dx,A ↑ [0, 1]렢 젡윢픢먢 P (A)눡 혡뤡윥 됧눣.
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3.3 윢쀡혢 혡뤡밡숡 3 혡뤡밡숡, 눡젣봢팡픡숡, 혡뤡밢댢픡숡

윥젩 혡뤡밥숢뤢 눣윧갢 갮윥 젡윢픢윦. X(w) = inf{x ↓ R : F (x) ↘ w}
F갦 씧설윥갩 숥줨갦윤율 갦젡픢먢,

P(X ⇔ x) = P(w ↓ [0, 1] : X(w) ⇔ x) = P(w ↓ [0, 1] : w ⇔ F (x)) = F (x)

↫

Theorem. 됦 갫윢 혡뤡밥숢 X1갢 X2갦 댣윣픤 눨젧봡팡픧숢뤢 갭눡눣먢, X1갢 X2윢 봡팡눡 댣윣픢눣.

Proof. 줨먤윩 쀣뜥픤눣.

↫
*X1갢 X2갦 댣윣픤 눨젧봡팡픧숢뤢 갭눡눣:

FX1 = FX2 ▽ FX1(x) = FX2(x), ≃x ↓ R

▽ P(X1 ⇔ x) = P(X2 ⇔ x), ≃x

▽ PX1갢 PX2갦 (⇓∋, x], x ↓ R 쀤씤섢 갮눣.

▽ PX1(⇓∋, x] = PX2(⇓∋, x], ≃x

*X1갢 X2윢 봡팡갦 갮눣:

PX1 = PX2 ▽ PX1(B) = PX2(B), ≃B ↑ R

Note. PX1(B) = P(X ↓ B), B ↑ R

Theorem. F눡 혡뤡밥숢 X윢 cdf.

(a) 0 ⇔ F (x) ⇔ 1, ≃x ↓ R

(b) P(a < X ⇔ b) = F (b)⇓ F (a), a < b

(c) ≃x, F윢 젪괣픤윥 젫윯픤눣. 줣, F (x↓
0 ) = lim

x↘x0

F (x) = P(X < X0)

(d) P(X = x) = F (x)⇓ F (x↓)

Proof.

(a) F (x)눡 씢딣 쀡갧윢 혡뤡윥묡렢 섡뤧픤눣.

(b) P(a < x ⇔ b) = P(X ⇔ b)⇓ P(X ⇔ a) = F (b)⇓ F (a)

(c) xn ∈ x0뜣 픢윦.

F (x↓
0 ) = lim

n↑→
F (xn) = lim

n↑→
P(X ⇔ xn)

= P(X < x0) (↬
⋃

(⇓∋, xn] = (⇓∋, x0))

Note. F (x+
0 ) = F (x0)

↫

3.3 윢쀡혢 혡뤡밡숢

Definition.

(i) 혡뤡밥숢 X갦 X : (e,P) ↗ (D, PX)윫 픧숢윥갩, D갦 갦쀢(countable)윥먢 X뤢 윢쀡혢(discrete) 혡뤡밥

숢뜣 픤눣.
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3.4 씡섢혢 혡뤡밡숡 4 혡뤡밡숡육 긡댣갣

(ii) D = {d1, d2, . . .}윣 딡, X윢 혡뤡밢댡픢숢(밢댡픢숢, 혡뤡줡뜡픢숢, probability density/mass func-

tion)눡 눣윧갢 갮윥 젡윢됧눣.

PX(x) := P(X = x), x ↓ D

Theorem.

(i) ≃B ↑ R씤 댥픨, P(X ↓ B) =
∑

x≃B PX(x)

(ii) X1갢 X2갦 윥쀢혦 혡뤡밥숢됢윥갩, 밧댢픧숢됢윥 갮눣먢, 줣, pX1 = pX2윥뜣먢 X1갢 X2윢 봡팡눡 갮눣.

줣, PX1 = PX2윥눣.

3.4 씢섢혢 혡뤡밡숢

Definition. X: 혡뤡밥숢, P(X ↓ B) =
∫
B f(x)dx, ≃B ↓ R율 뤤젣픢눡 f뤢 X윢 밢댡픢숢뜣 픤눣. 윥 딡, X

뤢 씢섢혢 혡뤡밡숢뜣 픤눣.

Theorem. X: 씧설혦 혡뤡밥숢, f : X윢 밧댢픧숢(pdf), F : X윢 cdf뜣 픢윦.

(i) F (x) =
∫ x
↓→ f(t)dt

(ii) F ⇐(x) = f(x), ≃x ↓ Cf (f윢 씧설젬됢윢 줡픥)

Proof.

(i) F (x) = P(X ⇔ x) =
∫ x
↓→ f(t)dt

(ii) 묢젧봡윢 긡밡젡뤥씤 윢픨 섡뤧픤눣. 줣, pdf갦 묢봡갦눢픤 젬씤섢 cdf뤢 괤픣 숢 윪눣.

↫

Example. (윥쀢혦댢 씧설혦댢 씥눥 혡뤡밥숢)

u = [0, 1]씤섢 뜡댡픢갣 뼡윩 숢, X :=





1 댣젢윥 씩먢

u, 댣젢윥 됨먢
윥뜣갩 픢먢,

FX(x) = P(X ⇔ x) = P(X ⇔ x|H) · P(H) + P(X ⇔ x|T ) · P(T )

=






0, x < 0

x
2 , 0 < x < 1

1, x ↘ 1

윥묡렢 X눡 씧설혦댢(↬ 젧봡 봣갦눢), 윥쀢혦댢 씥눧눣.

4 혡뤡밡숢육 긡댣갣

4.1 긡댣갣육 젡육

Definition. X ∞ f (pdf),
∑

|x|f(x) < ∋(윥쀢혦),
∫
|x|f(x)dx < ∋ (씧설혦)

EX :=






∑

x

xf(x), X :윥쀢혦

∫
xf(x)dx, X :씧설혦
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4.2 혡뤡봢팡육 툡섡측 4 혡뤡밡숡육 긡댣갣

Note. 긡혧쀤 팢윢뤢 윭픨 EX =
∫
xdF (x) =

∫
xdP (x) 혣윩 EX =

∫
xF (dx) =

∫
xP (dx)뜣갩 쐡먣, pdf갦

젫윯픢눡 갱옥 F (dx) = f(x)dx 윥눣.

Example. (긡댥갬윢 젡윢씤섢 픩젧봡픧숢윢 젭댥갬윥 젧봡갦눢픢긡뤢 옦괤픢눡 윥윬)

젧봡
∫→
↓→ h(x)dx윥 혨뜦 씡윥 젡윢됥긡 윭픨섢눡

∫
|h(x)|dx < ∋윢 젤갧윥 픦옦픢눣.∫ →

↓→

x

1 + x2
dx뤢 갩렣픨 밢윦.

∫ →

0

x

1 + x2
dx =

1

2

∫ →

0

1

1 + t
dt (x2 = t)

=
1

2

∣∣ log(1 + t)
∣∣→
0

= ∋

딢뜣섢
∫→
↓→

∣∣ x
1+x2

∣∣dx = ∋ 윥눣.

픤팢,
∫→
↓→

x
1+x2 dx = lim

M↑→

∫M
↓M

x
1+x2 dx = lim

M↑→
0 = 0 윥갩,

∫→
↓→

x
1+x2 =

∫→
0

x
1+x2 +

∫ 0
↓→

x
1+x2 dx = ∋⇓∋ 윥묡렢 젧봡윥 젡윢됥줢 씫눡눣.

Definition.
∫
|g(x)|dF (x) < ∋윣 딡,

Eg(x) =

∫
g(x)dF (x)

=






∑
g(x)f(x), X :윥쀢혦

∫
g(x)f(x)dx, X :씧설혦

Proof. (윥쀢혦윫 갱옥)

Y = g(X)뜣 픢윦.

EY =
∑

y

yfY (y), (fY : y윢 pdf)

=
∑

y

∑

x:g(x)=y

g(x)P(g(x) = y) =
∑

y

∑

x:g(x)=y

g(x)P(X : g(x) = y)

=
∑

x

g(x)P(X = x)

↫

Theorem. a, b ↓ R, X :혡뤡밥숢, k1, k2눡 쀤숢. 긡댥갬됢윥 젫윯픣 딡,

(a) E(aX + b) = aEX + b

(b) (섦혦섡) E(k1g1(X) + k2g2(X)) = k1Eg1(X) + k2Eg2(X)

(c) (씬봢혧, positivity) g(x) ↘ 0, ≃x =↔ Eg(X) ↘ 0

Proof. 젧봡윢 섡줤씤 윢픨 섡뤧픤눣.

↫

4.2 혡뤡봢팡육 툡섡츢

Definition.

9



4.2 혡뤡봢팡육 툡섡측 4 혡뤡밡숡육 긡댣갣

(a) 팣괥: EX

(b) 봡쀢: V ar(X) = E(X ⇓ EX)2

(c) 퐡줥팢찡: Sd(X) =
√
V ar(X)

Theorem. V ar(X) < ∋, µ = EX, a ↓ R.

(1) V ar(X) ↘ 0

(2) V ar(X) = 0 ▽ P(X = µ) = 1

(3) V ar(X) = EX2 ⇓ (EX)2

(4) V ar(aX + b) = a
2
V ar(X), Sd(aX + b) = |a|Sd(X)

Proof. (1), (4)눡 봡쀢윢 젡윢씤 윢픨 섡뤧픢갩, (3)윩 긡댥갬윢 linearity씤 윢픨 섡뤧.

(2)윢 옧쨡 밨픪윩 눩씧픢눣. 온뤨쨡 밨픪율 밢윥갩윦

0 = V ar(X) = E(X ⇓ EX)2

↘ E[(X ⇓ µ)2I(|X ⇓ µ| ↘ 1

n
)] n = 1, 2, . . .

↘ E(
1

n2
I(|X ⇓ µ| ↘ 1

n
))

=
1

n2
P(|X ⇓ µ| ↘ 1

n
)

딢뜣섢 P(|X ⇓ µ| ↘ 1
n ) = 0 ≃n = 1, 2, . . .윥눣.

P(X = µ) = P(|X ⇓ µ| = 0)

= P(
→⋂

n=1

[|X ⇓ µ| < 1

n
])

= lim
n↑→

P(|X ⇓ µ| < 1

n
)

= lim
n↑→

1 = 1

↫

Example. (긡댥갬윥 젫윯픢줢 씫눡 갱옥) X ∞ Ca(0, 1) (켡숦 봡팡)

▽ f(x) =
1

ϑ

1

1 + x2
, x ↓ R

E|X| = 1

ϑ

∫ →

↓→

|x|
1 + x2

dx = ∋

Definition. (븡댥츤댢, 뼢젣픤 젡댢) µ = EX,ω
2 = V ar(X)

(1) (븡댥츤댢, skewness, 옩댢) E(X↓µ
ω )3

(2) (뼢젣픤 젡댢, kurtosis, 찢댢) E(X↓µ
ω )4 혣윩 E(X↓µ

ω )4 ⇓ 3

Note. skewed to the left = negative skewness, skewed to the right = positive skewness: 꼡뤥갦 츣옥찣줩 쨡율

긡줥윮렢 픤눣.
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4.3 젣뤡, 젣뤡쀢섡픡숡 4 혡뤡밡숡육 긡댣갣

4.3 젣뤡, 젣뤡쀢섡픢숢

Definition.

(a) (r 밦줪 젧뤡, moment) mr = EXr (E|X|r < ∋), r = 1, 2, . . .

(b) (젧뤡쀣섡픧숢, moment generating function, mgf) 씢딣 h < 0씤 댥픨, EetX < ∋, ≃t ↓ (⇓h, h)윣 딡,

MX(t) := EetX뤢 X윢 젣뤡쀢섡픢숢뜣 픤눣.

Theorem. (mgf윢 섡줤됢)

(1) (젧뤡쀣섡픧숢눡 젧뤡율 쀣섡픤눣.) 혡뤡밥숢 X윢 mgf MX(t)갦 젫윯픢먢,

(a) 먡됡 찡숢윢 젧뤡윥 젫윯픤눣. 줣, E|X|r < ∋, r = 1, 2, . . .

(b) EXr = M
(r)
X (0), r = 1, 2, . . .

(c) 씢딣 ε > 0씤 댥픨 MX(t) =
→∑

r=0

EXr

r!
t
r
, |t| < ε

(2) (젧뤡쀣섡픧숢윢 윬윣섡) 뤤씭 0 괦밨씤섢 X옣 Y윢 mgf갦 갮윮먢, X
d
=Y (X옣 Y윢 봡팡갦 갮눣.)

∝↔ ̸h > 0s.t.MX(t) = MY (t), ≃t ↓ (⇓h, h) =↔ P (X ↓ B) = P (Y ↓ B), ≃B ↑ R

Proof. (2)눡 방씥됢윥윦. (툡섡픧숢뤢 윥옢픨 줨먤픤눣.)

(1-a) r = 1, 2, . . . , E|X|r < ∋율 밢윥갩윦

e
|tx| =

→∑

k=0

|tx|r

k!

|tx|r

r!
⇔ e

|tx| ⇔ e
tx + e

↓tx

|x|r ⇔ r!

|t|r (e
tx + e

↓tx)

E|X|r ⇔ r!

|t|r (Ee
tx + Ee↓tx) = M(t) +M(⇓t) < ∋ t ↓ (⇓h, h)

(1-b) MX(t) =
→∑

r=0

EXr

r!
t
r율 밢윥갩윦 lim

n↑→

n↓1∑

r=0

EXr

r!
t
r = MX(t)율 밢윥먢 됧눣.

줣,
∣∣MX(t)⇓

n↓1∑

r=0

EXr

r!
t
r
∣∣ ↗ 0율 밢윥먢 됧눣.

Note. (턢윣뜧 젡뤥) 씢딣 h > 0씤 댥픨, f갦 (a⇓ h, a+ h)씤섢 n밦 씧설젧윮렢 묢봡갦눢픢먢

f(x) =
n↓1∑

r=0

f
(r)(a)

r!
(x⇓ a)r +Rn(x, a)

where Rn(x, a) =
(x⇓ a)n

(n⇓ 1)!

∫ 1

0
(1⇓ a)n↓1

f
(n)(a+ u(x⇓ a))du

턢윣뜧 젡뤥뤢 줢숢픧숢씤 젧옢픢먢, etx =
n↓1∑

r=0

(tx)r

r!
+

(tx)n

(n⇓ 1)!

∫ 1

0
(1⇓ a)n↓1

e
utx

du 윥묡렢

∣∣MX(t)⇓
n↓1∑

r=0

E(tX)r

r!

∣∣ =
∣∣E(etX ⇓

n↓1∑

r=0

(tX)r

r!
)
∣∣ 윥갩,
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4.4 눡윣쀢섡픡숡 4 혡뤡밡숡육 긡댣갣

∣∣etx ⇓
n↓1∑

r=0

(tX)r

r!

∣∣ =
∣∣ (tx)n

(n⇓ 1)!

∫ 1

0
(1⇓ u)n↓1

e
utx

du
∣∣

⇔ |tx|n

(n⇓ 1)!

∫ 1

0
(1⇓ u)n↓1

e
|tx|

du

⇔ |tx|n

(n⇓ 1)!
|tx|e|tx|

∫ 1

0
(1⇓ u)n↓1

du

⇔ e
|tx| · e|tx| · e|tx| · 1

n
=

1

n
e
3|tx|

(1-c) 픨섧픧숢 MX(t) =
→∑

r=0

M
(r)
X (0)

r!
t
r =

→∑

r=0

EXr

r!
t
r윥묡렢 M

(r)
X (0) = EXr

, ≃r = 1, 2, . . .

↫

Theorem. MaX+b(t) = e
bt
MX(at), a, b ↓ R

Proof. MaX+b(t) = Eet(aX+b) = e
tb
MX(at)

↫

Example. (젡괧봡팡) X ∞ N(0, 1), f(x) = 1⇒
2ε

e
↓ 1

2x
21
, x ↓ R

MX(t) = EetX =

∫
e
tx 1√

2ϑ
e
↓ 1

2x
2

dx

=
1√
2ϑ

∫
e
↓ 1

2x
2+tx

dx =
1√
2ϑ

∫
e
↓ 1

2 (x
2↓2tx+t2)+ 1

2 t
2

=
1√
2ϑ

∫
e
↓ 1

2 (x↓t)2
dx · e 1

2 t
2

= e
1
2 t

2

, t ↓ R

e
1
2 t

2

=
→∑

r=0

( 12 t
2)r

r!
=

→∑

r=0

t
2r

2rr!
=

→∑

r=0

(2r)!
2rr!

(2r)!
t
2r 윥묡렢





EX2r = (2r)!

2rr! , r = 1, 2, . . .

EX2r+1 = 0, r = 0, 1, 2, . . .

찤갩: mgf갦 젫윯픢먢 먡됡 찡숢윢 젧뤡윥 젫윯픤눣(1-a). 씨윩 섡뤧픢줢 씫눡눣.

Example. (렢괡젡괧봡팡) 1⇒
2ε

e
↓ 1

2 (log x)2 1
x , x > 0

렢괡젡괧봡팡윢 젧뤡쀣섡픧숢눡 젫윯픢줢 씫줢뤤, 먡됡 젧뤡윩 젫윯픤눣.

4.4 눡윣쀢섡픢숢

Definition. (눨윰, 눨윰쀣섡픧숢)

(a) 혡뤡밥숢 X윢 mgf갦 |t| < h씤섢 젫윯픣 딡 (h < 0),

C(t) := logMX(t), ≃t : |t| < h

뤢 X윢 눡윣쀢섡픢숢(cumulant generating function, cgf)뜣 픤눣.

1f(x)갦 혡뤡밧댢픧숢갦 됥눡갦?: 젧봡픨섢 1윥 됥눡줢뤢 혡윫픤눣

12



4.4 눡윣쀢섡픡숡 4 혡뤡밡숡육 긡댣갣

(b) C(t) =
→∑

r=0

C
(r)(0)

r!
t
r =

→∑

r=0

Cr(X)

r!
t
r
, |t| < h옣 갮윥 퐡혩됩 딡, Cr(X)뤢 X윢 r 밣줢 눡윣윥뜣 픤눣.

Example. X ∞ N(0, 1)윣 딡, MX(t) = e
1
2 t

2

윥갩 CX(t) = logMX(t) = 1
2 t

2

딢뜣섢 C0(X) = 0, C1(X) = 0, C2(X) = 1, C3(X) = C4(X) = · · · = 0

Theorem. (젧뤡갢 눨윰윢 괨갲) X윢 mgf갦 젫윯픤눣갩 픢윦. mr: X윢 r찡 젧뤡, cr: X윢 r찡 눨윰

m0 = 1, c0 = 0

mk =
k↓1∑

j=0

(
k ⇓ 1

j


ck↓jmj , k ↘ 1

ck = mk ⇓
k↓1∑

j=0

(
k ⇓ 1

j


ck↓jmj , k ↘ 1

Proof. 픨섧픧숢눡 먥긢숢렢 퐡혩갦눢픢눣.

(Apostol, 젡뤥 9.25.) f(z) =
→∑

n=0

anz
n(|z| < r), g(z) =

→∑

n=0

bnz
n(|z| < R) 윥뜣갩 픢윦.

|z| < R윥갩
→∑

n=0

|bnzn| < r윣 딡, f(g(z)) =
→∑

k=0

ckz
k

씣긡섢 ck =
→∑

n=0

anbk(n), g(z)n = (
→∑

k=0

bkz
k)n =

→∑

k=0

bk(n)z
k

P (s) =
→∑

k=0

pks
k

Q(s) = e
P (s) =

→∑

k=0

qks
k윣 딡,

q0 = e
p0

qk =
1

k

k↓1∑

j=0

(k ⇓ j)pk↓jqj , k ↘ 1

↫

Example.

m0 = 1

m1 =
0∑

j=0

(
0

j


c1↓jmj = c1m0 = c1

m2 =
1∑

j=0

(
1

j


c2↓jmj = c2m0 + c1m1 = c2 · 1 + c1 · c1 = c2 + c

2
1

m3 =
2∑

j=0

(
2

j


c3↓jmj = c3m0 + 2c2m1 + c1 +m=c3 + 2c2c1 + c1(c2 + c

2
1) = c3 + 3c1c2 + c

3
1

Definition.

(a) (혡뤡쀣섡픧숢) X: 윧윥 씥눥 젡숢 갬율 갭눡 윥쀢혦 혡뤡밥숢뜣갩 픢윦. 윥 딡 혡뤡쀣섡픧숢

G(s) = EsX , s ↓ (⇓1, 1)

=
→∑

x=0

s
xP(X = x)
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5 봡됡숢

(b) (뜣픫뜣숧 밥혪) X ↘ 0 w.p.

L(t) = Ee↓tX
, t ↘ 0

(c) (툡섡픧숢)

ϖX(t) = EeitX , t ↓ R

Note. L(t)옣 ϖX(t)눡 픬쀤 젫윯픤눣. (↬ e
↓t
, e

it ⇔ 1)

5 봡됣숣

5.1 밤렡픢숢

Definition.

(a) 픧숢 ϖ : (a, b) ↗ R갦

ϖ(ϱx+ (1⇓ ϱ)y) ⇔ ϱϖ(x) + (1⇓ ϱ)ϖ(y) ≃a < x < y < b,ϱ ↓ (0, 1)

뤢 뤤젣픢먢 ϖ뤢 밤렡픢숢(convex function)뜣 픤눣. 윭윢 봢됪숤윥 됪혧 씡눡 봢됪숤율 뤤젣픢먢 ϖ뤢 숤밤렡

(strictly convex)뜣 픤눣.

(b) ⇓ϖ갦 밪려(숥밪려)윥먢 ϖ뤢 온먦(숥온먦)윥뜣 픤눣.

Theorem. t = ϱx+ (1⇓ ϱ)y뜣갩 픢먢,

ϖ(t) ⇔ ϱϖ(x) + (1⇓ ϱ)ϖ(y) ∝↔ ϖ(t)⇓ ϖ(x)

t⇓ x
⇔ ϖ(y)⇓ ϖ(x)

y ⇓ x

∝↔ ϖ(t)⇓ ϖ(x)

t⇓ x
⇔ ϖ(y)⇓ ϖ(t)

y ⇓ t

∝↔ ϖ(y)⇓ ϖ(x)

y ⇓ x
⇔ ϖ(y)⇓ ϖ(t)

y ⇓ t

Theorem.

1. ϖ갦 (a, b)씤섢 묢봡갦눢

(a) ϖ갦 밪려 ∝↔ ϖ
⇐(x) ⇔ ϖ

⇐(y) ≃a < x < y ⇔ b

(b) ϖ갦 숥밪려 ∝↔ ϖ
⇐(x) < ϖ

⇐(y) ≃a < x < y ⇔ b

2. ϖ갦 (a, b)씤섢 됦 밦 묢봡갦눢

(a) ϖ갦 밪려 ∝↔ ϖ
⇐⇐(x) ↘ 0 ≃x ↓ (a, b)

(b) ϖ갦 숥밪려 ∝= ϖ
⇐⇐(x) > 0 ≃x ↓ (a, b)

Proof. (1-a)

↫

Example.

(1) (ex)⇐ = e
x: 줨갦, ≃x > 0 =↔ e

x: 숥밪려

(2) (log x)⇐ =
1

x
: 갯섣, ≃x > 0 =↔ log x: 숥온먦

14



5.1 밣렡픡숡 5 봡됡숢

Definition. (쀢숨팣괥갢 긡픢팣괥)

(a) a
1
2 b

1
2 ⇔ 1

2
a+

1

2
b, a, b > 0

(b) aϑbϖ ⇔ ϱa+ ςb, a, b > 0,ϱ+ ς = 1,ϱ,ς > 0

(c) cd ⇔ 1

p
c
p +

1

q
d
q
,

1

p
+

1

q
= 1, p, q > 1, c, d > 0

Proof. (a)눡 (b)윢 툡밫픤 갱옥윥눣.

(b) (b윢 봢됪숤)

∝↔ (
a

a+ b
)ϑ(

b

a+ b
)ϖ ⇔ ϱ

a

a+ b
+ ς

b

a+ b

∝↔ ϱ log
a

a+ b
+ ς log

b

a+ b
⇔ log(ϱ

a

a+ b
+ ς

b

a+ b
) (↬ log : 숥온먦)

(c)






a
ϑ ↗ c

b
ϖ ↗ d

ϱ ↗ 1
p

ς ↗ 1
q

, (b)뤢 윥옢픢먢 cd ⇔ 1

p
c
p +

1

q
d
q

↫

Theorem. (뤥씥퐢넢픭 봢됪숤, Liapounov inequality)

E|X|s =↔ (E|X|r) 1
r ⇔ (E|X|s) 1

s , 0 < r < s

딢뜣섢 E|X|r < ∋.

Note 1. ||X||r = (E|X|r) 1
r : X윢 Lr-넢뤩. 줣, ||X||r ⇔ ||X||s

Note 2. 윭 봢됪숤씤 윢픢먢, s 밦줪 젧뤡윥 젫윯픢먢 r(⇔ s) 밦줪 젧뤡윩 젫윯픤눣.

Proof. c =
|X|r

(E|X|s)r/s
, d = 1, p =

s

r
,
1

q
= 1⇓ 1

p
=

s⇓ r

s
윥뜣 됦갩 윭 Definition윢 (c)씤 댥윱픢먢

|X|r

(E|X|s)r/s
· 1 ⇔ r

s

(
|X|r

(E|X|s)r/s

s/r

+
s

s⇓ r
· 1

s→r
s

|X|r

(E|X|s)r/s
⇔ r

s

|X|s

E|X|s +
s

s⇓ r

E|X|r

(E|X|s)r/s
⇔ 1

E(|X|r)1/r ⇔ E(|X|s)1/s

↫

Theorem. (뤣뤪켡픭 봢됪숤, 찥븡섨픭 봢됪숤)

(a) (Markov inequality) X ↘ 0 w.p.1., c > 0

P(X ↘ c) ⇔ EX

c

15



5.1 밣렡픡숡 5 봡됡숢

(b) P(|Z| ↘ c) ⇔ E|Z|r

cr
, c, r > 0

(c) (Chebyshev inequality)

P(|X ⇓ EX| ↘ kω) ⇔ 1

k2
, k > 0, ω

2 = V ar(X)

Proof.

(a) X윢 밧댢픧숢 f갦 젫윯픤눣갩 갦젡픢윦.

EX =

∫ →

0
xf(x)dx

↘
∫ →

c
xf(x)dx (↬ x, f(x) ↘ 0)

↘
∫ →

c
cf(x)dx (↬ c < x)

= cP(X ↘ c)

밧댢픧숢윢 젫윯뤢 갦젡픢줢 씫눡 갱옥,

EX ↘ E[XI(X⇑c)]

↘ E[cI(X⇑c)]

= cP(X ↘ c)

(b) P(|Z| ↘ c) = P(|Z|r ↘ c
r) ⇔ E|Z|r

cr
(↬ (a))

(c) P(|X ⇓ EX| ↘ kω) ⇔ E|X ⇓ EX|2

k2ω2
=

1

k2

↫
Note. 찥븡섨픭윢 봢됪숤씤 윢픢먢, 1ω 밬윢 혡뤡 ⇔ 1, 2ω 밬윢 혡뤡 ⇔ 1

4
, ... (X윢 봡팡갦 묣씮윥됡)

Theorem. (젮섩윢 봢됪숤, Jensen’s inequality) ϖ눡 I 쀤씤섢 밪려, I눡 씦뤦 괤갥윥뜣갩 픢윦.

E|X| < ∋, X ↓ I w.p.1. =↔ ϖ(EX) ⇔ Eϖ(X)

Proof. ϖ
⇐⇐갦 젫윯픤눣갩 갦젡픢윦(됦 밦 묢봡갦눢). µ = EX뜣 픢먢,

ϖ(x) = ϖ(µ) + ϖ
⇐(µ)(x⇓ µ) +

ϖ
⇐⇐(x⇓)

2
(x⇓ µ)2, x⇓눡 x옣 µ 쀡윥갬

↘ ϖ(µ) + ϖ
⇐(µ)(x⇓ µ), ≃x ↓ I

Eϖ(x) ↘ ϖ(µ) + ϖ
⇐(µ)E(X ⇓ µ) = ϖ(µ)

Note. 윣밭젧윫 줨먤윩 윤윢윢 젬씤섢 괡윩 젯섦윥 f(x)밢눣 씥뜤씤 윪윧율 줨먤픤눣.

↫

Example.

• e
EX ⇔ EeX

• log(EX) ↘ E(logX)

16



2육. 눡찡옡 혡뤡밡숡윢 혡뤡봡팡

Jiho KWAK, Department of Geography, SNU

April 12, 2024

1 됡 혡뤡밡숡육 봡팡

1.1 옡씡됢

• 픡숡 (X1, X2) : e → R2뤢 혡뤡밢턡뜡 픢눡.

• (X1, X2)윢 갡갢 = (X1, X2)윢 측씡

• (X1, X2)윢 혡뤡봡팡: R2 쀡윢 혡뤡

• P(X1,X2)(B) = P((X1, X2) ↑ B) = P(w ↑ e : (X1(w), X2(w)) ↑ B), B ↓ R2

1.2 갡픡혡뤡봡팡, 젡밡혡뤡봡팡

Definition. (갣픣눢젡봡팡픡숡) (X1, X2)윢 눡젢봡팡픢숡눣 R2 쀡윢 픡숡

FX1,X2(x1, x2) = P(X1 ↔ x1, X2 ↔ x2), ↗x1, x2 ↑ R

Theorem. F : X1, X2윢 cdf

(a) ã = (a1, a2), b̃ = (b1, b2)

↘(ã,b̃]F := F (b1, b2)≃ F (a1, b2)≃ F (a2, b1) + F (a1, a2) ⇐ 0, ↗a1 ↔ a2, b1 ↔ b2

(b) (갤 윣숡씢 댡픤 줡갥픡숡)

F (x1, x2) ↔ F (y1, x2), ↗x1 < y1, x2

F (x1, x2) ↔ F (x1, y2), ↗x2 < y2, x1

(c) (i) 0 ↔ F (x) ↔ 1 ↗x1, x2

(ii) lim
x1,x2→↑

F (x1, x2) = 1

(iii) lim
x1→↑

F (x1, x2) = 0, ↗x2

lim
x2→↑

F (x1, x2) = 0, ↗x1

(d) (옢츢씣섡섢) xn = (xn1, xn2) ⇒ x0 = (x01, x02), 줢 xn1 ⇒ x01, xn2 ⇒ x02 =⇑ F (xn) ⇒ F (x0)

(e) lim
x2→↑

F (x1, x2) = P(X1 ↔ x1), ↗x1

lim
x1→↑

F (x1, x2) = P(X2 ↔ x2), ↗x2

1



1.2 갡픡혡뤡봡팡, 젡밡혡뤡봡팡 1 됡 혡뤡밡숡육 봡팡

(f) F : R2 → R갥 (a), (b), (c), (d)뤢 뤣젢픥먡 F눣 씤딡 혡뤡밡숡 (X1, X2)윢 cdf.

Proof. (a) ↘(a,b] = P (a1 < x1 ↔ b1, a2 < x2 ↔ b2)

(b) F (x1, x2) = P(X1 ↔ x1, X2 ↔ x2) ↔ P(X1 ↔ y1, X2 ↔ y2) = F (y1, y2)

(c) (ii) xn = (xn1, xn2)뜡갦 됡먡 xn1 ⇓ ⇔, xn2 ⇓ ⇔
=⇑ F (xn1, xn2) = P(X1 ↔ xn1, X2 ↔ xn2) ⇓ P(X1 ↑ R, X2 ↑ R) (↭ 혡뤡윢 씣섡섢)

↫
Note. (f)윢 윢묡: cdf뤢 괡픥먡 혡뤡봡팡옣 윤댡윤 댡윥 갥눤

Definition.

(i) P((X1, X2) ↑ B) =

∫∫

B
f(x1, x2)dx1dx2, ↗B ↓ R2윦먡 f뤢 (X1, X2)윢 갡픡혡뤡밢댡픢숡뜡 픢눡.

윦딢 (X1, X2)눣 씣섡혢.

(ii) P((X1, X2) ↑ B) =
∑

(x1,x2)↓R2

f(x1, x2), ↗B ↓ R2윦먡 f뤢 (X1, X2)윢 갡픡혡뤡줡뜡픢숡뜡 픢눡

윦딢 (X1, X2)눣 윦쀢혢.

Theorem.

(a) (X1, X2)갥 씣섡혢윤 딢,

∫∫

R2

f(x1, x2)dx1dx2 = 1

(X1, X2)갥 윦쀢혢윤 딢,
∑

(x1,x2)↓R2

f(x1, x2) = 1

(b) f : (X1, X2)윢 pdf. f갥 (x1, x2)씢섣 씣섡윤 딢,

f(x1, x2) =
ω2

ωx1ωx2
F (x1, x2)

Proof. (a)눣 눥씣픥눡.

(b)

ω2

ωx1ωx2
F (x1, x2) = lim

h1↔0

1

h1

[
ω

ωx2
F (x1 + h1, x2)≃

ω

ωx2
F (x1, x2)

]

= lim
h1↔0

1

h1

[
lim
h2↔0

1

h2

(
F (x1 + h1, x2 + h2)≃ F (x1 + h1, x2)

)
≃ lim

h2↔0

1

h2

(
F (x1, x2 + h2)≃ F (x1, x2)

)]

= lim
h1↔0

lim
h2↔0

1

h1h2

[
F (x1 + h1, x2 + h2)≃ F (x1 + h1, x2)≃ F (x1, x2 + h+ 2) + F (x1, x2)

]

= lim
h1,h2↔0

1

h1h2
↘((x1,x2),(x1+h1,x2+h2)]F

= lim
h1,h2↔0

1

h1h2
P(x1 < X1 ↔ x1 + h1, x2 < X2 ↔ x2 + h2)

= lim
h1,h2↔0

1

h1h2

∫ x1+h1

x1

∫ x2+h2

x2

f(t1, t2)dt1dt2

1

h1h2
· h1h2 inf

t1↓(x1,x1+h1)
t2↓(x2,x2+h2)

f(t1, t2) ↔
1

h1h2

∫ x1+h1

x1

∫ x2+h2

x2

f(t1, t2)dt1dt2 ↔ 1

h1h2
· h1h2 sup

t1↓(x1,x1+h1)
t2↓(x2,x2+h2)

f(t1, t2)

↫

2



2 갡픡혡뤡봡팡육 툡섡측

Definition. (젣밡봡팡, marginal distribution)

(a) (젣밡밣댢픡숡)






fX1(x1) =

∫

x2

fX1,X2(x1, x2)dx2 (씣섡혢)

fX1(x1) =
∑

x2↓R
fX1,X2(x1, x2) (윦쀢혢)

(b) (젣밡눢젡봡팡픡숡)






FX1(x1) = lim
x2↗↑

FX1,X2(x1, x2)

FX2(x2) = lim
x1↗↑

FX1,X2(x1, x2)

Theorem. fX1,X2눣 (x1, x2)윢 pdf, FX1,X2눣 (x1, x2)윢 cdf.

(a) fXi눣 Xi윢 pdf

(b) FXi눣 Xi윢 cdf

Proof. (a) fXi윦 Xi윢 pdf ↖⇑ P(X1 ↑ B) =

∫

B
fX1(x1)dx, ↗B ↓ R뤢 밤윦갦윧

P(X1 ↑ B) = P((X1, X2) ↑ B ↙ R) =
∫∫

x1↓B,x2↓R

fX1,X2(x1, x2)dx1dx2

=

∫

X1↓B

[ ∫

X2↓R

fX1,X2(x1, x2)dx2

]
dx1

=

∫

X1↓B

fX1(x1)dx1

(b) lim
x2→↑

F (x1, x2) = P(X1 ↔ x1) = FX1(x1) (↭ cdf윢 섢줣씢 윢픤 섢뤤)

↫

Example. (X,Y ) ∝ f(x, y) = e↘yI(0 < x < y < ⇔)

(a) P(X + Y > 1)

∫∫

x+y>1
f(x, y)dxdy =

∫ 1
2

0

∫ ↑

1↘x
e↘ydydx+

∫ ↑

1
2

∫ ↑

x
e↘ydydx = 2e

1
2 ≃ e↘1

(b) fX(x) = e↘xI(x>0), fY (y) = y · e↘yIy>0

2 갡픡혡뤡봡팡육 툡섡측

2.1 긡댢갢, 갣봡쀡, 쀢괡갤숡

Definition. (X1, X2)윢 cdf F1,2, 봡팡 P1,2, 밣댢픡숡 f1,2

Eg(X1, X2) :=






∑
x1

∑
x2

g(x1, x2)f(x1, x2) (윦쀢혢)

∫∫
g(x1, x2)f(x1, x2)f(x1, x2)dx1dx2 (씣섡혢)

= (긡혣)






∫
g(x1, x2)F1,2(dx1, dx2) =

∫
g(x1, x2)dF1,2(x1, x2)

∫
g(x1, x2)P1,2(dx1, dx2) =

∫
g(x1, x2)dP1,2(x1, x2)

3



2.1 긡댡갢, 갣봡쀡, 쀢괡갤숡 2 갡픡혡뤡봡팡육 툡섡측

Note. 2찡옡 긡댡갧갨 1찡옡 긡댡갧윢 젤윢눣 윤측픢눡. Y = g(X1, X2)뜡 넡율먡

EY =
∑

y

yP (Y = y) =
∑

x1,x2

g(x1, x2)f1,2(x1, x2)

Theorem. (설혢섢) E|g1(X1, X2)| < ⇔, E|g2(X1, X2)| 윦먡, ↗k1, k2 ↑ R씢 댡픤 눡윩윦 섢뤤픢눡.

E(k1g1(X1, X2) + k2g2(X1, X2)) = k1Eg(X1, X2) + k2Eg(X1, X2)

Definition. (갡봡쀢갨 쀡괢갩숡) EX2
1 ,EX

2
2 < ⇔.

Cov(X1, X2) := E(X1 ≃ µ1)(X2 ≃ µ2)

Corr(X1, X2) :=
Cov(X1, X2)√

V ar(X1)V ar(X2)

Theorem. (갡봡쀢윢 섢줣) EX2
1 ,EX

2
2 < ⇔

(a)






Cov(X1, X2) = EX1X2 ≃ EX1EX2 = Cov(X2, X1)

Cov(X1, X1) = V ar(X1)

Cov(aX1 + b,X2) = aCov(X1, X2)

(b)





V ar(X1 +X2) = V ar(X1) + V ar(X2)≃ 2Cov(X1, X2)

= V ar(X1) + V ar(X2) (Cov(X1, X2) = 0윤 딢)

(c)
∣∣Cov(X1, X2)

∣∣ ↔
√
V ar(X)V ar(Y )

Lemma.

(a) (켡숢-숣밥뤥츣 봢됢숤)

E|XY | ↔ (E|X|2) 1
2 (E|Y |2) 1

2

(b) (혤댣 봢됢숤) E|X|p,E|X|q < ⇔, p+ q ⇐ 1, 1
p + 1

q = 1윤 딢,

E|XY | ↔ (E|X|p)
1
p (E|Y |q)

1
q

Proof.

(a) Recall that c · d ↔ 1

2
c2 +

1

2
d2. c =

|X|
(E|X|2) 1

2

, d =
|Y |

(E|Y |2) 1
2

뜡갦 됡먡,

|XY |√
E|X|2 · E|Y |2

↔ 1

2

X2

E|X|2 +
1

2

|Y 2|
E|Y |2

E|XY | ↔
√
E|X|2E|Y |2

(b) Recall that c · d ↔ 1

p
cp +

1

q
dq

↫

4



2.1 긡댡갢, 갣봡쀡, 쀢괡갤숡 2 갡픡혡뤡봡팡육 툡섡측

Proof. of the theorem (c):

|Cov(X1, X2)| ↔ |E(X1 ≃ µ1)(X2 ≃ µ2)|

↔ E|(X1 ≃ µ1)(X2 ≃ µ2)|

↔
√
E(X1 ≃ µ1)2E(X2 ≃ µ2)2

=
√
V ar(X1)V ar(X2)

↫
갣봡쀡육 긡픣픤젢 육묡

• X1, X2 ↑ L2 = {X : EX2 < ⇔}. 윦 갡갢윢 뀡젡 ′X1, X2∞ := E(XY ).

Cov(X1, X2) = ′X1 ≃ µ1, X2 ≃ µ2∞

V ar(X1) = ∈X1 ≃ µ1∈2 := E(X1 ≃ µ1)
2

Corr(X1, X2) =
Cov(X1, X2)√

V ar(X1)V ar(X2)
=

′X1 ≃ µ1, X2 ≃ µ2∞
∈X1 ≃ µ1∈2∈X2 ≃ µ2∈2

• 윪퀡뤦됣 갡갢윦뜡먡 ′X1 ≃ µ1, X2 ≃ µ2∞ = ∈X1 ≃ µ1∈∈X2 ≃ µ2∈ · cos(ε)

Theorem. EX2
1 ,EX

2
2 < ⇔, µi = EXi, ϑ2

i = V ar(Xi), i = 1, 2

(a) V ar(
X2 ≃ µ2

ϑ2
≃ ϖ

X1 ≃ µ1

ϑ1
) = 1≃ ϖ2

(b) ≃1 ↔ ϖ2 ↔ 1

(c) ϖ = 1 ↖⇑ X2 ≃ µ2

ϑ2
=

X1 ≃ µ1

ϑ1
w.p.1. (↖⇑ P (

X2 ≃ µ2

ϑ2
≃ X1 ≃ µ1

ϑ1
) = 1)

ϖ = ≃1 ↖⇑ X2 ≃ µ2

ϑ2
= ≃X1 ≃ µ1

ϑ1
w.p.1.

Proof. (a)

V ar(
X2 ≃ µ2

ϑ2
≃ ϖ

X1 ≃ µ1

ϑ1
) = V ar(

X2 ≃ µ2

ϑ2
) + V ar(ϖ

X1 ≃ µ1

sigma1
)≃ 2Cov(

X2 ≃ µ2

ϑ2
, ϖ

X1 ≃ µ1

ϑ1
)

= 1 + ϖ2 ≃ 2ϖ2 = 1≃ ϖ2

(b) 1≃ ϖ2 ⇐ 0 ↖⇑ ≃1 ↔ ϖ ↔ 1

(c) ( !⇑) ϖ = 1윦뜡먡,

V ar(
X2 ≃ µ2

ϑ2
≃ ϖ

X1 ≃ µ1

ϑ1
) = 0 =⇑ X2 ≃ µ2

ϑ2
=

X1 ≃ µ1

ϑ1
w.p.1.

↫

Definition.

(a) (갣픣젡뤡) EXk
1X

m
2 : (X1, X2)윢 (k,m)밦줤 젡뤡

(b) (갣픣젡뤡쀣섢픡숡) 씥뜢 갧윦 (0, 0)윢 씦뤧 괣밧씢섣 젤윢됤 딢, (X1, X2)윢 mgf갥 젥윫픢눡갦 픢눡.

MX1,X2(t1, t2) := Eet1X1+t2X2 , t1, t2 ↑ R
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3 젢갥봢봡팡옡 긡댡갢

Theorem.

(1) MX1,X2(t1, t2)갥 젥윫픦 딢, 눡윩윦 섢뤤픢눡.

(a) (X1, X2)윢 먢됥 젡뤡윦 젥윫픢눡. 줢,

E|X1|k|X2|m < ⇔, ↗k,m > 0.

(b) E(XkY m) =
ωk+m

ωtk1ωt
m
2

MX1,X2(t1, t2)

∣∣∣∣
t1=t2=0

(c) MX1,X2(t1, t2) =
↑∑

r1=0

↑∑

r2=0

E(Xr1
1 Xr2

2 )

r1!r2!
tr11 tr22

(2) (mgf윢 윪윤섢)

(0, 0) 괣밧씢섣 MX1,X2(t1, t2) = MY1,Y2(t1, t2) ↖⇑ (X1, X2)
d
=(Y1, Y2)

3 젣갥봢봡팡옢 긡댢갢

3.1 젣갥봢봡팡

Definition. (젦갪봢밣댢픡숡) X1, X2 ∝ f1,2, f1, f2: X1, X2윢 젣밡밣댢픡숡. X2 = x2갥 젣씤젧윬 딢, X1윢

젦갪봢밣댢픡숡눣

f1|2(x1|x2) :=
f1,2(x1, x2)

f2(x2)
, f2(x2) > 0

Note. 윢묡:

(윦쀢혢윤 딢)

f1|2(x1|x2) =
P (X1 = x1, X2 = x2)

P (X2 = x2)
= P (X1 = X1|X2 = x2)

(씣섡혢윤 딢) X2 = x2윤 딢 X1윢 봡팡 = X2 ↑ [x2, x2 + dx2)윤 딢 X1윢 봡팡

P(X1 ↑ A|x2 ↔ X2 ↔ x2 +!x2) =
P(X1 ↑ A, x2 ↔ X2 ↔ x2 +!x2)

P(x2 ↔ X2 ↔ x2 +!x2)

=

∫
A

∫ x2+!x2

x2
f1,2(x1, t)dx1dt

∫ x2+!x2

x2
f2(t)dt

=

∫
A

1
!x2

∫ x2+!x2

x2
f1,2(x1, t)dtdx1

1
!x2

∫ x2+!x2

x2
f1,2(x1, t)dt

∋
∫
A f1,2(x1, x2)dx1

f2(x2)
(↭줥갢갧 젤뤦)

=

∫

A
f1|2(x1|x2)dx1

Note. G(x) := P(X1 ↑ A,X2 ↑ x), F (x) := P(X2 ↔ x)

P(X1 ↑ A|X2 ↑ [x2, x2 +!x2]) =
G(x2 +!x2)≃G(x2)

F (x2 +!x2)≃ F (x2)
∋ dG(x2)

dF (x2)
=⇑ ‘G씢 댡픢 F윢 묡봡’

6



3.2 젢갥봢긡댡갢 3 젢갥봢봡팡옡 긡댡갢

Theorem.

(i) f1|2(x1|x2) ↔ 0, ↗x1, x2

(ii)






∑

x1

f1|2(x1|x2) = 1 (윦쀢혢)

∫
f1|2(x1|x2)dx1 = 1, f2(x2) > 0 (씣섡혢)

Definition. (젦갪봢눢젡봡팡픡숡)

F1|2(x1|x2) := P(X1 ↔ x1|X2 = x2)

:=






∑

x≃x1

f1|2(x1|x2) (윦쀢혢)

∫

x≃x1

f1|2(x1|x2)dx (씣섡혢)

3.2 젣갥봢긡댢갢

Definition. (젦갪봢긡댡갧)

E[u(X1, X2)|X1 = x1] =






∑

x1

u(x1, x2)f1|2(x1|x2)

∫

x1

u(x1, x2)f1|2(x1|x2)dx1

Theorem.

(a) E(aX2 + b|X1 = x1) = aE(X2|X1 = x1) + b, a, b눣 씧숡

E(c(X1)X2|X1 = x1) = c(x1) · E(x2|X1 = x1)

(b) E(u(X2) + v(X2)|X1 = x1) = E(u(X2)|X1 = x1) + E(v(X2)|X1 = x1)

(c) u(x2) ⇐ 0, ↗x2 =⇑ E(u(X2)|X1 = x1) ⇐ 0 (긡댡갧윦 젥윫픦 딢)

Proof. (a)윢 됡밦줤 숤

E(c(X1)X2|X1 = x1) =

∫
c(x1)x2 · f2|1(x2|x1)dx2

= c(x1)

∫
x2f2|1(x2|x1)dx2

= c(x1)E(X2|X1 = x1)

↫

3.3 젣갥봢팢괢갦 봡쀡

Definition.

(팢괤) E(X2|X1 = x1)

(봡쀢) V ar(X2|X1 = x1) = E((X2 ≃ E(X2|X1 = x1))2|X1 = x1)
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3.3 젢갥봢팢괢갦 봡쀡 3 젢갥봢봡팡옡 긡댡갢

Note. E(X2|X1) = h(x)뜡눣 픡숡렡 쀣갤픦 숡 윭눡. 줢, h(x1) = E(X2|X1 = x1)

Theorem.

(a) V ar(X2|X1 = x) = E(X2
2 |X1 = x1)≃ (E(X2|X1 = x1))2

(b) (밨방젡 긡댡갧) E|X2| < ⇔윤 딢,

E(E(X2|X1)) = E(X2)

(c) (촡젡오츢갧)

(i) argmin
u(X1)

E(X2 ≃ u(X1))2 = E(X2|X1)

(ii) Cov(X2 ≃ E(X2|X1), v(X1)) = 0, ↗v : Ev(X1) < ⇔

(d) (Eve윢 갡숤) V ar(X2) = E
[
V ar(X2|X1)


+ V ar(E(X2|X1))

Proof. (b)

E
[
E(X2|X1)


=

∫
E(X2|X1 = x)f1(x1)dx1

=

∫∫
x2f2|1(x2|x1)dx2 · f1(x1)dx1

=

∫∫
x2

f1,2(x1, x2)

f1(x1)
dx2 · f1(x1)dx

=

∫∫
x2f1,2(x1, x2)dx1dx2

= E(X2)

(c) (ii)

Cov(X2 ≃ E(X2|X1), v(X1)) = E((X2 ≃ E(X2|X1)) · v(X2))

= E(E

[
(X2 ≃ E(X2|X1)) · v(X1)|X1

]
)

= E(v(X1) · E(X2 ≃ E(X2|X1)|X1))

= 0

(c) (i)

E(X2 ≃ u(X1))
2 = E(X2 ≃ E(X2|X1) + E(X2|X1)≃ u(X1))

2

= E(X2 ≃ E(X2|X1))
2 + E(E(X2|X1)≃ u(X1))

2 + 2(AB)

= E(X2 ≃ E(X2|X1))
2 + E(E(X2|X1)≃ u(X1))

2

⇐ E(X2 ≃ E(X2|X1))
2

where AB = Cov(X2 ≃ E(X2|X1),E(X2|X1)≃ u(X1)) = 0 (↭ (ii))

↫
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5 눡찡옢 혡뤡밡숡육 봡팡

Theorem. (설혢오츢) 0 < V ar(X1), V ar(X2) < ⇔

(1) argmin
a+b<1

E(X2 ≃ (a+ bX1))2 = µ2 + ϑ21ϑ
↘1
11 (X1 ≃ µ1)

= µ2 + ϖϑ2
X1 ≃ µ1

ϑ1

min
a,b

E(X2 ≃ (a+ bX1))2 = ϑ22 ≃ ϑ21ϑ
↘1
11 ϑ12 = ϑ2

2(1≃ ϖ)2

(2) 씤딡 쀡숡 a, b씢 댡픤, E(X2|X1) = a+ bX1윦뜡먡, E(X2|X1) = µ2 + ϖϑ2
X1 ≃ µ1

ϑ1

Note. (1)-1윢 윢묡:

X2 ∋ µ2 + ϖϑ2
X1 ≃ µ1

ϑ1
↖⇑ X2 ≃ µ2

ϑ2
∋ ϖ

X1 ≃ µ1

ϑ1

줢, 퐡줦혥 픢 됦 오츢픥먡 쀡괢갩숡갥 갥육 젨윮 설혢갩숡갥 됧눡. (괡픥긡 씤렢옥 젦갪봢긡댡갧 댡숥 X윢

설혢픡숡렡 오츢 - X1, X2윢 1,2찡 젡뤡윮 촢젤픥긡 숢옦)

4 혡뤡밡숡육 댣뤢섡

Definition. (X1, X2)갥 pdf f1,2뤢 갫눣눡. f1, f2: X1, X2윢 젣밡혡뤡밣댢픡숡

X1, X2 섣렡 댤뤤 ↖⇑ f1,2(x1, x2) = f1(x1)f2(x2), ↗x1, x2

Theorem. f1,2: (X1, X2)윢 pdf. 눡윩윮 댥측윦눡.

(a) X1 △△ X2

(b) f1,2(x1, x2) = f1(x1)f2(x2), ↗x1, x2

(c) F1,2(x1, x2) = F1(x1)F2(x2), ↗x1, x2

(d) P (X1 ↑ A,X2 ↑ B) = P (X1 ↑ A)P (X2 ↑ B), ↗A,B

(e) µ1,2(t1, t2) = M1(t1)M2(t2), ↗t1, t2 : |t1| < h1, |t2| < h2 (▽h1, h2 > 0)

(f) f2|1(x2|x1) = x2윢 픡숡 (x1씢 윢젥픥줧 씨윩)

(g) f1,2(x1, x2) = (x1윢 픡숡) ↙ (x2윢 픡숡)

(h) F1,2(x1, x2) = (x1윢 픡숡) ↙ (x2윢 픡숡)

(i) M1,2(t1, t2) = (t1윢 픡숡) ↙ (t2윢 픡숡)

5 눢찡옣 혡뤡밡숡육 봡팡

Definition. (긡댡갧)

(i) u : Rk → R, X = (X1, . . . , Xk)T : k찡옡 혡뤡밡숡, f = X윢 밣댢픡숡

Eu(X) =






∫

x↓Rk

u(x)f(x)dx (씣섡혢)

∑

x↓Rk

u(x)f(x) (윦쀢혢)
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5 눡찡옢 혡뤡밡숡육 봡팡

(ii) u : Rk → Rl, u =





u1

...

ul



 (갤갤윮 ui = Rk → R1)

Eu(X) =





Eu1(X)
...

Eul(X)





(iii) u : Rk → Rm⇐n, u =





u11 u12 · · · u1n

u21 u22 · · · u2n

...
. . .

um1 um2 · · · umn





, (갤갤윮 uij : Rk → R1)

Eu(X) =





Eu11(X) Eu12(X) · · · Eu1n(X)

Eu21(X) Eu22(X) · · · Eu2n(X)
...

. . .

Eum1(X) Eum2(X) · · · Eumn(X)





Definition. (갡봡쀢픧렣) X: k찡옡 뜣댦밢턡, X = (X1, . . . , Xk)T ,EX =





EX1

...

EXk



 := µ,

V ar(X) := E
[
(X ≃ µ)(X ≃ µ)T



=

ϑij = Cov(Xi, Xj), 1 ↔ i, j ↔ k



Theorem. X,X1, X2: 뜣댦밢턡, µ = EX

(i) V ar(X) = EXXT ≃ µµT

Cov(X1, X2) = E
[
(X1 ≃ EX1)(X2 ≃ EX2)T


= EX1XT

2 ≃ (EX1)(EX2)T

(ii) V ar(AX + b) = AV ar(X)AT

Cov(A1X1 + b1, A2X2 + b2) = A1Cov(X1, X2)AT
2

(iii) (윦줥설혢섢)

Cov(X1 +X2, Y ) = Cov(X1, Y ) + Cov(X2, Y )

Cov(Y,X) = Cov(X,Y )T

V ar(
k∑

i=1
Xi) =

k∑
i=1

V ar(Xi) + 2
∑
i<j

Cov(Xi, Xj) (Xi됨윦 1찡옡)

V ar(
k∑

i=1
Xi) =

k∑
i=1

V ar(Xi) +
∑
i ⇒=j

Cov(Xi, Xj) (Xi됨윢 찡옡 ⇐ 2)

(iv) (윩윦 씥눦 젤봢혣, nonnegative definite) aTV ar(X)a = V ar(aTX) ⇐ 0, ↗a ↑ Rk
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6 혡뤡밡숡육 밡혢

6 혡뤡밡숡육 밡혢

6.1 윢쀡혣 혡뤡밡숡윣 딡

P(Y = y)뤢 괡픥먡 됧눡: P(Y = y) =
∑

x:u(x)=y

f(x) = fY (y)

Example. X1 ∝ Poi(ϱ1) △△ X2 ∝ Poi(ϱ2), ϱ1,ϱ2 > 0.

=⇑ Y = X1 +X2윢 밣댢픡숡? (Note. X ∝ Poi(ϱi) ↖⇑ f(x) =
e↘ωϱx

x!
, x ⇐ 0)

P(Y = y) = P(X1 +X2 = y), y ⇐ 0

=
y∑

x=0

P(X1 = x,X2 = y ≃ x) =
y∑

x=0

e↘ω1ϱx
1

x!
· e

↘ω2ϱ(y↘x)
2

(y ≃ x)!

=
( y∑

x=0

y!

x!(y ≃ x)!
(

ϱ1

ϱ1 + ϱ2
)x(

ϱ2

ϱ1 + ϱ2
)y↘x

)
· 1

y!
(ϱ1 + ϱ2)

y · e↘(ω1+ω2)

=
1

y!
e↘(ω1+ω2) · (ϱ1 + ϱ2)

y, y ⇐ 0

↬ X1 +X2 ∝ Poi(ϱ1 + ϱ2)

6.2 씢섢혣 혡뤡밡숡윣 딡

Theorem. Y = u(X), u : 1-1, 봢됣뜤옥 갬옢

fY (y) = fX(u↘1(y))

∣∣∣∣ det(
ωu↘1(y)

ωy
)

∣∣∣∣

Note. 갡숤윬 긡씩픥눣 밪: (* x
u≃→ y = u(x))

fX(x)dx = fX(u↘1(y))


dx

dy

dy

= fY (y)dy

Example. X ∝ fX(x) = 2xI(0<x<1)윤 딢, Y = x2윢 밣댢픡숡눣?

fX(x)dx = 2xI(0<x<1)dx = 2
̸
yI(0<⇑

y<1) ·
1

2
y↘

1
2 dy

= 1 · I(0<y<1)dy

=⇑ fY (y) = 1 · I(0<y<1)

(눡뤨 밧밪) Y윢 cdf 괡픢 눡윩 묡봡

FY (y) = P(Y ↔ y), y ↑ (0, 1)

= P(X2 ↔ y) = P(X ↔ ̸
y) =

∫ ⇑
y

0
2xdx = y

=⇑ fY (y) = 1, y ↑ (0, 1)
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6.2 씡섢혣 혡뤡밡숡윢 딡 6 혡뤡밡숡육 밡혢

Theorem. Y = u(X), u : X → y, k-1윦갦 씣섡젡율렡 묡봡갥눤, ui := u
∣∣
xi

: 1-1

fY (y) =
k∑

i=1

fX(u↘1
i (y))

∣∣∣∣ det
ωu↘1

i (y)

ωy

∣∣∣∣

Note. 긡씩픥눣 밪:

fX(x)dx =
k∑

i=1

fX(x)I(x ↑ xi)dx =
k∑

i=1

fX(u↘1
i (y))I(u→1

i (y)↓Xi)

∣∣∣∣
ωu↘1

i (y)

ωy

∣∣∣∣dy

=

 k∑

i=1

fX(u↘1
i (y))I(u→1

i (y)↓Xi)

∣∣∣∣
ωu↘1

i (y)

ωy

∣∣∣∣


dy

= fY (y)dy

Example. X ∝ fX(x) = 1
2I(↘1<x<1)윤 딢, Y = x2윢 밣댢픡숡눣?

fX(x)dx =
1

2
I(↘1<x<1)dx

=
1

2
I(↘1<x≃0)dx+

1

2
I(0<x<1)dx

=
1

2
I(↘1<↘⇑

y≃0)
1

2
y↘

1
2 dy +

1

2
I(0<⇑

y<1)
1

2
y↘

1
2 dy(∗)

=
1

2
I(0≃y<1)

1

2
y↘

1
2 dy +

1

2
I(0<y<1)

1

2
y↘

1
2 dy

=
1

2
y↘

1
2 I(0<y<1)dy

* x → y = x2 윦먡 (≃1, 0] → [0, 1]씢섣 y = x2 ↖⇑ x = ≄
y ↖⇑ dx =

∣∣ 1
2y

↘ 1
2

∣∣dy (젡봡 밧픨씢 윪윢)
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3육. 씡뜡 갡줡 혡뤡봡팡

Jiho KWAK, Department of Geography, SNU

May 27, 2024

1 육픡봡팡옡 괡렡됡 봡팡됢

1.1 밡뤡눡육 봡팡

Notation. X → Ber(p), 0 ↑ p ↑ 1

Properties.

1. (젡윢, 밡댡픡숡) f(x) = px(1↓ p)1→x
=





p x = 1

1↓ p = q x = 0

2. (젢뤡쀡섡픡숡) MX(t) = pet + q, t ↔ R, q = 1↓ p

3. EX = p

V ar(X) = p(1↓ p)

EXk
= p, k ↗ 1

Proof.

2. MX(t) = EetX = pet·1 + qet·0 = pet + q

3. EX = p · 1 + q · 0 = p

EXk
= p · 1k + q · 0k = p, k ↗ 1

V ar(X) = EX2 ↓ (EX)
2
= p↓ p2 = p(1↓ p)

↭
Note. M(t) = pet + q = p

↑∑
r=1

1
r! t

r
+ q = p+ q +

↑∑
r=1

p
r! t

r
= 1 +

↑∑
r=1

p
r! t

r
=↘ EXr

= p

1.2 육픡젡갡

Definition. (윣픢갢숡, binomial coe!cient) ω ↔ C, k ↗ 0 젡숡

(
ω

k

)
:=






ω·(ω→1)···(ω→k+1)
k! k ↗ 1

1 k = 0

Note.

(1) 뀡뤢 팢턡뤣씢 (descending factorial): (ω)k := ω(ω↓ 1) · · · (ω↓ k + 1) =↘
(
ω

k

)
=

(ω)k
(k)k

(2) 옡뤤 팢턡뤣씢 (ascending factorial): [ω]k := ω(ω+ 1) · · · (ω+ k ↓ 1)

1



1.3 육픡봡팡 1 육픡봡팡옡 괡렡됡 봡팡됢

Properties.

(i) (1 + x)ω =

↑∑
k=0

(
ω

k

)
xk, ω, x ↔ C, |x| < 1

(ii)

↑∑
k=0

(
ω

k

)
xk눡 |x| < 1윤 딡 젣댢숡렡(absolute convergent)

(iii) n ↔ N윣먡, ≃a, b ↔ R, (a+ b)n =

n∑
k=0

(
n

k

)
akbn→k

(iv)

(
ω

k ↓ 1

)
+

(
ω

k

)
=

(
ω+ 1

k

)

(v) r > 0, k = 0, 1, 2, . . . ,

(
↓r

k

)
= (↓1)

k

(
r + k ↓ 1

k

)

1.3 육픡봡팡

Definition. (밢뤥눢윣 갣젡, Bernoulli process) X1, X2, · · ·
iid→ Ber(p), p ↔ [0, 1]윤 딡, 혡뤡밣숡됡윢 먢윥

(Xn)n↓1윦 밡뤡눡육 갢젢윣뜢 픣눣.

Notation. X → Bin(n, p), 0 ↑ p ↑ 1, n = 1, 2, 3, . . .

Properties.

1. (젡윢, 밡댡픡숡) f(x) =

(
n

x

)
px(1↓ p)n→x

2. (젢뤡쀡섡픡숡) M(t) = (pet + q)k, ≃t ↔ R

3. EX = np, V ar(X) = npq

4. X → Bin(n, p) ⇐↘ X
d
= X1 + · · ·+Xn, Xi

iid→ Ber(p)

1.4 긡픢봡팡

Notation. X → Geo(p), 0 ↑ p ↑ 1. (p = 0윤 딡 X = ⇒ w.p.1.)

*윢묡: p-댣젤윦 묢픣 밤 댤줢 딡, 찡 씣먡윣 뀢옢 딡긡줡 뀢옡눡 됢먡윢 갤숡 =: X → Geo(p)

Properties.

1. (젡윢, 밡댡픡숡) f(x) = p(1↓ p)x, x = 0, 1, 2, . . .

2. (젢뤡쀡섡픡숡) M(t) = EetX = p(1↓ qet)→1
, t < ↓ log q, q = 1↓ p

3. EX =
q

p
, V ar(X) =

q

p2

4. X → Geo(p) ⇐↘ X
d
= w1 ↓ 1, w1 = min{n : X1 + · · ·+Xn ↗ 1}

1.5 윢육픡봡팡(Negative Binomial Distribution)

Notation. X → Nbin(r, p), r = 1, 2, . . ., 0 < p < 1

*윢묡: 섡갥 혡뤡윣 p윧 밢뤥눢윣 갣젡씤섢 r밤윢 섡갥윣 뀢옢 딡긡줡 뀢옡눡 숢팣윢 혢숡 =: X → Nbin(r, p)

2



1.6 촡긡픢봡팡(Hypereometric Distribution) 1 육픡봡팡옡 괡렡됡 봡팡됢

Properties.

1. (밡댡픡숡) P(X = x) =

(
x+ r ↓ 1

x

)
prqx, x = 0, 1, 2, . . .

2. (젢뤡쀡섡픡숡) M(t) =
pr

(1↓ qet)r
, t < ↓ log q

3. X → Nbin(r, p) ⇐↘ X
d
= Wr ↓ r

where Wr := min{n : X1 + · · ·+Xn ↗ r}, X1, . . . , Xn
i.i.d.→ Ber(p) (= r밤줣 섡갥긡줡 숣픤혢숡)

4. X → Nbin(r, p) ⇐↘ X
d
= X1 + · · ·+Xr, X1, . . . , Xr

iid→ Geo(p)

5. EX = r · q
p
, V ar(X) = r · q

p2

Proof.

4. 밢뤥눢윣 갣젡씤섢 W1 ↓ 1,W2 ↓W1 ↓ 1, . . . ,Wr ↓Wr→1 ↓ 1
iid→ Geo(p)윥윦 밥윣갦율

P(W1 ↓ 1 = y1,W2 ↓W1 ↓ 1 = y2, . . . ,Wr ↓Wr→1 ↓ 1 = yr)

= P(X1 = · · · = Xy1 = 0, Xy1+1 = 1, Xy1+2 = · · · = Xy1+y2+1 = 0, . . . ,

Xy1+···+yr→1+r = · · · = Xy1+···yr→1+yr+r→1 = 0, Xy1+yr+r = 1)

= (qy1 · p)(qy2 · p) · · · (qyr · p)

Wr ↓ r = (W1 ↓ 1) + (W2 ↓W1 ↓ 1) + · · ·+ (Wr ↓Wr→1 ↓ 1) 윣갦 갧갧윣 i.i.d. Geo(p) 윣묣렢

X
d
= X1 + · · ·+Xr

↭

Properties.

1. X1 → Bin(n1, p)갣 X2 → Bin(n2, p)윣 댥뤦 =↘ X1 +X2 → Bin(n1 + n2, p)

2. X1 → Nbin(r1, p)갣 X2 → Nbin(r2, p)윣 댥뤦 =↘ X1 +X2 → Nbin(r1 + r2, p)

1.6 촡긡픢봡팡(Hypereometric Distribution)

Definition. N갤윢 갥(븡갨쀢 갥 M갤, 갩윩쀢 갥 N ↓ M갤)윣 눤갪 윪눡 쀣율렢봢턢 n갤윢 갥윦 촡촢픥눡

숣픤씤섢 X = n갤윢 갥 줤 븡갨쀢 갥윢 숡. 윣딡 X윢 봡팡뤧 촣긢픥봡팡뜢 픥갦, X → Hypergeo(N,M,n)윫렢

퐡숣픣눣.

Properties.

1. (밡댡픡숡) P(X = x) =

(
M

x

)(
N ↓M

n↓ x

)

(
N

n

) , max(0,M + n↓N) ↑ x ↑ min(M,n)

2. (팤괡갣 봡쀤) X → Hypergeo(N,M,n) ⇑ Bin(n, p =
M

N
)

EX =
M

N
· n, V ar(X) =

N ↓ n

N ↓ 1
· n · M

N
· (1↓ M

N
)

3. (촣긢픥봡팡윢 윣픢괢쀥) 0 < p < 1

lim
N↔↑

P(Hypergeo(N,M = N · p, n) = x) = P(Bin(n, p) = x)

3



2 팡씡섡 봡팡

2 팡씡섡 봡팡

2.1 팡씡섡 봡팡

Theorem. (윣픢봡팡윢 팡씥섣 괢쀥)

lim
n↔↑

npn↔ε>0

(
n

x

)
pxn(1↓ pn)

n→x
=

e→εεx

x!
, x ↗ 0

⇐↘ lim
n↔↑

P(Xn = x) = P(Y = x) where Xn → Bin(n, pn) and Y → Poi(ε)

*줥먣윦 윬픦 픧옣픣 쀥숢됡

1. 숤턣뤨윢 갥숥(Stirling’s formula) n! ⇑
⇓
2ϑn(

n

e
)
n
i.e. lim

n↔↑

⇓
2ϑn(

n

e
)
n

n!
= 1

2. 퀡 O오 윭윩 o: as n ↓⇔ ⇒,

xn = O(an)
def⇐↘ sup

n

∣∣xn

an

∣∣ < ⇒ ⇐↘ xn

an
= O(1)

xn = o(an)
def⇐↘ xn

an
↓⇔ 0 ⇐↘ xn

an
= o(1)

3. (1 +
a

n
)
n n↔↑↓⇔ ea

(1 +
a+ o(1)

n
)
n n↔↑↓⇔ ea

4. an ⇑ bn ⇐↘ lim
n↔↑

an
bn

= 1

Proof.

(
n

x

)
pxn(1↓ pn)

x
=

n!

x!(n↓ x)!
pxn(1↓ pn)

x

⇑
⇓
2ϑn(ne )

n

x!
√
2ϑ(n↓ x)(n→x

e )n→x
pxn(1↓ pn)

x

=
e→x

x!
·
√

n

n↓ x
· nx · ( n

n↓ x
)
n→x · pxn(1↓ pn)

x

n↔↑
=↘ e→x

x!
· εx · ex · e→ε

=
e→ε

x!
, x ↗ 0

Note that






nx · pxn = εx

(
n

n↓ x
)
n→x

= (1 +
x

n↓ x
)
n→x ↓⇔ ex

(1↓ pn)n→x
= (1↓ npn

n
)
n→x

= (1↓ ε+ o(1)

n
)
n→x

= (1↓ ε+ o(1)

n
)
n
(1↓ ε+ o(1)

n
)
→x ↓⇔ e→ε

↭

Properties.

1. (밡댡픡숡, 젡윢) f(x) =
e→εεx

x!
, x ↗ 0

2. (젢뤡쀡섡픡숡) MX(t) = eε(e
t→1), t ↔ R

3. EX = ε, V ar(X) = ε

4. (눢윮쀡섡픡숡) CX(t) = ε(et ↓ 1) =↘ cr = ε, ≃r ↗ 1

4



2.2 팡씡섡갡젡 2 팡씡섡 봡팡

5. X1, . . . , Xn: 섢렢 댥뤦, Xi → Poi(ε), i = 1, . . . , n

=↘
n∑

i=1
Xi → Poi(

n∑
i=1

εi)

6. X1 → Poi(ε1) ↖↖ X2 → Poi(ε2)

=↘ X1|X1 +X2 = n → Bin(n,
ε1

ε1 + ε2
)

7. (Thinning Property) X → Poi(ε), Y |X = x → Bin(x, p)

=↘ Y → Poi(εp)

2.2 팡씡섡갢젢

Definition. (Nt, t ↗ 0)윩 혡뤡갣젡윫렢 Nt = 0, 1, 2, . . . , N0 ↙ 0윣갦, Nt눡 t씤 괣픦 줥갡(nondecreasing)

픥먤, 눣윯윢 젥갫윦 뤩젦픥먡 댡찢뤡(arrival rate) ε > 0윧 팡씥섣갣젡윣뜢 픥갦, (Nt, t ↗ 0) → PP (ε)뜢

퐡숣픣눣.

(1) (젡쀣섡, stationarity) Nt+s ↓Ns
d
= Nt, ≃t, s ↗ 0

(2) (댥뤦줥봡, independent increment) Nt1 , Nt2 ↓Nt1 , . . . , Ntk ↓Ntk→1눡 섢렢 댥뤦 ≃0 < t1 < t2 < · · · < tk

(3) (휡설섡, rareness) h ⇔ 0윤 딡, P(Nh ↗ 2) = o(h)

(4) (븢렣섡, proportionality) h ⇔ 0윤 딡, P(Nh = 1) = εh+ o(h)

Note. 혡뤡갣젡(stochastic process): 혡뤡밣숡됡윢 먢윥 (씡긢섢 Nt : t 숣젧긡줡 씦딢 쀥갫윢 밦쀡 혢숡)

Theorem. Nt → Poi(εt), t ↗ 0

Lemma. 묡봡밧젡숥 y↗(x) = ay(x)+ b(x)윢 픦눡 y(x) = y(0)eax +

∫ x

0
ea(x→s)b(s)ds윣눣. 씡긢섢 a ↔ R, b눡

x윢 픡숡

Proof. a = 0윤 딡 섡뤦. a ∝= 0윣뜢 픥율.

y↗(x)e→ax
= ae→axy(x) + e→axb(x)

(y↗(x)e→ax
)
↗
= e→axb(x)

∫ x

0
(y↗(s)e→as

)
↗ds =

∫ x

0
e→asb(s)ds

y(x)e→ax
+ y(0) =

∫ x

0
e→asb(s)ds

↭
Proof. (젡뤣윢 줥먣) g(n, t) := P(Nt = n) =

e→εt(εt)n

n!
윥윦 밥윣율.

(1) g(0, t) = P(Nt = 0) = e→εt뤧 밥윣율. ⇐↘ (i) g(0, 0) = 1, (ii)
ϖ

ϖt
g(0, t) = ↓εg(0, t)

(i) g(0, 0) = P(N0 = 0) = 1

(ii)
ϖ

ϖt
g(0, t) = lim

h↔0

1

h
[g(0, t+ h)↓ g(0, t)] = lim

h↔0

1

h
[P(Nt+h = 0)↓ P(Nt = 0)]

= lim
h↔0

1

h
[P(Nt = 0, Nt+h ↓Nt = 0)↓ P(Nt = 0)]

(2)
= lim

h↔0

1

h
[P(Nt = 0)P(Nt+h ↓Nt = 0)↓ P(Nt = 0)]

5



3 갢뤡봡팡옡 괡렡됡 봡팡

(1)
= lim

h↔0

1

h
[P(Nt = 0)P(Nh = 0)↓ P(Nt = 0)]

= lim
h↔0

P(Nt = 0) · 1
h
(1↓ εh+ o(h)↓ 1) = P(Nt = 0) lim

h↔0
(↓ε+ o(h))

= g(0, t)(↓ε)

By the lemma, g(0, t) = g(0, 0)e→εt
= e→εt

(2) (i) g(n, 0) = P(N0 = n) = 0, n ↗ 1윣눣. (ii) g↗(n, t) = ↓εg(n, t) + εg(n↓ 1, t)윦 밥윣갦율

1

h
(g(n, t+ h)↓ g(n, t)) =

1

h
(P(Nt+h = n)↓ P(Nt = n))

=
1

h
(P(Nt = n, Nt+h ↓Nt = 0 or Nt = n↓ 1, Nt+h ↓Nt = 1

or Nt ↑ n↓ 2, Nt+h ↓Nt = · · · )↓ P(NT = n))

=
1

h
(P(Nt = n)P(Nh = 0) + P(Nt = n↓ 1)P(Nh = 1) + P(Nt ↑ n↓ 2)o(h)↓ P(Nt = n))

=
1

h
(g(n, t) · (1↓ εh+ o(h)) + g(n↓ 1, t)(εh+ o(h)) + o(h)↓ g(n, t))

↓⇔ ↓εg(n, t) + εg(n↓ 1, t) as h ⇔ 0

By the lemma,

g(n, t) = g(n, 0)e→εt
+

∫ t

0
e→ε(t→s)εg(n↓ 1, s)ds

=

∫ t

0
εe→ε(t→s)g(n↓ 1, s)ds

n = 1윤 딡: g(1, t) =

∫ t

0
εe→ε(t→s)g(0, s)ds =

∫ t

0
εe→ε(t→s)e→εsds =

∫ t

0
εe→εtds = εte→εt

n = 2, · · · 찣렣렢 퐢먡 됣눣.

↭

3 갣뤢봡팡옡 괡렡됡 봡팡

3.1 팡씡섡 갢젢윣 댡긡숡갤

Theorem. (Nt, t ↗ 0) → PP (ε), ε > 0뜢 픥율. Wr := min{t : Nt ↗ r}: r밤줣 댢긢숣갨

(i) Wr → Ga(r,
1

ε
)

(ii) W1,W2 ↓W1, . . .
iid→ Ga(1,

1

ε
) = Exp(

1

ε
)

6



3.2 갢뤡픣숡 3 갢뤡봡팡옡 괡렡됡 봡팡

Proof.

(i)

P(Wr > T ) = P(Nt ↑ r ↓ 1)

=

r→1∑

k=0

e→εt
(εt)k

k!

d

dt
P(Wr ↑ t) =

d

dt
(1↓ P(Wr > t))

=
d

dt
(1↓ e→εt

(εt)k

k!
)

=
εr

(r ↓ 1)!
· tr→1eεt : X → Ga(r,

1

ε
)윢 밡댡픡숡

↭

3.2 갣뤢픣숢

Definition. ”(x) :=

∫ ↑

0
tx→1e→tdt, ≃x > 0 (”(0) := 1)

Lemma. ”(x) < ⇒, ≃x ↗ 0

Proof. x ↔ (0, 1), x ↗ 1 됤 갡줡 case렢 뀢눢씦 ”(x) =

∫ 1

0
+

∫ ↑

1
· · · dt < ⇒뤧 갩턡픣눣.

↭

Properties.

(1) ”(x+ 1) = x”(x), x > 0

(2) ”(n+ 1) = n!, n = 1, 2, . . .

(3) log”(x)눡 (0,⇒) 쀣씤섢 밨려

Proof.

(1)

”(x+ 1) =

∫ ↑

0
txe→tdt

= e→ttx
∣∣∣∣
↑

0

+

∫ ↑

0
xtx→1e→tdt

= x

∫ ↑

0
tx→1e→tdt

(2) ”(n+ 1) = n”(n) = n(n↓ 1)”(n↓ 1) = · · · = n!

(3) 0 < x < y < ⇒, ω ↔ (0, 1)

log”(ωx+ (1↓ ω)y) ↑ ω log”(x) + (1↓ ω) log”(y)

”(ωx+ (1↓ ω)y) ↑ ”(x)ω”(y)1→ω 뤧 밥윣갦율

7



3.3 밡퀡픣숡 3 갢뤡봡팡옡 괡렡됡 봡팡

”(ωx+ (1↓ ω)y) =

∫ ↑

0
tωx+(1→ω)y 1

t
e→tdt

↗
(∫ ↑

0
(tωx)

1
ω
1

t
e→tdt

)ω(∫ ↑

0
(t(1→ω)y

)
1

1→ω
1

t
e→tdt

)1→ω

(↫ 혣댦 봢됥숥)

=

(∫ ↑

0
tx→1e→tdt

)ω(∫ ↑

0
ty→1e→tdt

)(

1↓ ω)

= ”(x)ω”(y)1→ω

↭

3.3 밡퀡픣숢

Definition. B(x, y) =

∫ 1

0
tx→1

(1↓ t)y→1dt, x, y > 0, 먢됦 x, y씤 댢픦 < ⇒

Properties. x, y > 0

(1) ”(x) = 2

∫ ↑

0
s2x→1e→s2ds

(2) 2

∫ ϑ/2

0
(sin ϱ)2x→1

(cos ϱ)2y→1dϱ =
”(x)”(y)

”(x+ y)

(3) B(x, y) =
”(x)”(y)

”(x+ y)

(4) ”(
1

2
) =

⇓
ϑ

(5)

∫ ↑

→↑
e→s2ds =

⇓
ϑ,

∫ ↑

→↑
e→

1
2 s

2

ds =
⇓
2ϑ

(6) (뤥육됧뤥윢 줤방갥숥, Legendre Duplication Formula) ”(2x) =
2
2x→1

⇓
ϑ

”(x)”(x+
1

2
)

(7) ”(x+
1

2
) =

(2x)!

22xx!

⇓
ϑ, x : 씧윢 젡숡

(8) x ↔ (0, 1)윤 딡, ”(x)”(1↓ x) =
x

sin(ϑx)

Proof.

(1)

”(x) =

∫ ↑

0
tx→1e→tdt

= 2

∫ ↑

0
(s2)x→1e→s2sds (t뤧 s2렢 측혤)

= 2

∫ ↑

0
s2x→1e→s2ds

(2)

I =

∫∫

s,t↓0

s2x→1y2y→1e→s2→t2dsdt =

∫ ↑

0
s2x→1e→s2ds

∫ ↑

0
t2y→1e→t2dt

=
1

2
”(x) · 1

2
”(y) =

1

4
”(x)”(y)

8



3.3 밡퀡픣숡 3 갢뤡봡팡옡 괡렡됡 봡팡

I =

∫∫

s,t↓0

s2x→1y2y→1e→s2→t2dsdt

=

∫ ↑

r=0

∫ ϑ/2

ϖ=0
e→r2

(r cos ϱ)2x→1
(r sin ϱ)2y→1rdϱdr (s뤧 r cos ϱ렢, t뤧 r sin ϱ렢 측혤)

=

∫ ↑

r=0
r2x+2y→1e→r2dr ′

∫ ϑ/2

ϖ=0
(cos ϱ)2x→1

(sin ϱ)2y→1dϱ

=
1

2
”(x+ y) ·

∫ ↑

r=0

∫ ϑ/2

ϖ=0
(cos ϱ)2x→1

(sin ϱ)2y→1dϱ

↬ 2

∫ ϑ/2

0
(sin ϱ)2x→1

(cos ϱ)2y→1
=

”(x)”(y)

”(x+ y)
(3)

B(x, y) =

∫ 1

0
tx→1

(1↓ t)y→1dt (t = sin
2 ϱ렢 측혤, dt = 2 sin ϱ cos ϱdϱ)

=

∫ ϑ/2

0
(sin

2 ϱ)x→1
(cos

2 ϱ)y→1 · 2 sin ϱ cos ϱdϱ

= 2

∫ ϑ/2

0
(sin ϱ)2x→1

(cos ϱ)2y→1dϱ =
(2)

”(x)”(y)

”(x+ y)

(4) (2)씤 x = y =
1
2 댢윰

2

∫ ϑ/2

0
dϱ =

”(
1
2 )

2

”(1)
= ”(

1

2
)
2
”(

1

2
) =

√
(ϑ)

(5) (1)씤 x =
1
2 댢윰

(6)

”(x)”(x)

”(x+ x)
= B(x, x) =

∫ 1

0
tx→1

(1↓ t)x→1dt

=
2

22x ↓ 1

∫ 1

0
(1↓ s2)x→1ds (t =

1

2
(1 + s)렢 측혤)

=
1

22x ↓ 1
B(

1

2
, x) (u = s2렢 측혤)

=↘ ”(x)2

”(2x)
=

1

22x→1

”(
1
2 )”(x)

”(x+
1
2 )

(7) x: 씧윢 젡숡

”(2x) =
2
2x→1

⇓
ϑ

”(x)”(x+
1

2
) (↫ (6))

(2x↓ 1)! =
2
2x→1

⇓
ϑ

”(x)”(x+
1

2
)

”(x+
1

2
) =

(2x↓ 1)!
⇓
ϑ

22x→1(x↓ 1)!
=

(2x)!
⇓
ϑ

22xx!

9



3.4 갢뤡봡팡 3 갢뤡봡팡옡 괡렡됡 봡팡

(8) x ↔ (0, 1)

”(x)”(1↓ x) =

∫ ↑

0
tx→1e→tdt ·

∫ ↑

0
s→xe→sds

=

∫ ↑

0

∫ ↑

0
e→s→t

(
t

s

)x
1

t
dsdt

.

.

. (s =
u

1 + u
, t =

uv

1 + v
렢 측혤)

=

∫ ↑

0

vx+1

1 + v
dv

=
ϑ

sin(ϑx)
(방설숡 Contour Integral 윣옥)

↭

3.4 갣뤢봡팡

Notation. X → Ga(ω,ς), ω,ς > 0

Properties.

1. (밡댡픡숡, 젡윢) f(x) =
1

”(ω)ςω
xω→1e→

x
ε , x > 0 (*갬뤪봡팡윢 cdf눡 씨력젨 윪줡 씩눣.)

2. (젢뤡쀡섡픡숡) M(t) = (1↓ ςt)→ω, t < 1
ϱ

3. (젢뤡) EX = ως, V ar(X) = ως2, EXk
= [ω]kςk

(*[ω]k눡 ascending factorial)

4. (눢윮쀡섡픡숡) C(t) = ↓ω log(1↓ ςt), t < 1
ϱ

5. (눢윮) cr = (r ↓ 1)!ωςr, r ↗ 1

Note. f(x) =
εω

”(ω)
xω→1e→εx, x > 0윫렢젡윢픨갭옦,





EX =

ω

ε
V ar(X) =

ω

ε2

윣먤,






ω = shape parameter (혥쀣먢숡)

ς = scale parameter (찤댡먢숡)

ε =
1

ς
= rate parameter (븢윮먢숡)

Proof.

1.

∫ ↑

0
f(x)dx =

∫ ↑

0

1

”(ω)ςω
xω→1e→

x
ε dx

=
1

”(ω)ςω

∫ ↑

0
(ςt)ω→1e→tςdt (t =

x

ς
렢 측혤)

=
ςω

”(ω)ςω

∫ ↑

0
tω→1e→tdt = 1

2.

M(t) = Eetx =

∫ ↑

0
etx

1

”(ω)ςω
xω→1e→

x
ε dx

=
1

”(ω)ςω

∫ ↑

0
xω→1e→( 1

ε→t)xdx, (a > 0,
ς

1↓ ςt
> 0)

=
1

”(ω)ςω

∫ ↑

0
”(ω)

(
ς

1↓ ςt

)ω

dx = (1↓ ςt)→ω, (1↓ ςt > 0)

10



3.4 갢뤡봡팡 3 갢뤡봡팡옡 괡렡됡 봡팡

3.

EXk
=

∫ ↑

0
xk 1

”(ω)ςω
xω→1e→

x
ε dx

=
1

”(ω)ςω

∫ ↑

0
xω+k→1e→

x
ε dx ↓⇔ x

ς
= u렢 측혤

=
1

”(ω)ςω
”(ω+ k)ςω+k

=
”(ω+ k)

”(ω)
ςk

5.

C(t) = ω
↑∑

r=1

(ςt)r

r

= ω
↑∑

r=1

ςr
(r ↓ 1)!

tr

r!

↭

Theorem.

(a) Xi
indep→ Ga(ω,ς), i = 1. . . . , n =↘ X1 + · · ·Xn → Ga(

n∑
i=1

ωi,ς)

(b) r: 씧윢 젡숡, X → Ga(r,ς) ⇐↘ X = Z1 + · · ·Zr, Zi
iid→ Ga(1,ς)

(c) X → Ga(ω,ς) =↘ cX → Ga(ω, cς), c > 0

Proof.

(a)

M n∑
i=1

Xi

(t) = Ee
t

n∑
i=1

Xi

=

n∏

i=1

EetXi

=

n∏

i=1

MXi(t) =
n∏

i=1

(1↓ ςt)→ωi , t <
1

ς

= (1↓ ςt)
→

n∑
i=1

ωi

= Ga(
n∑

i=1

ωi,ς)윢 mgf

(b) (a)씤 윢픦 섡뤦픣눣.

(c) Y = cX뜢 됤먡 y = cx, dx = dy/c

fX(x)dx =
1

”(ω)ςω
xω→1e→

x
ε dx

=
1

”(ω)ςω
(
y

c
)
ω→1e→

y
cε dy/c

=
1

”(ω)(cς)ω
yω→1e→

y
cε dy = Ga(ω, cς)윢 밡댡픡숡

↭
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3.5 줡숡봡팡 3 갢뤡봡팡옡 괡렡됡 봡팡

3.5 줡숢봡팡

Notation. X → Exp(ς), ς > 0 (ς: 찤댡먢숡, ε =
1

ς
: 븢윮먢숡)

Properties.

1. (젡윢) Exp(ς) = Ga(1,ς)

2. (밡댡픡숡)
1

ς
e→x/ϱ , x > 0 (cf. 븢윮먢숡 쐡 갭옦 εe→εx, x > 0)

3. (cdf) F (x) = 1↓ e→x/ϱ , x > 0

4. (survival function, 쀡젩픡숡) S(x) := 1↓ F (x) = P (X > x) = e→x/ϱ , x > 0

5. (mgf, cgf) M(t) =
1

1↓ ςt
, t < 1

ϱ , C(t) = ↓ log(1↓ ςt)

6. (젢뤡) EX = ς, V ar(X) = ς2, EXk
= (k ↓ 1)!ςk, k ↗ 1

7. (눢윮) cr = (r ↓ 1)!ςr, r ↗ 1

3.6 측육젣갥봡팡

Definition. φ2
(r) = Ga(

r

2
, scale = 2), r > 0, r: 율윱댡(degree of freedom)

Properties.

1. (밡댡픡숡) f(x) =
1

”(
r
2 )2

r/2
x

r
2→1e→x/2, x > 0

2. (mgf, cgf) M(t) = (1↓ 2t)→
r
2 , t < 1

2 , C(t) = ↓r

2
log(1↓ 2t)

3. (젢뤡) EX = r, V ar(X) = 2r, EXk
=

[r
2

]
k
2
k, k ↗ 1

4. (눢윮) ck = (k ↓ 1)!
r

2
· 2k, k ↗ 1

5. Xi
indep→ φ2

(ri), i = 1, . . . , k =↘
k∑

i=1
Xi → φ2

(

k∑
i=1

ri)

6. X → φ2
(r) ⇐↘ X = Z1 + · · ·+ Zr, Zi

iid→ φ2
(1), r: 율씪숡

3.7 밡퀡봡팡

Notation. X → Beta(ω,ς), ω,ς > 0

Properties.

1. (밡댡픡숡, 젡윢) f(x) =
”(ω+ ς)

”(ω)”(ς)
xω→1

(1↓ x)ϱ→1, x ↔ (0, 1)

2. (젢뤡) EXk
=

[ω]k
[ω+ ς]k

, EX =
ω

ω+ ς
, V ar(X) =

ως

(ω+ ς)2(ω+ ς + 1)

3. X1 → Ga(ω, 1) ↖↖ X2 → Ga(ς, 1),ω,ς > 0

=↘ X1

X1 +X2
→ Beta(ω,ς), and ↖↖ X1 +X2 → Ga(ω+ ς, 1)
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3.8 딡뤢퀢렢 봡팡 4 젡괢봡팡

Proof.

3. Y1 =
X1

X1 +X2
, Y2 = X1 +X2 뜢갦 됤율.

Note that





x1 = y1y2

x2 = y2 ↓ y1y2 = y2(1↓ y1)
and

∣∣∣∣
d(x1, x2)

d(y1, y2)

∣∣∣∣ =

∣∣∣∣∣
y2 y1

↓y2 1↓ y1

∣∣∣∣∣ = y1(1↓ y1) + y1y2 = y2

fX1,X2(x1, x2)dx1dx2 =
1

”(ω)
xω→1
1 e→x1

1

”(ς)
xϱ→1
2 e→x2dx1dx2I(x1, x2 > 0)

=
1

”(ω)”(ς)
(y1y2)

ω→1e→y1y2(y2(1↓ y1))
ϱ→1e→y2(1→y1)y2 dy1dy2

′ I(y1y2 > 0)I(y2(1↓ y1) > 0)

=
1

”(ω)”(ς)
yω→1
1 (1↓ y1)

ϱ→1yω+ϱ→1
2 e→y2 dy1dy2I(y1 ↔ (0, 1))I(y2 > 0)

=
”(ω+ ς)

”(ω)”(ς)
yω→1
1 (1↓ y1)

ϱ→1dy1I(y1 ↔ (0, 1))

′ 1

”(ω+ ς)
yω+ϱ→1
2 e→y2dy2I(y2 > 0)

= Beta(y1|ω,ς)′Ga(y2|ω+ ς, 1)

↭

3.8 딡뤣퀢렢 봡팡

Notation. (Y1, . . . , Yk) → Dir(ω1, . . .ωk,ωk+1), ωi > 0, i = 1, . . . , k + 1

Properties.

1. (밡댡픡숡) yi > 0, i = 1, . . . , k,
k∑

i=1
yi < 1,

f(y1, . . . , yk) =
”(ω1 + · · ·+ ωk+1)

”(ω1) · · ·”(ωk+1)
yω1→1
1 · · · yωk→1

k (1↓ y1 ↓ · · ·↓ yk)ωk+1→1

2. EY1 =
ω1

ω1 + · · ·+ ωk+1
, V ar(Y1) =

ω1(ω2 + · · ·+ ωk+1)

(

k+1∑
i=1

ωi)
2(

k+1∑
i=1

ωi + 1)

, Cov(Y1, Y2) =
ω1 · ω2

(

k+1∑
i=1

ωi)
2(

k+1∑
i=1

ωi + 1)

3. Xi
indep→ Ga(ωi, 1), i = 1, . . . , k + 1

=↘ (Y1, . . . , Yk) = (
X1

k+1∑
i=1

Xi

, . . . ,
Xk

k+1∑
i=1

Xi

) → Dir(ω1, . . . ,ωk+1) and ↖↖
k+1∑
i=1

Xi → Ga(
k+1∑
i=1

ωi, 1)

4. 3.씤섢 Y1 → Beta(ω1,
k+1∑
i=2

ωi)

Note. 1. X → Beta(ω,ς) = Dir(ω,ς): k = 1윤 딡 딣뤣퀢렦 봡팡

2. (X1, X2) → Dir(ω1,ω2,ω3): 2찣옧 simplex

4 젢괢봡팡

4.1 됣묡씡븡뤡-뜡픤뜡숣 젢뤣
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4.1 됣묡씡븡뤣-뜡픤뜡숢 젡뤢 4 젡괢봡팡

Theorem. (됧묣씥븣뤥-뜢픩뜢숤 젡뤣)

(a) p ↔ (0, 1), q = 1↓ p, a ↑ x↓ np
⇓
npq

↑ b윧 x씤 댢픦 n ⇔ x윤 딡,

(
n

x

)
px(1↓ p)n→x → 1⇓

2ϑ
e→

1
2 (

x→np↑
npq )

2 1
⇓
npq

(b)
∑

x:a↘ x→np↑
npq ↘b

(
n

x

)
px(1↓ p)n→x →

∫ b

a

1⇓
2ϑ

e→
1
2 z

2

dz

⇐↘ P(a ↑ X ↓ np
⇓
npq

↑ b) → P(a ↑ Z ↑ b) where X → Bin(n, p), Z → N(0, 1)

Proof. (sketch)

(a) x갡 a ↑ x↓ np
⇓
npq

↑ b뤧 뤩젦픥묣렢
x↓ np
⇓
npq

= z뜢갦 됤먡





x = np+ z

⇓
npq

n↓ x = nq + z
⇓
npq

(* x, n↓ x ⇔ ⇒ as n ⇔ ⇒)

(
n

x

)
px(1↓ p)n→x

=
n!

x!(n↓ x)!
px(1↓ p)n→x

→
⇓
2ϑn(ne )

n

⇓
2ϑx(xe )

x
√

2ϑ(n↓ x)(n→x
e )n→x

px(1↓ p)n→x

=
1⇓
2ϑ

√
n

x(n↓ x)
(
n

x
)
x
(

n

n↓ x
)
n→xpx(1↓ p)n→x

=
1⇓
2ϑ

px(1↓ p)n→x

(
x
n )

x(1↓ x
n )

n→x

1√
n · x

n (1↓
x
n )

Note that






x

n
= p+ z

√
pq

n
n↓ x

n
= q + z

√
pq

n

thus
1√

n · x
n (1↓

x
n )

→ 1
⇓
npq

and

log
px(1↓ p)n→x

(
x
n )

x(1↓ x
n )

n→x
= ↓x(log

x

n
↓ log p)↓ (n↓ x)(log(1↓ x

n
)↓ log q)

= ↓(np+ z
⇓
npq)(log

p+ z
√pq

n

p
)↓ (nq + z

⇓
npq)(log

q ↓ z
√pq

n

q
)

= ↓(np+ z
⇓
npq) log

(
1 + z

√
q

np

)
↓ (nq + z

⇓
npq) log

(
1↓ z

√
p

nq

)

= ↓(np+ z
⇓
npq)

(
z

√
q

np
↓ 1

2

(
z

√
q

np

)2

+
1

3

(
z

√
q

np

)3

↓ · · ·
)

+ (nq + z
⇓
npq)

(
z

√
p

nq
+

1

2

(
z

√
p

nq

)2

+
1

3

(
z

√
p

nq

)3

+ · · ·
)

= ↓z
⇓
npq +

1

2
z2q ↓ z2q + · · ·

+ z
⇓
npq +

1

2
z2p↓ z2p+ · · ·

= ↓1

2
z2 + · · ·

↬
(
n

x

)
px(1↓ p)n→x → 1⇓

2ϑ
e→

1
2 z

2 1
⇓
npq
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4.2 젡괢봡팡 4 젡괢봡팡

(b) ↼: N(0, 1)윢 pdf뜢 픥율. (a)렢봢턢

∑

x:a↘ x→np↑
npq ↘b

(
n

x

)
px(1↓ p)n→x →

∑

x:a↘ x→np↑
npq ↘b

↼(
x↓ np
⇓
npq

)
1

⇓
npq

= (∞)

a ↑ x↓ np
⇓
npq

↑뤧 뤩젦픥눡 x됡윦 x1, . . . , xN윣뜢 픥갦 zi =
xi ↓ np
⇓
npq

, i = 1, . . . , N윣뜢 넡윫먡

(∞) =
N∑

j=1

1
⇓
npq

↼(zj) →
∫ b

a
↼(z)dz

↭

4.2 젢괢봡팡

Notation. X → N(µ,↽2
), µ ↔ R, ↽2 > 0

Properties.

1. (밡댡픡숡, 젡윢) f(x) =
1

↽
⇓
2ϑ

e→
1

2ϑ2 (x→µ)2

2. (mgf) M(t) = eµt+
1
2ς

2t2
(* Z → N(0, 1)윤 딡, f(x) =

1⇓
2ϑ

e→
1
2 z

2

, MZ(t) = e
1
2 t

2

)

3. (퐡줦젡괤봡팡윢 젢뤡) Z → N(0, 1)윤 딡, EZk
=






(2r)!

2rr!
k = 2r, r = 1, 2, . . .

0 k = 2r + 1, r = 0, 1, 2, . . .

4. X → N(µ,↽)윤 딡, EX = µ, V ar(X) = ↽2

Proof.

2.

M(t) = EetX =

∫
etx

1

↽
⇓
2ϑ

e→
1

2ϑ2 (x→µ)2dx

=
1

↽
⇓
2ϑ

∫
e→

1
2ϑ2 (x2→2µx+µ2→2ς2tx)dx

=
1

↽
⇓
2ϑ

∫
e→

1
2ϑ2 [(x→(µ+ς2t))2)+µ2→(µ→ς2t)2]dx

= e→
1

2ϑ2 (µ2→(µ2+2ς2tµ+ς4t2))

= eµt+
1
2ς

2t2

↭

4.3 젢괢봡팡윣 섢줢

Properties.

(a) (씥픪 밣혤윢 봣밣)

(i) X → N(µ,↽2
) =↘ aX + b → N(aµ+ b, a2↽2

), a, b ↔ R
(ii) X → N(µ,↽2

) =↘ X
d
= µ+ ↽Z, Z → N(0, 1)
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5 괣됤봡팡옡 뀡숡

(b) (댥뤦윧 젡괤혡뤡밣숡됡윢 픫)

(i) Xi → N(µi,↽2
i ), i = 1, 2, 섢렢 댥뤦 =↘ X1 +X2 → N(µ1 + µ2, ↽2

1 + ↽2
2))

(ii) X1, . . . , Xn
iid→ N(µ,↽2

) 윤 딡, X̄ → N(µ,
↽2

n
)

(c) (퐡줦젡괤혡뤡밣숡됡윢 젪갮)

(i) Z → N(0, 1) =↘ Z2 → φ2
(1)

(ii) Y → φ2
(r) ⇐↘ Y = Z2

1 + · · ·+ Z2
r , Zi

iid→ N(0, 1), i = 1, . . . , r, r ↔ N

Proof. (a), (b)눡 mgf렢 줥먣.

(c) (i) Z → N(0, 1), Y = Z2뜢 픥율: z = ±⇓
y

fZ(z) =
1⇓
2ϑ

e→
1
2 z

2

dz

=
1⇓
2ϑ

e→
1
2 z

2

dzI(z > 0) +
1⇓
2ϑ

e→
1
2 z

2

dzI(z < 0)

=
1⇓
2ϑ

e→
1
2y

1

2

1
⇓
y
dyI(z > 0) +

1⇓
2ϑ

e→
1
2y

1

2

1
⇓
y
dyI(z < 0)

=
1⇓
2ϑ

e→
1
2yy→

1
2 dyI(y > 0): Ga(

1

2
, rate =

1

2
) = φ2

(1)윢 밡댡픡숡

↭

5 괣됤봡팡옡 뀡숢

5.1 괣됤봡팡 (uniform distribution)

Notation. u → U(a, b), a < b

Properties.

1. (밡댡픡숡, 젡윢) f(u) =
1

b↓ a
I(a < u < b)

2. u → U(a, b) ⇐↘ u
d
= (b↓ a)z + a where z → U(0, 1)

3. u → U(0, 1)윤 딡, Eu =
1

2
, V ar(u) =

1

12

4. u → U(0, 1)윤 딡, 1↓ u → U(0, 1) (↫ 1

2
긢줦 댢츢)

5.2 혡뤤젤봡밢혢 (probability integral transformation)

Theorem. (괥윲 4.3.3.) 혡뤡밣숡 X윢 눢젢봡팡픡숡 F갡 [a, b]씤섢 씪섥윣갦 숦줥갡. F (a) = 0, F (b) = 1.

a, b눡 갧갧 ↓⇒오 ⇒갡 됨 숡 윪눣. 윣 딡,

(a) F (x) → U(0, 1)

(b) u → U(0, 1)윤 딡, F→1
(u) → F

Proof. ↓⇒ < a < b < ⇒윧 갭옦뤩 갦력픣눣. F갡 숦줥갡윣묣렢 1-1, F갡 씪섥윣묣렢 젤쀥 (↫ 줤갨갯 젡뤣),

딤뜢섢 F윢 씫픡숡(F→1
)갡 젩윲픣눣.
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5.3 픥갣-봢픥갣 밢밣 (acceptance-rejection method) 5 괣됤봡팡옡 뀡숡

F→1 씫숣 숦줥갡픡숡윣먤 눣윯윣 섡뤦픣눣.

(i) F (x) ↑ u ⇐↘ x ↑ F→1
(u)

(ii) F→1
(u) ↑ x ⇐↘ u ↑ F (x)

(iii) F (F→1
(u)) = u

(a) u ↔ (0, 1)

P(F (x) ↑ u) = P(X ↑ F→1
(u)) (↫ (i))

= F (F→1
(u)) (↫ F갡 x윢 cdf)

= u

(b)

P(F→1
(u) ↑ x) = P(u ↑ F (x)) (↫ (ii))

= F (x) (↫ u → U(0, 1))

↭
Note. (b)눡 윥윢윢 숦줥갡 F씤 댢픦섢댡 섡뤦 if F→1

:= inf{x : F (x) ↗ u}

Example. X → Exp(1)윧 X뤧 쀡섡픥갦율 (u → U(0, 1)윩 젫씦젨 윪눣.) F (x) = 1 ↓ e→x, x ↗ 0. F→1윦

괦픥긢 윬픦 u = F (x) = 1↓ e→x렢 넡갦 x렢 퐢먡 x = ↓ log(1↓ u) = F→1
(u).

↬ u → U(0, 1)윤 딡,





↓ log(1↓ u) → Exp(1)

↓ log u → Exp(1)

Example. (밪숤-묤뜡 밣혤, Box-Müller Transformation) X1, X2
iid→ N(0, 1)윣갦 X1 = r cos ϱ, X2 = r sin ϱ

렢 젡윢됣눣. (r > 0, 0 ↑ ϱ ↑ 2ϑ) 윣 딡, (r, ϱ)윢 봡팡뤧 괦픥먡

fX1,X2(x1, x2)dx1dx2 =
1⇓
2ϑ

e→
1
2x

2
1

1⇓
2ϑ

e→
1
2x

2
2dx1dx2

=
1

2ϑ
e→

1
2 (x

2
1+x2

2)dx1dx2

=
1

2ϑ
e→

1
2 r

2

rdrdϱ

= e→
1
2 r

2

rI(r > 0)dr ′ 1

2ϑ
I(0 < ϱ < 2ϑ)dϱ

=↘ 1

2
r2 → Exp(1) ↖↖ ϱ → U(0, 2ϑ)

u1, u2
iid→ U(0, 1)갡 젫씦젨 윪눣.

X1 =
√
↓2 log(1↓ u1) cos(2ϑu2) → N(0, 1) ↖↖ X2 =

√
↓2 log(1↓ u1) sin(2ϑu2) → N(0, 1)

5.3 픥갦-봢픥갦 밣밤 (acceptance-rejection method)

X → f뤧 쀡섡픥갦율 f(x) ↑ M · g(x), ≃x,M > 0, g뤧 딤뤥눡 뀣숡뤧 쀡섡픣눣.
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5.3 픥갣-봢픥갣 밢밣 (acceptance-rejection method) 5 괣됤봡팡옡 뀡숡

씢갧뤣됥

1눥갢. Y → g ↖↖ u → U(0, 1) (댥뤦윧 Y, u 뼡눡눣.)

2눥갢. u ↑ f(Y )

M · g(Y )
윣먡, X = Y . 씥눦먡 1눥갢렢 갨눣.

Proof. (씨갦뤣됩씤섢 X → f윥윦 줥먣)

P(X ↑ x) = P(Y ↑ x|u ↑ f(Y )

M · g(Y )
)

=

P(Y ↑ x, u ↑ f(Y )
M ·g(Y ) )

P(u ↑ f(Y )
M ·g(Y ) )

=

 x
→↑

 f(Y )
Mg(Y )

0 g(y)dudy

↑
→↑

 f(Y )
Mg(Y )

0 g(y)dudy

=

 x
→↑

f(Y )
Mg(y)g(y)dy↑

→↑
f(Y )
Mg(y)g(y)dy

=

∫ x

→↑
f(y)dy

↭

Example. (ϑ윢 촡젡)

u1, u2
iid→ U(0, 1) =↘ P(u2

1 + u2
2 < 1) =

ϑ

4

(ui1, ui2)
iid→ U(0, 1)′ U(0, 1), i = 1, . . . , n: 뀣숡 n갤 쀡섡

P̂n =
1

n

n∑
i=1

I(u2
i1 + u2

i2 ↑ 1)렢 촡젡, ϑ̂ = 4P̂n =↘ ”먥턤츣뤧렢 밧밫”
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4육. 퐡밡봡팡

Jiho KWAK, Department of Geography, SNU

June 2, 2024

1 퐡밡촡촢갡 턡갢뜡

퐡밡윢 윣옡픡 먡줡눡윤 툡섡씡 댡픢 촡렡윢 픢눢.

촡렡육 댡숡혡

1. 먡혡혢 (modeling): 퐡밡 Xi됡윣 촢픣 숡 윥눣 봡팡됡윤 먡윦윢 젡픢눢.

{f(x : ω) : ω → H}, ω: 먡숡, f(x : ω): Xi윤 봡팡

옢 X1, . . . , Xn
iid↑ N(µ,ε2), µ → R, ε

2
> 0

X1, . . . , Xn
iid↑ Ber(ω), ω → (0, 1)

2. 퐡밡촡촣 밢밣윢 젡픢눢.

X1, . . . , Xn
iid↑ f(µ, ω) : ω → H

3. 촡촣윢 윧픢 퐡밡윤 픤숡뤡 젡픢눢. 퐡밡윤 픤숡뤡 턡갡뜡(statistic)윣뜢 픢눢.

T (X1, . . . , Xn) = X̄, T (X1, . . . , Xn) =
1

n

n∑
i=1

(Xi ↓ X̄)2

4. 턡갡뜡윤 봡팡뤡 괡픢눢.

5. 퐡밡봡팡(=턡갡뜡윤 봡팡)뤡 윣옡픡 촡렡윢 픢눢.

퐡밡봡팡육 갢쀡

1. 툡밤픢 갢옣뤢 퐡밡봡팡갣 씢렢젢 윥눢.

2. 젣괢젤 괢쀡: n ↔ ↗율 딡 턡갡뜡윤 봡팡

3. 먢턢측뤡렣 밢밣

2 t-봡팡옡 F-봡팡

2.1 숢툡댢툢육 t-봡팡

Notation. T ↑ t(r), r = 1, 2, . . . , r > 0, r: 윩윪댢(degree of freedom)

Properties.

1. (젡윤) W ↑ N(0, 1) ↘↘ V ↑ ϑ
2(r) =≃ T =

W√
V/r

↑ t(r)

2. (밥댢픤숡) f(t) =
!( r+1

2 )

!( 12 )!(
r
2 )

1⇐
r

(
1 +

t
2

r

)→ r+1
2

, t → R

t ↔ ↗율 딡 f(t)윤 찡숡눣 (t2)→
r+1
2 = |t|→(r+1) ↔ polynomial order (cf. 젡괣봡팡: e→

1
2 t

2

, 꼡뤣 댣 씣윫)

1



2.1 숡툡댡툢육 t-봡팡 2 T-봡팡옡 F-봡팡

3. t(1) = Ca(0, 1)

4. (팢괤갤 봡쀢) ET = 0, r > 1, V ar(T ) =
r

r ↓ 2
, r > 2

5. t(x|r) r↑↓↓↔ N(x|0, 1) ⇒≃ t(r)윤 밥댢픤숡
r↑↓↓↔ N(0, 1)윤 밥댢픤숡

Proof.

2. T =
W√
V/r

, U = V뜢갥 됢윩.

Note that





v = u

w = t

√
u/r

and

∣∣∣∣
d(w, v)

d(t, u)

∣∣∣∣ =

∣∣∣∣∣∣

√
u/r

1

2
tu

→ 1
2 t

→ 1
2

0 1

∣∣∣∣∣∣
=

√
u

r

fW (w)fV (v)dwdv =
1⇐
2ϖ

e
→ 1

2w
2 1

!( r2 )2
r
2
v

r
2→1

e
→v/2

dwdv

=
1⇐
2ϖ

1

!( r2 )2
r
2
e
→ 1

2 t
2 u

r u
r
2→1

e
→u/2

√
u

r
dtdu (t → R, u > 0)

= fT,U (t, u)dtdu

fT (t) =

∫ ↓

0
fT,U (t, u)du =

1⇐
2ϖ

· 1

!( r2 )2
r
2
· 1⇐

r

∫ ↓

0
u

r+1
2 →1

e
→ 1

2 (1+
t2

r )u
du

=
1⇐

2ϖ!( r2 )2
r/2

⇐
r
·

!( r+1
2 )

[ 12 (1 +
t2

r )]
r+1
2

=
!( r+1

2 )
⇐
2ϖ!( r2 )2

r/2( 12 )
r+1
2

· 1⇐
r
· 1

(1 + t2

r )
r+1
2

=
!( r+1

2 )

!( 12 )!(
r
2 )

1⇐
r

(
1 +

t
2

r

)→ r+1
2

3. 밥댢픤숡씡 r = 1윢 댡윬픥먣 f(t) =
!(1)

!( 12 )!(
1
2 )

· 1

1 + t2
=

1

ϖ

1

1 + t2

4. 팢괤윣 젥윭픢눢먣 0윦윢 씢 숡 윥눢. (↭ 밥댢픤숡갣 0씡 댡픡 댡츢)

t씡 괥픢 픦뤢윢 쀣팣밦먣

∫ ↓

→↓
|t| 1

(1 + t2

r )
r+1
2

dt윣묡렣 t윤 찡숡눣
1

tr
윣눢.

딢뜢섢 r > 1윣먣 숡려(팢괤윣 젥윭)픥갥 0 < r ⇑ 1윣먣 밧쀢픢눢.

밡갦젤윮 줢먤윢 윧픡

∫ ↓

0
|t| 1

(1 + t2

r )
r+1
2

dt =

(∫ 1

0
+

∫ ↓

1

)
t

1

(1 + t2

r )
r+1
2

dt = I1 + I2뜢 됢윩.

I1 =

∫ 1

0

t

(1 + t2

r )
r+1
2

dt < ↗

I2 =

∫ ↓

1

t

(1 + t2

r )
r+1
2

dt ⇑
∫ ↓

1

t

( t
2

r )
r+1
2

dt = r
r+1
2

∫ ↓

1
t
→r

dr < ↗, r > 1

I2 =

∫ ↓

1

t

(1 + t2

r )
r+1
2

dt ⇓
∫ ↓

1

t

( t
2

r + t2

r )
r+1
2

dt = (
r

2
)

r+1
2

∫ ↓

1
t
→r

dr = ↗, 0 < r ⇑ 1

(*n찡 젤뤤윣 젥윭픥렢먣 r > n)
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2.2 F-봡팡 2 T-봡팡옡 F-봡팡

Note that E(W 2) = 1 and

E(
1

V
) =

∫ ↓

0

1

v
· 1

!( r2 )2
r
2
· v r

2→1
e
→ v

2 dv

=
1

!( r2 )2
r
2

∫ ↓

0
v

r
2→1→1

e
→ v

2 dv

=
1

!( r2 )2
r
2
!(

r

2
↓ 1)2

r
2→1 (

r

2
↓ 1 > 0)

=
1

( r2 ↓ 1)2
=

1

r ↓ 2

↫ V ar(T ) = V ar(
W√
V/r

) = E(
W

2

V/r
)

= r · E(W 2) · E( 1
V
) (↭ W, V 댤뤥)

=
r

r ↓ 2

5. !(x) ↑ (x↓ 1)! ↑
√
2ϖ(x↓ 1)(

x↓ 1

e
)x→1윦윢 윣옡픢눢.

f(t) =
!( r+1

2 )

!( 12 )!(
r
2 )

· 1⇐
r

(
1 +

t
2

r

)→ r+1
2

↑

√
2ϖ( r+1

2 ↓ 1)
( r+1

2 →1
e

) r+1
2 →1

√
2ϖ( r2 ↓ 1)

( r
2→1
e

) r
2→1

1⇐
ϖ

1⇐
r

(
1 +

t
2

r

)→ r+1
2

= (갡쀢)

*

(
1 +

t
2

r

)→ r+1
2

=

(
1 +

t
2

r

)→ r
2

·
(
1 +

t
2

r

)→ 1
2

⇔ e
→ 1

2 t
2

↬

2.2 F-봡팡

Notation. F ↑ F (r1, r2), r1, r2 > 0

Properties.

1. (젡윤) U ↑ ϑ
2(r1) ↘↘ V ↑ ϑ

2(r2), F :=
U/r1

V/r2
↑ F (r1, r2)

2. (밥댢픤숡) f(w) =
!( r1+r2

2 )

!( r12 )!(
r2
2 )

(
r1

r2

) r1
2 w

r1
2 →1

(1 + r1
r2
w)

r1+r2
2

, w > 0

3. (젤뤤) EF k =

(
r2

r1

)k!(k + r1
2 )!(

r2
2 ↓ k)

!( r12 )!(
r2
2 )

, r2 > 2k

4. (팢괤) EF =
r2

r2 ↓ 2
, r2 > 2

5. (봡쀢) V ar(F ) =
r
2
2(2r1 + 2r2 ↓ 4)

r1(r2 ↓ 2)2(r2 ↓ 4)
, r2 > 4

3



2.2 F-봡팡 2 T-봡팡옡 F-봡팡

Proof.

(b)






W =
U/r1

V/r2

Z = V

=≃






U =
r1

r2
WZ

V = Z

,

∣∣∣∣
d(w, z)

d(u, v)

∣∣∣∣ =
∣∣∣∣
r1
r2
z

r1
r2
w

0 1

∣∣∣∣ =
r1
r2
z

f(u)f(v)dudv =
1

!( r12 )2
r1
2

u
r1
2 →1

e
→u/2 ↖ 1

!( r22 )2
r2
2

v
r2
2 →1

e
→v/2

dudv

=
1

!( r12 )!(
r2
2 )2

r1+r2
2

(
r1

r2
wz

) r1
2 →1

e
→ 1

2
r1
r2

wz
z

r2
2 →1

e
→ z

2
r1

r2
zdwdz

=
1

!( r12 )!(
r2
2 )2

r1+r2
2

(
r1

r2

) r1
2

w
r1
2 →1

z
r1+r2

2 →1
e
→ 1

2 (
r1
r2

w+1)z
dwdz

f(w) =

∫ ↓

0
f(w, z)dz

=
1

!( r12 )!(
r2
2 )2

r1+r2
2

(
r1

r2

) r1
2

w
r1
2 →1!(

r1 + r2

2
)/[

1

2
(1 +

r1

r2
w)]

r1+r2
2

=
!( r1+r2

2 )

!( r12 )!(
r2
2 )

(
r1

r2

) r1
2 w

r1
2 →1

(1 + r1
r2
w)

r1+r2
2

, w > 0

↬

Corollary. X1, . . . , Xn
iid↑ N(µ1,ε

2
1) ↘↘ Y1, . . . , Ym

iid↑ N(µ2,ε
2
2) =≃

s
2
2/ε

2
2

s
2
1/ε

2
1

↑ F (m↓ 1, n↓ 1),

윣딡 s
2
1 =

1

n↓ 1

n∑
i=1

(Xi ↓ X̄)2, s
2
2 =

1

n↓ 1

m∑
j=1

(Yj ↓ Ȳ )2

Proof.

(n↓ 1)s21
ε
2
1

↑ ϑ
2(n↓ 1) ↘↘ (m↓ 1)s22

ε
2
2

↑ ϑ
2(m↓ 1)윦윢 씤눢.

(n→1)s21
ω2
1

/(n↓ 1)

(m→1)s22
ω2
2

/(m↓ 1)
=

s
2
2/ε

2
2

s
2
1/ε

2
1

↑ F (m↓ 1, n↓ 1)

↬
Note. 윣 쀡숢윢 윣옡픡

ε
2
1

ε
2
2

윤 100(1↓ ϱ)% 숣력괡갧윢 뤢됡먣

P

(
F

ω
2 (m↓ 1, n↓ 1) <

s
2
2

s
2
1

· ε
2
1

ε
2
2

< Fω
2
(m↓ 1, n↓ 1)

)
= 1↓ ϱ

⇒≃ P

(
F

ω
2 (m↓ 1, n↓ 1) · s

2
1

s
2
2

<
ε
2
1

ε
2
2

< Fω
2
(m↓ 1, n↓ 1) · s

2
1

s
2
2

)
= 1↓ ϱ

4



3 숢섡턡갡뜡육 봡팡

3 숣섡턡갢뜡육 봡팡

Definition. X1, . . . , Xn: 뜣댥퐡밡

X(r) = X1, . . . , Xn 줣씡섢 r밨줤렣 윯윰 갨 =≃ r밨줤 숤섢턡갡뜡(order statistic), r = 1, . . . , n

X(1): 갣육 윯윰 갨, X(n): 갣육 퀡 갨

Properties. X1, . . . , Xn
iid↑ f . f : 밥댢픤숡, F : cdf, Y = (Y1, . . . , Yn) = (X(1), . . . , X(n))

(a) Y윤 밥댢픤숡: fY (y) = n!
n∏
i=i

f(yi)I(y1 < y2 < · · · < yn)

(b) X(r)윤 밥댢픤숡: fX(r)
(x) =

n!

(r ↓ 1)!(n↓ r)!
F (x)r→1

f(x)(1↓ F (x))n→r

(c) 1 ⇑ r < s ⇑ n, (X(r)), X(s))윤 밥댢픤숡:

fX(r),X(s)
(x, y) =

n!

(r ↓ 1)!(s↓ r ↓ 1)!(n↓ s)!
F (x)r→1

f(x)(F (y)F (x))s→r→1
f(y)(1↓ F (y))n→s

, x < y

Note. (c)뤡 긡씥픥눣 밣: Xi됡윣 윣쀢혡윣뜢 갣젡픥윩.

P(X(r) = x,X(s) = y) = P(X1, . . . , Xn 줣씡섢 r ↓ 1갩갣 x밦눢 윯갥, 픢 갩갣 x

s↓ r ↓ 1갩갣 x오 y 쀡윣씡, 픢 갩갣 y, n↓ s갩갣 y밦눢 퀢)

=
n!

(r ↓ 1)!(s↓ r ↓ 1)!(n↓ s)!
F (x)r→1

f(x)(F (y)F (x))s→r→1
f(y)(1↓ F (y))n→s

Proof. y = (y1, . . . , yn) = (x(1), . . . , x(n)), x = (x1, . . . , xn)

(a) ϖ : [n] ↔ [n] = {1, . . . , n}: 숤씦
Note that y ↔ x: 눢댡율 (n! ↔ 1)

fX(x)dx =
n

i=1

f(xi)dx =


ε

n

i=1

f(xi)dxI(xε(1) < xε(2) < · · · < xε(n))

=


ε

n

i=1

f(y)

∣∣∣∣
dx

dy

∣∣∣∣dyI(y1 < · · · < yn)

=


ε

n

i=1

f(y)dyI(y1 < · · · < yn) = n!
n

i=1

f(y)dyI(y1 < · · · < yn)

*y1 = xε(1), . . . , yn = xε(n) ⇒≃ x1 = yε→1(1), . . . , xn = yε→1(n)윣묡렣

∣∣∣∣ det
(
dx

dy

)∣∣∣∣ =
∣∣∣∣ det

 . . . . . 1 . . . . .
. . 1 . . . . . . . .

...
. . . . . . . . 1 . .

∣∣∣∣ = | ± 1| = 1
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3 숢섡턡갡뜡육 봡팡

(b)

fX(r)
(yr) =

∫
. . .

∫
n!

n

i=1

f(yi)I(y1 < · · · < yr→1 < yr < yr+1 < . . . < yn)dy1 · · · dyr→1dyr+1 . . . dyn

= n!f(yr)

∫
. . .

∫ r→1

i=1

I(y1 < · · · < yr→1 < yr)dy1 · · · dyr→1

↖
∫

. . .

∫ n

i=r+1

f(yi)I(yr < yr+1 < · · · < yn)dyr+1 · · · dyn

= n!f(yr)
1

(r ↓ 1)!

∫
. . .

∫ r→1

i=1

f(yi)I(y1, . . . , yr→1 < yr)dy1 · · · dyr→1

↖ 1

(n↓ r)!

∫
. . .

∫ n

i=r+1

f(yi)I(yr < yr+1, . . . , yn)dyr+1 · · · dyn

=
n!

(r ↓ 1)!(n↓ r)!
F (x)r→1

f(x)(1↓ F (x))n→r

↬

Theorem. (괤됣봡팡윤 숤섢턡갡뜡) u1, . . . , un
iid↑ U(0, 1)

(a) U(r) ↑ Beta(r, n↓ r + 1)

(b) Z = (u(1), u(2) ↓ u(1), . . . , u(n) ↓ u(n→1)) ↑ Dir(1, . . . , 1)

Proof.

(a) f(x) = 1, F (x) = x, x → (0, 1)

fu(r)
(u) =

n!

(r ↓ 1)!(n↓ r)!
u
r→1 · 1 · (1↓ u)n→r

=
!(n↓ 1)

!(r)!(n↓ r + 1)
u
r→1(1↓ u)n→r = Beta(u|r, n+ 1)

(b) y = (y1, . . . , yn) = (u(1), . . . , u(n))

Z =




z1
z2
...
zn



 =




y1

y2→y1

...
yn→yn→1



, y =




y1
y2

...
yn



 =




z1

z1+z2
...

z1+···+zn



 =≃ det

∣∣∣∣
dy

dz

∣∣∣∣ = det

 1 0 ... 0 0
1 1 ... 0 0
...

. . .
1 ... 1


= 1

fY (y)dy = n!I(0 < y1 < · · · < yn < 1)dy

= n!I(0 < z1 < z1 + z2 < · · · < z1 + · · ·+ zn < 1)

∣∣∣∣
dy

dz

∣∣∣∣dz

= n!I(zi > 0,
n

i=1

zi < 1)dz

=
n!

1↖ ·↖ 1
z
1→1
1 ↖ ·↖ z

1→1
n dzI(zi > 0,

n

i=1

zi < 1)

=
!(n+ 1)

!(1) · · ·!(1)z
1→1
1 ↖ ·↖ z

1→1
n dzI(zi > 0,

n

i=1

zi < 1) = Dir(z|1 . . . 1)

↬
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3 숢섡턡갡뜡육 봡팡

Example. (윣픦봡팡 꼡뤣혣뤤) X ↑ Bin(n, p)

P(X ⇓ k) = P(u(k) ⇑ p), u(k) ↑ Beta(k, n↓ k + 1)렣 갡쀢 갣눤픤윢 밦윣윩.

Proof.

u1, . . . , un
iid↑ U(0, 1), X =

n∑
i=1

I(ui ⇑ p)렣 퐡혤 갣눤

P(X ⇓ k) = P(ui ⇑ p윮 ui윤 갩숡갣 k밦눢 퀣눢)

= P(u(k) ⇑ p)

*숡숥윱렣 쐡먣
n∑

x=k

(
n

k

)
p
k(1↓ p)n→k =

∫ ↓

p

!(n+ 1)

!(k)!(n↓ k + 1)
u
k→1(1↓ u)n→k

du

↬

Theorem. (줥숡봡팡윤 숤섢턡갡뜡) X1, . . . , Xn
iid↑ Exp(1)

(a)

Z1 = nX(1)

Z2 = (n↓ 1)(X(2) ↓X(1))

...

Zn = X(n) ↓X(n→1)






iid↑ Exp(1)

(b)

X(1) =
1

n
Z1

X(2) =
1

n
Z1 +

1

n↓ 1
Z2

...

X(n) =
1

n
Z1 +

1

n↓ 1
+ · · ·+ Zn






, Z1, . . . , Zn
iid↑ Exp(1)

Note. 줥숡봡팡윤 갢옣, 숤섢턡갡뜡윢 iid 혣뤤방숡윤 픤숡렣 쀤갪픣 숡 윥눢.

Proof. (b)눣 (a)렣봢턣 뀡옥눢.

(a) Y = (X(1), . . . , X(n))

z1 = ny1

z2 = (n↓ 1)(y2 ↓ y1)

...

zn = yn ↓ yn→1

=≃

y1 =
1

n
z1

y2 =
1

n
z1 +

1

n↓ 1
z2

...

yn =
1

n
z1 + · · ·+ zn

, det(
dy

dz
) = det





1
n ··· ··· 0
1
n

1
n→1 ··· 0

...
1
n ··· ··· 1



 = 1
n!

fY (y)dy = n!
n

i=1

e
→yiI(0 < y1 < · · · < yn)dy

= n!
n

i=1

e
→( 1

n z1+ 1
n→1 z2+···+ 1

n→i+1 zi)I(0 <
1

n
z1 <

1

n
z1 +

1

n↓ 1
z2 < · · · )

∣∣∣∣
dy

dz

∣∣∣∣dz

=
n

i=1

e
→ziI(z1, . . . , zn > 0)dz

7



4 눡밡뜡 젡괡봡팡

=
n

i=1

Exp(zi|1)dz

↬

Example. u1, . . . , un
iid↑ U(0, 1), Y1, . . . , Yn

iid↑ Exp(1) =≃ (u(1), . . . , u(n))
d
= (1↓ e

→Y(r))1↔r↔n

Theorem. X1, . . . , Xn
iid↑ F, h(y) := F

→1(1↓ e
→y), z1, . . . , zn

iid↑ Exp(1)

(X(r))1↔r↔n
d
=

(
h

(
1

n
z1 + · · ·+ 1

n↓ r + 1
zr

))

1↔r↔n

4 눡밢뜡 젡괡봡팡

4.1 젡육

Definition. n찡옦혣뤤밪턣갣눢윫줣픥뀡윤젦갫윢뤢젧픥먣 X ↑ Nn(µ,”)뜢젡윤픢눢. ”눣댡츢윣갥윫윣

씧눥 젡봢혥(nonnegative definite)윮 n↖ n 숢숡픧렦, µ → Rn
, X → Rn, 눢윫윤 넡 갣줥 젦갫윰 댦츣.

(a) X
d
= AZ + µ, An↗k ↖A

↘
k↗n = ”, rank(A) = k. 씨긡섢 Z = (Z1, . . . Zk)↘, Z1, . . . , Zk

iid↑ N(0, 1)

(b) X
d
= ”

1
2Z + µ, ”

1
2”

1
2 = ”, Z = (Z1, . . . Zk)↘, Z1, . . . , Zk

iid↑ N(0, 1)

(c) MX(t) = e
t↑µ+ 1

2 t
↑!t

, t → Rn

(d) a↘X ↑ N(a↘µ, a
↘”a), ↙a → Rn

Note. ” = PDP
↘, D = diag(ς1, . . . ,ςn) =≃ ”

1
2 = PD

1
2P

↘
, D

1
2 = diag(ς

1
2
1 , . . . ,ς

1
2
n )

• 픧렦 ” = (εij)1↔i,j↔n윣 댡츢 ⇒≃ εij = εji, ↙i, j

• 픧렦 ”갣 윫윣 씧눥 젡봢혥: a↘”a ⇓ 0, ↙a → Rn

• 픧렦 ”갣 씩윤 젡봢혥: a↘”a > 0, ↙a ∝= 0윮 Rn-밪턣

• 댡갪혢젡뤣: ”갣 댡츢, 윫윣 씧눥 젡봢혥 =≃ ” = PDP
↘. 씨긡섢 P눣 줦괦픧렦(i.e. PP

↘ = I)윣갥

D = diag(ς1, . . . ,ςn), ςi ⇓ 0

Proof. (a) ⇒≃ (c)

(=≃) (씪윰 mgf윤 윪율섡씡 윤픡 섡뤥)

Eet
↑X = Eet

↑(AZ+µ)

= e
t↑µ · Eet

↑Az (A = [a1, . . . , ak], t
↘
Az = [t↘a1, . . . , t

↘
ak]


z1
...
zk


)

= e
t↑µ · Ee

k∑
i=1

t↑ai·zi
= e

t↑µ ·
k

i=1

Ee(t
↑ai)zi

= e
t↑µ ·

k

i=1

e
1
2 (t

↑ai)
2

= e
t↑µ · e

1
2

k∑
i=1

(t↑ai)
2

= e
t↑µ · e

1
2 t

↑(
n∑

i=1
aia

↑
i)t

= e
t↑µ+ 1

2 t
↑!t

8



4.2 섢줡됡 4 눡밡뜡 젡괡봡팡

(b) ⇒≃ (c)눣 윧오 갬윰 밢숥윱렣 밦율 숡 윥눢.

(c) ⇒≃ (d)

(=≃)

Eesa
↑X = Ee(s·a)

↑·X : a↘X윤 mgf

= e
(sa)↑µ+ 1

2 (sa)
↑!(sa)

= e
s(a↑µ)+ 1

2 s
2(a↑!a) : N(a↘µ, a↘”a)윤 mgf

(⇒=)

Eet
↑X = Ee1·(t

↑X)

= e
1·(t↑µ)+ 1

2 1
2·t↑!t (↭ t

↘
X ↑ N(t↘µ, t↘”t))

= e
t↑µ+ 1

2 t
↑!t

↬

Properties. (밥댢픤숡) X ↑ Nn(µ,”), ”: 씩윤 젡봢혥. 윣딡 X윤 밥댢픤숡눣

fX(x) = |2ϖ”|→ 1
2 e

→ 1
2 (x→µ)↑!→1(x→µ)

, x → R

Proof. X = ”
1
2Z + µ, Z = (Z1, . . . , Zn)↘, Zi

iid↑ N(0, 1)

Note that z = ”→ 1
2 (x↓ µ) =≃ dz = |”→ 1

2 |dx

fZ(z)dz =
n

i=1

1⇐
2ϖ

e
→ 1

2 z
2
i dz1 · · · dzn

= (2ϖ)→
n
2 · e→ 1

2 (x→µ)↑!→ 1
2 !→ 1

2 (x→µ) ↖ |”→ 1
2 |dx

= |2ϖ”|→ 1
2 e

→ 1
2 (x→µ)↑!→1(x→µ)

dx

↬

Properties. X ↑ Nn(µ,”) =≃ EX = µ, V ar(X) = ”

4.2 섢줡됡

Properties.

1. (씧픨 봣방섡, a#ne invariance of MVN family) X ↑ N(µ,”) =≃ AX + b ↑ N(Aµ+ b, A”↘
A)

2. (봢봡밪턣윤 댤뤥섡)

X1

X2


↑ N


µ1

µ2


,


”11 ”12

”21 ”22


율 딡, X1 ↘↘ X2 ⇒≃ ”12 = Cov(X1, X2) = 0

where X1, µ1 → Rn1 , X2, µ2 → Rn2 , n1 + n2 = n, ”11 → Rn1↗n1 , ”12 → Rn1↗n2 , ”22 → Rn2↗n2

3. (섣혡방혦됡윤 댤뤥섡) X ↑ N(µ,”), AX ↘↘ BX ⇒≃ Cov(AX,BX) = A”B↘ = 0
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4.3 젡괡봡팡육 긡밢 젡뤡 4 눡밡뜡 젡괡봡팡

Proof.

1. X = ”
1
2Z + µ, Z ↑ N(0, 1)

AX + b = A(”
1
2Z + µ) + b

= A”
1
2Z +Aµ+ b ↑ N(Aµ+ b, A”

1
2”

1
2A

↘ = A”A↘)

2. MX1(t) = MX1,X2((
t
0 )) = e

t↑µ1+ 1
2 t

↑
1!11t1 : Nn1윤 mgf. X2씡 댡픡섢댢 뤦찢갣줥렣 젡윤.

X1 ↘↘ X2 ⇒≃ MX1,X2(
(
t1
t2

)
) = MX1(t1)MX2(t2), ↙t1, t2

⇒≃ exp

(
(t↘1, t

↘
2)[

µ1
µ2 ] +

1

2
(t↘1, t

↘
2)

!11 !12
!21 !22

(
t1
t2

))

= exp(t↘1µ1 +
1

2
t
↘
1”11t1)↖ exp(t↘2µ2 +

1

2
t
↘
2”22t2), ↙t1, t2

⇒≃ e
t1!12t2 = 1, ↙t1, t2

⇒≃ t
↘
1”12t2 = 0, ↙t1, t2

⇒≃ ”12 = 0

3.


AX

BX


↑ N

(
Aµ

Bµ


,


A”A↘

A”B

B”a↘ B”B

)
(A#ne transformation)

AX ↘↘ BX ⇒≃ A”B↘

↬

Properties. (젦갫봢봡팡오 젨방봡팡)


X1

X2


↑ N


µ1

µ2


,


”11 ”12

”21 ”22


, ”22: 씩윤 젡봢혥

=≃ (i) X1|X2 = x2 ↑ N(µ1 + ”12”
→1
22 (x2 ↓ µ2), ”11·2 = ”11 ↓ ”12”

→1
22 ”21)

(ii) X2 ↑ N(µ2,”22)

Proof.

(i)


X1 ↓ ”12”

→1
22 X2

X2


=


I ↓”12”

→1
22

0 I


X1

X2


↑ N

(
µ1 ↓ ”12”

→1
22 µ2

µ2


,


”11 ↓ ”12”

→1
22 µ2 0

0 ”22

)

=≃ X1 ↓ ”12”
→1
22 X2 ↘↘ X2 윣묡렣

X1 ↓ ”12”
→1
22 X2|X2 = x2

d
= X1 ↓ ”12”

→1
22 X2 ↑ N(µ1 ↓ ”12”

→1
22 µ2,”11·2)

X1|X2 = x2
d
= X1 ↓ ”12”

→1
22 X2 + ”12”

→1
22 X2|X2 = x2

↑ N(µ1 ↓ ”12”
→1
22 µ2 + ”12”

→1
22 x2,”11·2)

(ii)눣 윧윤 섡줧 2씡섢 X2윤 mgf뤡 턡픡 줢먤

↬

4.3 젡괡봡팡육 긡밡 젡뤡

Properties. (윣찡숥윤 봡팡) Z ↑ N(0, I), A: 댡츢, 먥됣(idempotent) =≃ Z
↘
AZ ↑ ϑ

2(r), r = tr(A)
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4.3 젡괡봡팡육 긡밢 젡뤡 4 눡밡뜡 젡괡봡팡

*A갣 먥됣 ⇒≃ A ·A = A

Proof.

A갣 댡츢윣갥 먥됣픧렦윣먣, A눣 윫윣 씧눥 젡봢혥 (↭ x
↘
Ax = x

↘
AAx = x

↘
A

↘
A

↘
x = ||Ax||2 ⇓ 0)

댡갪혢젡뤣뤡 윣옡픥먣 A = PDP
↘, P : 줦괦, D = diag(ς1, . . . ,ςn)

A갣 먥됣픧렦윣먣 A윤 갥윪갨됡 줨 ςi됡윰 0 혧윰 1 (↭ A = A
2 = PDP

↘
PDP

↘ = PD
2
P

↘
, D = D

2)

tr(A) = tr(PDP
↘) = tr(D) = r = rank(A)윣갥, P : 줦괦픧렦윣묡렣

Z
↘
AZ = Z

↘
PDP

↘
Z = W

↘
DW (W = P

↘
Z = (W1, . . . ,Wn)

↘ ↑ N(0, 1))

=
r

i=1

W
2
i ↑ ϑ

2(r)

↬

Theorem. (젡괣봡팡윤 긡밡젡뤣) X1, . . . , Xn
iid↑ N(µ,ε2)

=≃ (a) X̄ ↘↘ s
2

(b) X̄ ↑ N(µ,
ε
2

n
)

(c)
(n↓ 1)s2

ε2
=

n∑
i=1

(Xi ↓ X̄)2

ε2
↑ ϑ

2(n↓ 1)

(d) (b)오 (c)눣 섢렣 댤뤥

Proof. X =




X1
X2

...
Xn



 ↑ Nn(µ · 1,ε2
In)윣묡렣






X̄ =
1

n
1↘X

(n↓ 1)s2 =
n

i=1

(Xi ↓ X̄)2 = X
↘(I ↓ 1

n
J)X

(d) X̄오 (X1 ↓ X̄, . . . , Xn ↓ X̄)갣 댤뤥윮 갭윢 밦윣윩.

MX̄,(X1→X̄,...,Xn→X̄)(s, t) = Ee
sX̄+

n∑
i=1

ti(Xi→X̄)
, s → R, t = (t1, . . . , tn) → Rn

= Ee
(s→

n∑
i=1

ti)X̄+
n∑

i=1
tiXi

= Ee

n∑
i=1

( 1
n s→t̄+ti)Xi

=
n

i=1

MXi(
1

n
s↓ t̄+ ti) =

n

i=1

e
( 1
n s→t̄+ti)µ+ 1

2ω
2( 1

n s→t̄+ti)
2

= e

n∑
i=1

( 1
n s→t̄+ti)µ+ 1

2ω
2( 1

n s→t̄+ti)

= e
sµ+ 1

2ω
2

n∑
i=1

( 1
n2 s2+(ti→t̄)2+ 2

n s(ti→t̄))

= e
sµ+ 1

2ω
2( s2

n +
n∑

i=1
(ti→t̄)2)

= e
sµ+ 1

2nω2s2 · e
1
2ω

2
n∑

i=1
(ti→t̄)2

= (s윤 픤숡) ↖ (t윤 픤숡)

(c)
n∑

i=1

(Xi ↓ µ)

ε2
=

n∑
i=1

(Xi ↓ X̄)2

ε2
+

n(X̄ ↓ µ)2

ε2
윣갥,
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4.3 젡괡봡팡육 긡밢 젡뤡 4 눡밡뜡 젡괡봡팡






n

i=1

(Xi ↓ X̄)2

ε2
↑ ϑ

2(n)

n(X̄ ↓ µ)2

ε2
↑ ϑ

2(1)

윣묡렣






M n∑
i=1

(Xi→X̄)2

ε2

(t) = (1↓ 2t)→
n
2

Mn(X̄→µ)2

ε2

(t) = (1↓ 2t)→
1
2

M n∑
i=1

(Xi→µ)2

ε2

(t) = Ee
t·

n∑
i=1

(Xi→X̄)2

ε2

= Ee
t(

n∑
i=1

(Xi→X̄)2

ε2 +n(X̄→µ)2

ε2 )

= M n∑
i=1

(Xi→X̄)2

ε2

(t) ·Mn(X̄→µ)2

ε2

(t) (↭ 섢렣 댤뤥)

M n∑
i=1

(Xi→X̄)2

ε2

(t) = M n∑
i=1

(Xi→µ)2

ε2

(t)/Mn(X̄→µ)2

ε2

(t)

= (1↓ 2t)→
n
2 /(1↓ 2t)→

1
2

= (1↓ 2t)→
n→1
2 : ϑ2(n↓ 1)윤 mgf

↬

Corollary. X1, . . . , Xn
iid↑ N(µ,ε2) =≃ X̄ ↓ µ

s/
⇐
n

↑ t(n↓ 1) where (n↓ 1)s2 =
n∑

i=1
(Xi ↓ X̄)2

Proof.
X̄ ↓ µ

ε/
⇐
n

↑ N(0, 1) ↘↘ (n↓ 1)s2

ε2
=

n∑
i=1

(Xi ↓ X̄)2

ε2
↑ ϑ

2(n↓ 1) 윣묡렣

t봡팡윤 젡윤씡 윤픡

X̄ ↓ µ

ε/
⇐
n√

(n↓ 1)s2

ε2
/(n↓ 1)

=
X̄ ↓ µ

s/
⇐
n

↑ t(n↓ 1)

↬
Note. 윣 쀡숢윢 갣줥갥 µ윤 100↖ (1↓ ϱ)% 숣력괡갧윢 뤢됡먣,

P

(
↓ zω

2
<

X̄ ↓ µ

ε/
⇐
n

< zω
2

)
= 1↓ ϱ

⇒≃ P

(
X̄ ↓ zω

2

ε⇐
n
< µ < X̄ + zω

2

ε⇐
n

)
= 1↓ ϱ

ε 댡숣씡 s뤡 댡윬픥먣,

P

(
↓ tω

2
<

X̄ ↓ µ

s/
⇐
n

< tω
2

)
= 1↓ ϱ

⇒≃ P

(
X̄ ↓ tω

2

s⇐
n
< µ < X̄ + tω

2

s⇐
n

)
= 1↓ ϱ

12



5육. 퐡밡봡팡윢 괡쀡

Jiho KWAK, Department of Geography, SNU

June 5, 2024

1 혡뤡숡렡

1.1 혡뤡숡렡육 젡육

Definition. (혡뤡숡렡갡 혡뤡 1렢 숡렡)

1. (convergence in probability) n → ↑윣딡, Xn윤 X렢혡뤡숡렡: Xn
P→ X (혢윤 plim

n→↑
Xn = X뜡갢쐡눡.)

↓↔ ↗ω > 0, P(|Xn ↘X| > ω) → 0, n → ↑

2. (absolute sure convergence, convergence w.p.1) Xn윥 X렢 혡뤡 1렢 숡렡: Xn
as→ X

↓↔ P(w : lim
n→↑

Xn(w) = X(w)) = 1

Example. u ≃ U(0, 1)뜡 픡윦.

(a) fn(u) =
1
n , n ⇐ 1, Xn := fn(u)뜡 픡먡 X ⇒ 0

P(|Xn ↘X| > ω) = P(w : | 1
n
↘ 0| > ω)

= P(w :
1

n
> ω)

=





0 n > 1

ω

1 o.w.

n→↑↘→ 0 ↭혡뤡숡렡

(b) u(w) = u, Xn(w) =
1
n → 0 = X(w), ↗w ↭ Xn

as→ X

Example.

f1(u) = 1, ↗u

f2(u) =





2 u ⇑ 1

2

0 u > 1
2

f3(u) =





0 u ⇑ 1

2

2 u > 1
2

...

먢됡 n윧 n =
k∑

i=1
2i + l, l = 0, 1, 2, . . . , 2k+1 ↘ 1렢 퐡혣픢 숡 율갢, k옡 l윤 윩윣픡갣 갤젡됢눡.

1



2 혡뤡숡렡갡 씡쀡

fn(u) = 2k+1I(l · 2k+1 ⇑ u ⇑ (l + 1)ek+1)

f(u) ⇒ 0윪렢 젡윢픡갢, Xn(w) = fn(u(w)), X(w) = f(u(w))뜡 됣먡

Xn(w)눢 X(w)렢 혡뤡 1렢 숡렡픡줡 씡눢눡.

픣팢, P(|Xn(w)↘X(w)| ⇐ 1

2k+1
) =

1

2k+1
윥묡렢 P(|Xn(w)↘X(w)| > ω) → 0 (Xn

P→ X)

Definition. (윣측섡, consistency) X1, . . . , Xn
iid≃ f(x : ε), ε ⇓ H, T (X1, . . . , Xn): ϑ(ε)윢 촡젡뜢

T눢 ϑ(ε)씢 댡픤 윣측섡윧 갥눢눡↓↔ Tn
P→ ϑ(ε), ↗ε

Theorem. Xn
P→ X =↔ Xn

as→ X (씣윤 섡뤢픡줡 씡윫: 윬윢 example 찡젢)

Theorem. (갦 댡숡윢 밢츢) X1, . . . , Xn: iid, EXi = µ갧 젣윭 =↔ n → ↑윣 딡 X̄ = 1
n

n∑
i=1

Xi
as→ µ

Proof.

V ar(Xi) = ϖ2 < ↑윥뜡 갧젡픡갢 X̄n
P→ µ뤣 밣윥윦.

Let ω > 0 be given, P(|X̄ ↘ µ| > ω) → 0윧 밣윥갢윦

P(|X̄n ↘ µ| > ω) ⇑ 1

ω2
E(X̄n ↘ µ)2 =

ϖ2

nω2
→ 0

↫

2 혡뤡숡렡갡 씡쀡

Properties. (씤쀢)

(a) Xn
P→ X, Yn

P→ Y윣 딡 눡윫윥 섡뤢픣눡.

(i) Xn ± Yn
P→ X ± Y

(ii) Xn · Yn
P→ X · Y

(iii) Y ⇔= 0 w.p.1윣 딡, Xn/Yn
P→ X/Y

(iv)

(
Xn

Yn

)
P→

(
X

Y

)

(b) Xn
P→ X, g눢 씤섢 =↔ g(Xn)

P→ g(X)

(c) (a), (b)갧
as→씢 댡픤 섡뤢

2



2 혡뤡숡렡갡 씡쀡

Proof.

(c) 숡씥윢 섡줢씢 윢픤: 숢숡(xn, yn, x, y)씢 댡픤섣 섡뤢픡묡렢 w갧 갢젡됤먡 갨눡.

(a)윢 (iv) → (b) → (i)(ii)(iii) 숣섣렢 밣윥윦.

Let ω > 0 be given, P

(∣∣∣∣

∣∣∣∣

(
Xn

Yn

)
↘
(
X

Y

)∣∣∣∣

∣∣∣∣ > ω

)
→ 0윧 밣윥갢윦

(젤밤) = P(
√
(Xn ↘X)2 + (Yn ↘ Y )2 > ω)

⇑ P(|Xn ↘X| > ω↖
2
or |Yn ↘ Y | > ω↖

2
)

⇑ P(|Xn ↘X| > ω↖
2
) + P(|Yn ↘ Y | > ω↖

2
) → 0

*|Xn ↘X| ⇑ ω↓
2
and |Yn ↘ Y | ⇑ ω↓

2
=↔ (Xn ↘X)2 + (Yn ↘ Y )2 ⇑ ω2

(b) X ⇒ a(쀣숡), g눢 a씢섣 씤섢윥뜡 갧젡픡갢 밣윥윦.

Let ω > 0 be given, P(|g(Xn)↘ g(a)| ⇐ ω) → 0윧 밣윥갢윦

g갧 a씢섣 씤섢윥묡렢 |x↘ a| < ϱ =↔ |g(x)↘ g(a)|ω뤣 뤤젥픡눢 ϱ > 0 젣윭.

(젤밤) ⇑ P(|Xn ↘ a| ⇐ ϱ) → 0 (↬ Xn
P→ a)

(a)윢 (i), (ii), (iii)윤 씤섢픥숡윥묡렢 섡뤢.

↫

Example. (1) X1, . . . , Xn
iid≃ (µ,ϖ2), µ ⇓ R, ϖ2 > 0

1

n

n∑
i=1

Xi
P→ µ (↬ 씦 댡숡윢 밢츢)

1

n

n∑
i=1

X2
i

P→ EX2
i (↬ 씦 댡숡윢 밢츢)

=↔ s21 =
1

n

n∑
i=1

(Xi ↘ X̄)2 =
1

n
(

n∑
i=1

X2
i ↘ nX̄2) =

1

n

n∑
i=1

X2
i ↘ X̄2 P→ µ2 + ϖ2 ↘ µ2 = ϖ2

=↔ s2 =
n

n↘ 1

1

n

n∑
i=1

(Xi ↘ X̄)2
P→ 1↙ ϖ2 = ϖ2

Example. (2) X1, . . . , Xn
iid≃ U(0, ε), ε > 0 =↔ X(n)

P→ ε

Lemma. EXn → a, V ar(Xn) → 0 =↔ Xn
P→ a

Proof.
X(n)

ε
≃ Beta(n, 1) ↓↔ X(n) ≃ ε ·Beta(n, 1)

EX(n) =
n

n+ 1
ε → ε, V ar(X(n)) =

(
n

n+ 2
↘

( n

n+ 1

)2
)
ε2 → 0

↫

Example. X1, . . . , Xn
iid≃ F , F눢 씤섢혤, 숣줣갧. ς ⇓ (0, 1)씢 댡픤 F↔1(ς): 먢줤눣윢 ς+ n 봡윬숡

rn ≃ ς · n (줥, lim
n→↑

rn
n

= ς) =↔ X(rn)
P→ F↔1(ς)

3



3 봡팡숡렡

3 봡팡숡렡

3.1 봡팡숡렡육 젡육

Definition. Xn윢 봡팡갧 X렢 숡렡픣눡. (covergence in distribution)

↓↔ lim
n→↑

P(Xn ⇑ x) = P(X ⇑ x), ↗x ⇓ CF , CF : F갧 씤섢윮 젦됥윢 줤픦, F눢 X윢 cdf.

Note. 봡팡숡렡윤 FXn ∝ FX 갩넡윧 젡윢픣 갪윥눡.

Notation. Xn ⊜ X, Fn ⊜ F, Xn
d→ X, Fn

d→ F, Xn ↔ X

Example. (1) Xn ≃ U(0,
1

n
), Xn ⊜ X ≃ ϱ0 = 0씢섣 혡뤡윥 1윮 봡팡, Fn: Xn윢 cdf

Fn(x) =






0 x ⇑ 0

nx 0 ⇑ x ⇑ 1
n

1 x ⇐ 1
n

, F (x) =





0 x < 0

1 x ⇐ 0

If n → ↑, Fn(X) ↘→





0 x ⇑ 0

1 x > 0
⇔= F (x) (↬ 0, 1 쀡윥윢 씧딢 x 윯댢뜡댣 n → ↑윥먡 1)

=↔ F갧 봢씤섢윮 젦, x = 0윣 딡눢 숡렡픡줡 씡눢 갪윧 씨 숡 율눡.

Example. (2) X1, . . . , Xn
iid≃ U(0, ε), ε > 0 =↔ n(ε ↘X(n)) ⊜ Exp(ε)

Proof.

P(n(ε ↘X(n)) ⇑ t) = P(X(n) ⇐ ε ↘ t

n
) = 1↘ P(X(n) < ε ↘ t

n
)

= 1↘ P(Xi < ε ↘ t

n
, ↗i) = 1↘

(
ε ↘ t

n

ε

)n

=






1↘ (1↘ t

nε
)n 0 ⇑ t ⇑ nε

0 t < 0

1 t > nε

n→↑↘→





1↘ et/ε = Exp(ε)윢 cdf 0 ⇑ t

0 t < 0

↫

3.2 봡팡숡렡윢 줡먡픡눡 밡밢됡

Properties.

1. (밥댣픥숡윢 숡렡, Sche!e’s theorem) [씤섢, 윥쀢혤 갫옢 먢됣]

fXn(x) ↘→ fX(x) ↗x =↔ Xn ⊜ X

2. (mgf윢 숡렡) 씧딢 h > 0씢 댡픤,

MXn(t) ↘→ MX(t), ↗t : |t| < h =↔ Xn ⊜ X

Proof. fn갡 f갧 [a, b]씢섣 젡윢됤갢, fn ≿ f(괢됦숡렡)뜡 픡윦.

|Fn(x)↘ F (x)| =
∣∣∣∣
∫ x

a
fn(x)dt↘

∫ x

a
f(t)dt

∣∣∣∣ =
∣∣∣∣
∫ x

a
fn(t)↘ f(t)dt

∣∣∣∣

4



3.2 봡팡숡렡육 줡먡픡눡 밡밢됡 3 봡팡숡렡

⇑
∫ x

a
|fn(t)↘ f(t)|dt

⇑
∫ x

a
sup
s

|fn(s)↘ f(s)|dt ⇑ sup
s

|fn(s)↘ f(x)|
∫ b

a
dt

괢됦숡렡윢 젡윢씢 윢픤 sup
s

|fn(s)↘ f(x)| n→↑↘→ 0

↫

Example. (1) t(n)
n→↑⊜ N(0, 1) (↬ 밥댣픥숡갧 숡렡)

Example. (2) n → ↑, npn → µ윣 딡, Bin(n, pn) ⊜ Poi(µ)

Proof. (mgf뤣 윥옣픣 줣먣)

Xn ≃ Bin(n, pn), npn → µ > 0윥묡렢,

MXn(t) = EetXn = (pne
t + 1↘ pn)

n = (1 + pn(e
t ↘ 1))n = (1 +

npn
n

(et ↘ 1))n

n→↑↘→ eµ(e
t↔1): Poi(µ)윢 mgf

↫

Example. (윥픧봡팡윢 젡괣괡쀡) Xn ≃ Bin(n, pn), pn = p+ o(1)윣 딡,
Xn ↘ npn√
npn(1↘ pn)

⊜ N(0, 1)

Proof. (sketch)

Zn =
Xn ↘ npn√
npn(1↘ pn)

, qn = 1↘ pn윥뜡갢 됣윦.

MZn(t) = Ee
t· Xn→npn↓

npn(1→pn) = e↔t
↖

npn
qn · Eet

1↑
npnqn

Xn = e↔t
↖

npn
qn ·

(
pne

t
npnqn + qn

)n

logMZn(t) = ↘t

√
npn
qn

+ n log(pn · e
t↑

npnqn + qn)

= ↘t

√
npn
qn

n log

(
pn ·

↑

r=0

1

r!
(

t
↖
npnqn

)r + qn

)
(↬턡윣뜣 젧갩)

= n log

(
1 + pn

↑

r=1

1

r!
(

t
↖
npnqn

)r
)
↘ t

√
npn
qn

= n(A↘ 1

2
A2 +

1

3
A3 ↘ · · · )↘ t

√
npn
qn

· · · (′)

A = pn

↑

r=1

1

r!
(

t
↖
npnqn

)r

= pn

(
1

↖
npnqn

t+
1

2

1

npnqn
t2 +

1

6

1

(npnqn)3/2
t3 + · · ·

)

=

√
pn
nqn

+
1

2

1

nqn
t2 +

1

6

pn
(npnqn)3/2

+ · · ·

↭ (′) = n

(√
pn
nqn

t+
1

2

1

nqn
t↘ 1

2

(
pn
nqn

t2
))

↘ t
√

npn
qn

+ o(1) =
1

2
t+o(1)

↫

5



4 줢숢괡픢젡뤢

4 줢숢괡픢젡뤢

Theorem. X1, . . . , Xn: iid

EX1 = µ, V ar(X1) = ϖ2 > 0 =↔
↖
n(X̄ ↘ µ)

ϖ
⊜ N(0, 1)

Note. 윥눢
↖
n(X̄ ↘ µ) ⊜ N(0,ϖ2)뤣 밣윥눢 갪갡 댤측윥눡.

Proof. MX(t)갧 젣윭픣눡 갧젡픡갢 줣먣픣눡.

M↑
n(X̄→µ)

ω

(t) = Eet
↑

n(X̄→µ)
ω = Ee

t
↑

n
n (

n∑
i=1

Xi→µ
ω )

= Ee
t↑
n

n∑
i=1

Xi→µ
ω

= m

(
t↖
n

)n

, m(t) = Eet
Xi→µ

ω

m(t) = 1 +m↗(0) · t+ m↗↗(0)

2
t2 + o(t2)

= 1 + 0 · t+ 1 · t2 + o(t2)

= 1 +
1

2
t2 + o(t2)

logM↑
n(X̄→µ)

ω

(t) = n logm(
t↖
n
) = n log(1 +

t2

2n
+ o(

1

n
)) (↬ o(

t2

n
) = o(

1

n
)))

= n(
t2

2n
+ o(

1

n
) + o(

1

n
)) (↬ log(1 + x) = x+ o(x))

=
1

2
t2 + o(1)

n→↑↘→ 1

2
t2

↫

Theorem. (눡밤뜢 CLT) X1, . . . , Xn: iid윮 k-찢오 혡뤡밤숡

EX1 = µ ⇓ Rk, V ar(X1) = ” ⇓ Rk↘k =↔
↖
n(X̄ ↘ µ) ⊜ N(0,”)

Example.

1. (윥픧봡팡) Xn ≃ Bin(n, p) ↓↔ Xn
d
= Z1 + · · ·+ Zn, Zi

iid≃ Ber(p)

↖
n(Z̄ ↘ EZ1) ⊜ N(0, V ar(Z1))

↖
n

(
Xn

n
↘ p

)
⊜ N(0, p(1↘ p))

2. (팡씩설 봡팡) X1, . . . , Xn
iid≃ Poi(φ)

↖
n(X̄ ↘ EX1) ⊜ N(0, V ar(X1))
↖
n(X̄ ↘ φ) ⊜ N(0,φ)

6



5 괡픢봡팡윢 씡쀡

3. (츣윥젨갬 봡팡) Xn ≃ ↼2(n) ↓↔ Xn
d
= Z1 + · · ·+ Zn, Zi

iid≃ ↼2(1) = Ga(
1

2
, 2)

↖
n(Z̄ ↘ EZ1) ⊜ N(0, V ar(Z1))

↖
n

(
Xn

n
↘ 1

)
=

Xn ↘ n↖
n

⊜ N(0, 2)

4. (눡픧봡팡) Xn ≃ Multi(n, p), Xn = (X1, . . . , Xk↔1), 0 ⇑
k↔1∑
i=1

Xi ⇑ n

p = (p1, . . . , pk↔1), pi > 0,
k↔1∑
i=1

pi < 1, Xn
d
= Z1 + · · ·+ Zn, Zi

iid≃ Multi(1, p)

↖
n(Z̄ ↘ EZ1) ⊜ N(0, V ar(Z1))

↖
n

(
Xn

n
↘ p

)
=

↖
n

(
Xn ↘ np

n

)
=

Xn ↘ np↖
n

⊜ N(0, diag(p)↘ ppT ) ′ diag(p) =




p1 0

. . .
0 pk→1





5 괡픢봡팡육 씡쀡

5.1 혡뤡숡렡갡 봡팡숡렡육 괢갢

Theorem. (혡뤡숡렡갡 봡팡숡렡윢 괤갭)

(a) Xn
P→ X =↔ Xn ⊜ X

(b) Xn
P→ c ↓↔ Xn ⊜ c, c: 쀣숡

Note.
as→ =↔ P→ =↔ ⊜

Proof.

(a) Xn ≃ Fn, X ≃ F, x ⇓ CF = F윢 씤섢젦됥윢 먢윰.

lim
n→↑

Fn(x) = F (x)뤣 밣윥갢윦

Given ω > 0, F (x↘ ω) ⇑ lim inf
n→↑

Fn(x) ⇑ lim sup
n→↑

Fn(x) ⇑ F (x+ ω)윧 밣윥먡 됢눡.

Fn(x) = P(Xn ⇑ x) = P(Xn ⇑ x, |Xn ↘X| ⇑ ω) + P(Xn ⇑ x, |Xn ↘X| > ω)

⇑ P(X ⇑ x+ ω) + P(|Xn ↘X| > ω)

lim sup
n→↑

Fn(x) ⇑ F (x+ ω) + lim sup
n→↑

P(|Xn ↘X| > ω)

= F (x+ ω)

P(Xn > x) = P(Xn > x, |Xn ↘X| ⇑ ω) + P(Xn > X, |Xn ↘X| > ω)

⇑ P(X > x↘ ω) + P(|Xn ↘X| > ω)

lim sup
n→↑

P(Xn > x) ⇑ P(X > x↘ ω) + 0

lim sup
n→↑

(1↘ P(Xn ⇑ x)) ⇑ 1↘ P(X ⇑ x↘ ω)

P(X ⇑ x↘ ω) ⇑ lim inf
n→↑

P(Xn ⇑ x)
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(b) (↓=) Xn ⊜ c =↔ Xn
P→ c뤣 밣윥갢윦

Given ω > 0, P(|Xn ↘ c| > ω) → 0 ↓↔ P(|Xn ↘ c| ⇑ ω) → 1 윥묡렢

P(|Xn ↘ c| ⇑ ω) = P(Xn ↘ c ⇑ ω)↘ P(Xn ↘ c < ↘ω)

= P(Xn ⇑ c+ ω)↘ P(Xn < c↘ ω)

⇐ P(Xn ⇑ c+ ω)↘ P(Xn ⇑ c↘ ω

2
)

⇐ P(Xn ⇑ c+ ω↗)↘ P(Xn ⇑ c↘ ω↗

2
)

n→↑↘→ P(X ⇑ c+ ω↗)↘ P(X ⇑ c↘ ω↗

2
) = 1

Note. DF : F윢 봢씤섢젦됥윢 먢윰윤 countable윥묡렢 0 < ω↗ ⇑ ω, c+ ω↗옡 c↘ ω↓

2갧 F윢 씤섢젦윥 됤댣렣 ω↗

뤣 윯윧 숡 율눡.

↫

5.2 숣뜡측퀡 젡뤢

Theorem. (숤뜣츤퀡 젡뤥) Xn ⊜ X, Yn
P→ c 윥먡 눡윫윥 섡뤢픣눡.

(a) Xn ± Yn ⊜ X ± c

(b) Xn · Yn ⊜ cX

(c) Xn/Yn ⊜ X/c, c ⇔= 0

Theorem. (씤섢섡 젡뤥, 쀡쀣젡뤥) Xn ⊜ X, g: 씤섢 =↔ g(Xn) ⊜ g(X)

Proof. 숤뜣츤퀡 젡뤥 (a)윢 줣먣: y ⇓ CFX+c , P(Xn + Yn ⇑ y) → FX+c(y)뤣 밣윥갢윦

Given ω > 0, FX+c(y ↘ ω) ⇑ lim inf P(Xn + Yn ⇑ y)) ⇑ lim supP(Xn + Yn ⇑ y) ⇑ FX+c(y + ω)뤣 밣윥윦.

P(Xn + Yn ⇑ y) ⇑ P(Xn + Yn ⇑ y, |Yn ↘ c| ⇑ ω) + P(Xn + Yn ⇑ y, |Yn ↘ c| > ω)

⇑ P(Xn ⇑ y ↘ c+ ω) + P(|Yn ↘ c| > ω)

lim supP(Xn + Yn ⇑ y) ⇑ P(X ⇑ y ↘ c+ ω) = FX+c(y + ω)

↫

Example. t(n) ⊜ N(0, 1): t봡팡윢 섡줢씢 윢픤 n → ↑ 윥먡 t봡팡윢 pdf → N(0, 1)윢 pdf 윰윧 씨갢 율눡.

T =
Z√
Vn/n

,
Z ≃ N(0, 1)

Vn ≃ ↼2(n)




 댥뤢, Vn
d
= Z1 + · · ·+ Zn, Zi

iid≃ ↼2(1)

Vn

n
P→ 1 (↬ 댡숡윢 밢츢), 혡뤡숡렡윤 씤섢픥숡뤣 밣젣픡묡렢

√
Vn

n
P→ 1

숤뜣츤퀡 젡뤥씢 윢픤
Z√
Vn/n

⊜ N(0, 1)
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5.3 퀢 Op옡 윣윤 op

Definition. (Xn): 혡뤡밤숡윢 씥, (an): 숢숡씥

(a) n → ↑윣 딡,

Xn = Op(an) ↓↔ sup
n
P

(∣∣∣∣
Xn

an

∣∣∣∣ > k

)
k→↑↘→ 0

↓↔ Xn

an
= Op(1)

(b) n → ↑윣 딡,

Xn = op(an) ↓↔ Xn

an

P→ 0

↓↔ Xn

an
= op(1)

Note. an = O(1) ↓↔ (an윥 윩갭) sup
n

|an| < ↑, an = o(1) ↓↔ an
n→↑↘→ 0

Properties. Xn = Op(1)

↓↔ ↗ω > 0, ∞Bω, Nω > 0 s.t. n ⇐ Nω ↔ P(|Xn| > Bω) < ω

Proof. check by yourself.

↫

Example. Xn = Z, ↗n (먢됡 Xn윥 n씢 댡픤 똡갨윤 혡뤡밤숡)윮 갫옢 sup
n
P(|Xn| > k) = P(|Z| > k)

k→↑↘→ 0

Properties.

(a) Xn
P→ X =↔ Xn ⊜ n =↔ Xn = Op(1)

Xn = op(1) =↔ Xn = Op(1)

(b) Op(1) +Op(1) = Op(1) Op(1) ·Op(1) = Op(1)

Op(1) + op(1) = Op(1) Op(1) · op(1) = op(1)

op(1) + op(1) = op(1) op(1) · op(1) = op(1)

Proof.

(a) Xn ⊜ X =↔ Xn = Op(1)윧 밣윥갢윦

P(|Xn ↘X| > k) ⇑
∣∣P(|Xn| > k)↘ P(|X| > k)

∣∣+ P(|X| > k)

Given ω > 0, P(|X| > k) <
ω

2
윮 k뤣 윯윧 숡 율갢,

∣∣P(|Xn| ⇑ k)↘ P(|X| ⇑ k)
∣∣ ⇑ ω

2
, ↗n ⇐ Nω윮 Nω뤣 윯윧 숡 율눡. (↬ |Xn|댣 |X|렢 봡팡숡렡)

sup
n≃Nε

P(|Xn| > k) ⇑ sup
n≃Nε

∣∣P(|Xn| ⇑ k)↘ P(|X| ⇑ k)
∣∣+ P(|X| > k)

⇑ ω

2
+

ω

2
= ω
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(b) Xn = Op(1), Yn = Op(1)윥먡 Xn + Yn = Op(1)윧 밣윥갢윦

sup
n
P(|Xn + Yn| > k) ⇑ sup

n
(P(|Xn| >

ω

2
or |Yn| >

ω

2
))

⇑ sup
n
P(|Xn| >

k

2
) + sup

n
P(|Yn| >

k

2
) · · · (′)

윥딡,
k

2
뤣 촢봡휡 퀢갣 윯윪먡 (′) < ω

↫

Example. (퐡밡봡쀢윢 괥픣봡팡) X1, . . . , Xn
iid≃ F, EX4

1 < ↑. ϖ̂2 =
1

n

n∑
i=1

(Xi ↘ X̄)2윢 괥픣봡팡?

sol) EX1 = 0윥뜡 갧젡픤댣 묢밦픡눡.
↖
n(X̄ ↘ 0) ⊜ N(0,ϖ2)

Vn ⊜ N(0,ϖ2), X̄ =
1

n
Vn

↖
n(

1

n

n∑
i=1

X2
i ↘ ϖ2) ⊜ N(0, V ar(X2

1 ))

Wn ⊜ N(0, V ar(X2
1 )),

1

n

n∑
i=1

X2
i = ϖ2 +

1↖
n
Wn

ϖ̂2 =
1

n

n

i=1

X2
i ↘ X̄2

= ϖ2 +
1↖
n
Wn ↘ (

1↖
n
Vn)

2

↖
n(ϖ̂2 ↘ ϖ2) = Wn ↘ 1↖

n
V 2
n = Wn ↘ 1↖

n
Op(1)

= Wn ↘ op(1) (↬
1↖
n
= op(1))

숤뜣츤퀡⊜ N(0, V ar(X2
1 ))

5.4 댡퀣 밡밢

Theorem. g눢 묣봡갧눤.
↖
n(Xn ↘ ε) ⊜ Z =↔

↖
n(g(Xn)↘ g(ε)) ⊜ g↗(ε)Z

Proof. g눢 ε씢섣 묣봡갧눤픡묡렢

g(x)↘ g(ε)

x↘ ε
x→ε↘→ g↗(ε)

↓↔ g(x)↘ g(ε)

x↘ ε
= g↗(ε) + r(x, ε), r(x, ε) = o(1)

↓↔ g(x) = g(ε) + g↗(ε) + (g↗(ε) + r(x, ε))(x↘ ε)

↖
n(g(Xn)↘ g(ε)) =

↖
n(g↗(ε) + r(Xn, ε))(Xn ↘ ε)

= g↗(ε)
↖
n(Xn ↘ ε) + op(1) ⊜ g↗(ε)Z (↬ r(Xn, ε) = op(1))

↫
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Example. 씪씢섣
↖
n(ϖ̂2 ↘ ϖ2) ⊜ N(0, V ar(X2

1 ))

↖
n(
↖
ϖ̂2 ↘

↖
ϖ2) ⊜ g↗(ε)N(0, V ar(X2

1 ))

=
1

2
↖
ϖ2

N(0, V ar(X2
1 )) = N(0,

1

4ϖ2
V ar(X2

1 ))

↭ ↖
n(ϖ̂2 ↘ ϖ2) ⊜ N(0,

1

4ϖ2
V ar(X2

1 )) =
1

4ϖ2
(EX2

1 ↘ (EX1)2)
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