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0 Some Basic Result in Statistics

0.1 Facts about Variance and Covariance

•


Cov(X,X) = V ar(X)

Cov(aX, cY ) = acCov(X,Y )

Cov(a+X, c+ Y ) = Cov(X,Y )

• If X ⊥⊥ Y , Cov(X,Y ) = 0

• V ar(a1X1 + a2X2) = a21V ar(X1) + a22V ar(X2) + 2a1a2Cov(X1, X2)

0.2 Normal Probability Distribution and Related Distribution

• Normal X ∼ N(µ, σ2) if the density function of a random variable X is

f(x) =
1√
2πσ

exp(− 1

2σ2
(x− µ)2)

• Standard Normal Z = X−µ
σ ∼ N(0, 1)

• χ2 Let Z1, . . . , Zn ∼ N(0, 1)

V = Z1 + · · ·+ Zn ∼ χ2(n) and

E(V ) = n

V ar(V ) = 2n

• t Let Z ⊥⊥ V

T =
Z√
V/n

∼ tn and

E(T ) = 0

V ar(T ) = n/(n− 2)

• F Let V ∼ χ2
m,W ∼ χ2

n and V ⊥⊥ W

F =
V/m

W/n
∼ Fm,n
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0.3 Statistical Estimation 2 LEAST-SQUARES ESTIMATION

0.3 Statistical Estimation

Properties of Estimators

• unbiasedness: E(θ̂n) = θ

• consistency: lim
n→∞

P(|θ̂n − θ| ≥ ϵ) = 0 for any ϵ > 0

• minimum variance: V ar(θ̂n) ≤ V ar(θ∗n) for all θ
∗
n

1 Simple Linear Regression Model

• A simple linear regression model with a single regressor x is

y = β0 + β1x+ ϵ, ϵ
iid∼ (0, σ2)

• The primary goal is to do statistical inference on f(x) = β0 + β1x

1. Estimate β0 and β1

2. Do testing H0 : β1 = 0

2 Least-Squares Estimation

2.1 Least-Squares Estimation of β0 and β1

• Estimate β0 and β1 to minimize

S(β0, β1) =

n∑
i=1

(yi − β0 − β1xi)
2 =

n∑
i=1

ϵ2i

• Least-squares normal equations

∂S

∂β0

∣∣
β̂0,β̂1

= −2

n∑
i=1

(yi − β̂0 − β̂1xi) = 0 =⇒ nβ̂0 + β̂1

n∑
i=1

xi =

n∑
i=1

yi

∂S

∂β1

∣∣
β̂0,β̂1

= −2

n∑
i=1

(yi − β̂0 − β̂1xi)xi = 0 =⇒ β̂0

n∑
i=1

xi + β̂1

n∑
i=1

xi =

n∑
i=1

xiyi

• LS estimators:

β̂0 = ȳ − β̂1x̄

β̂1 =
Sxy

Sxx

where Sxx =
∑

(xi − x̄)2 and Sxy =
∑

(xi − x̄)(yi − ȳ)

• Define the fitted values and the residuals as ŷi = β0 + β1xi and ei = yi − ŷi

2.2 Properties of β̂0 and β̂1

• (Unbiasedness) E(β̂0) = β0 and E(β̂1) = β1

• V ar(β̂0) = σ2(
1

n
+

x̄2

Sxx
) and V ar(β̂1) =

σ2

Sxx
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2.3 Properties of the Least-Squares fit, ŷ 3 HYPOTHESIS TESTING ON THE SLOPE

2.3 Properties of the Least-Squares fit, ŷ

1.
n∑

i=1

(yi − ŷi) =
n∑

i=1

ei = 0 ⇐⇒
n∑

i=1

yi =
n∑

i=1

ŷi

2. The least squares fit always passes through the point (x̄, ȳ).

3.
n∑

i=1

xiei = 0

4.
n∑

i=1

ŷiei = 0

2.4 Estimation of σ2

• As an unbiased estimator of σ2, use

σ̂2 =
SSE

n− 2
= MSE

• Decomposition of the SS of yi:

SST = SSE + SSR

n∑
i=1

(yi − ȳ)2 =

n∑
i=1

(yi − ŷi)
2 +

n∑
i=1

(ŷi − ȳ)2

• SSE = SST − β̂1Sxy (df = n− 2)

• SSR = β̂1Sxy = β̂2
1

Sxx

Sxy
· Sxy = β̂2

1Sxx (df = 1)

• σ̂2 is called the standard error of regression, and is a model-dependent estimate of σ2

2.5 Alternative Form of the Original Model

• Consider an alternative model

yi = (β0 + β1x̄) + β1(xi − x̄) + ϵi

= β′
0 + β1(xi − x̄) + ϵi

• β̂′
0 = β̂0 + β̂1x̄ = ȳ and β̂1 = Sxy/Sxx

• Cov(β̂′
0, β̂1) = Cov(ȳ, β̂1) = 0

3 Hypothesis Testing on the Slope

• Now we need the assumption ϵ
iid∼ N(0, σ2)

• Then β1 is distributed in N(β1, σ
2/Sxx)
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3.1 t-Tests

• Typically, σ2 is unknown.

• Use t-test

t0 =
β̂1 − β1

se(β̂1)

H0=
β̂1√

MSE/Sxx

• Reject the null hypothesis if

|t0| > tα/2,n−2

3.2 F-Tests (ANOVA)

• F-test와 t-test는 simple regression에서 equivalent.

• Test statistic

F0 =
SSR/1

SSE/(n− 2)
=

MSR

MSE

• E(F0) =
E(MSR)

E(MSE)
=

σ2 + β2
1Sxx

σ2

H0= 1

4 Interval Estimation

4.1 Confidence Intervals on β0 and β1

• Under ϵi
iid∼ N(0, σ2)

β̂1 − β1

se(β̂1)
and

β̂0 − β0

se(β̂0)
∼ tn−2

where

se(β̂0) =

√
MSE(

1

n
+

x̄2

Sxx
) and se(β̂1) =

√
MSE

Sxx

• Therefore, a 95% confidence interval on β1 is

β̂1 − t0.025,n−2se(β̂0) ≤ β0 ≤ β̂0 + t0.975,n−2se(β̂1)

4.2 Confidence Intervals on σ2

• Under ϵi
iid∼ N(0, σ2)

(n− 2)MSE

σ2
∼ χ2(n− 2)
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• Therefore, a 95% confidence interval on σ2 is

(n− 2)MSE

χ2
0.025,n−2

≤ σ2 ≤ (n− 2)MSE

χ2
0.975,n−2

4.3 Interval Estimation of the Mean Response, E(y|x0)

• Use the estimates E( ˆy|x0) = µ̂y|x0
= β̂0 + β̂1x0

• E(µ̂y|x0
) = E(y|x0)

• V ar(µ̂y|x0
) = σ2( 1n + (x0−x̄)2

Sxx
)

• Since

µ̂y|x0
− E(y|x0)√

MSE(
1
n + (x0−x̄)2

Sxx
)
∼ tn−2

a 95% confidence interval on the mean response at the point x = x0 is

µy|x0
− t0.025,n−2A ≤ E(y|x0) ≤ µy|x0

− t0.975,n−2A

where A =

√
MSE(

1

n
+

(x0 − x̄)2

Sxx
)

4.4 Prediction of New Observation

• The variability of ŷ0 − y0 is

E(ŷ0 − y0)
2 = E[ŷ0 − E(y0)]

2 + E[y0 − E(y0)]
2

= σ2(
1

n
+

(x0 − x̄)2

Sxx
) + σ2

• Therefore, a 95% prediction interval on a future observation at the point x = x0 is

ŷ0 − t0.025,n−2B ≤ y0 ≤ ŷ0 − t0.975,n−2B

where B =

√
MSE(1 +

1

n
+

(x0 − x̄)2

Sxx
)

4.5 Coefficient of Determination, R2

• The coefficient of determination is defined as

R2 =
SSR

SST
(0 ≤ R2 ≤ 1)

• SSE = 0이면 R2 = 1, SSE ≃ SST 이면 (즉, ŷi ≃ ȳ) R2 ≃ 0
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Properties of R2

1. R2 =
β̂1Sxx

Syy
= r2xy

2. F =
MSR

MSE
=

SSR

SSE/n− 2
=

(n− 2)R2

1−R2

4.6 Regression through the Origin

yi = β1xi + ϵi ϵ
iid∼ N(0, σ2)

• S(β1) =
n∑

i=1

(yi − β1xi)
2

• β̂1 =

∑
xiyi∑
x2
i

• σ̂2 =
SSE

n− 1
=

1

n− 1

n∑
i=1

(yi − β̂1xi)
2

4.7 Least-Squares와 MLE의 관계

• Under assumption that yi
iid∼ N(β0 + β1xi, σ

2), the likelihood function is

L(β0, β1, σ
2) = f(y1)f(y2) · · · f(yn)

=

n∏
i=1

1√
2πσ

exp(− 1

2σ2
(yi − β0 − β1xi)

2)

= (
1

2πσ2
)n/2 exp(− 1

2σ2

n∑
i=1

(yi − β0 − β1xi)
2)

• Take log: lnL(β0, β1, σ
2) = −n

2
ln 2π − n

2
lnσ2 − 1

2σ2

n∑
i=1

(yi − β0 − β1xi)
2

•



∂ lnL

∂β̂0

∣∣∣∣
β̂0,β̂1,σ̂2

= 0 =⇒ 1

σ̂2

n∑
i=1

(yi − β̂0 − β̂1xi)
2 = 0

∂ lnL

∂β̂1

∣∣∣∣
β̂0,β̂1,σ̂2

= 0 =⇒ 1

σ̂2

n∑
i=1

xi(yi − β̂0 − β̂1xi)
2 = 0

∂ lnL

∂σ̂2

∣∣∣∣
β̂0,β̂1,σ̂2

= 0 =⇒ − n

2σ̂2
+

1

2σ̂4

n∑
i=1

(yi − β̂0 − β̂1xi)
2 = 0

• The first two equations are same as the least-squares normal equations.

• From the last equation,

σ̂2
ML =

1

n

n∑
i=1

(yi − β̂0 − β̂1xi)
2

=
1

n
SSE

Therefore, E(σ̂2
ML) = σ2 · n− 2

n
(̸= σ2, biased)
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0 Some Basic Results in Matrix Algebra

0.1 Definitions and Properties

• Properties of transposed matrix:

(AT )T = A, (A+B)T = AT +BT (AB)T = BTAT

• Symmetric matrix: A is said to be symmetric if A = AT

• Orthogonal matrix: A is said to be orthogonal if ATA = I ⇐⇒ A−1 = AT

• Idempotent matrix: A is said to be idempotent if A = AA.

An idempotent matrix is called a projection matrix.

• Quadratic form: Let y be a k × 1 vector, and let A be a k × k matrix. The function

yTAy =

k∑
i=1

k∑
j=1

aijyiyj

is called a quadratic form.

• Positive-definite(p.d.): A symmetric matrixA is said to be positive-definite if xTAx > 0 for all x,x ̸= 0.

0.2 Matrix Derivatives

•
∂aTy

∂y
= a,

∂yTy

∂y
= 2y

•
∂aTAy

∂y
= ATa,

∂yTAy

∂y
= Ay +ATy (= 2Ay when A is symmetric)

0.3 Expectations and Variances of Matrix

• E(aTy) = aTµ

• E(Ay) = Aµ

• V ar(Ay) = aTV a

• V ar(Ay) = AV AT (if V = σ2I, then V ar(Ay) = σ2AAT )
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2 LEAST-SQUARES ESTIMATION

• E(yTy) = tr(AV ) + µTAµ (if V = σ2I, then E(yTy) = σ2tr(A) + µTAµ

• Cov(Ax,By) = ACov(x,y)BT

1 Multiple Linear Regression Model

• The multiple regression model is

yi = β0 + β1xi1 + β2xi2 + · · ·+ βkxik + ϵi

where i = 1, 2, . . . , n.

• With matrix notation, the model is:

y = Xβ + ϵ

where

y =


y1

y2
...

yn

 , X =


1 x11 x12 · · · x1k

1 x21 x22 · · · x2k

...
...

...
...

1 xn1 xn2 · · · xnk

 ,

β =


β0

β1

...

βk

 , and ϵ =


ϵ1

ϵ2
...

ϵn


• X is an n× p(= k + 1) matrix, which is also known as the design matrix of the model.

• The assumption on the error is ϵ ∼ N(0, σ2In)

2 Least-Squares Estimation

2.1 Least-Squares Estimation of β̂

• Wish to find β̂ that minimize

S(β) =

n∑
i=1

ϵ2i

= ϵT ϵ

= (y −Xβ)T (y −Xβ)

2



2.1 Least-Squares Estimation of β̂ 2 LEAST-SQUARES ESTIMATION

• S(β) can be expressed as

S(β) = (y −Xβ)T (y −Xβ)

= yy − βTXTy − yTXβ + βTXTXβ

= yy − 2yTXβ + βTXTXβ (∵ yTXβ is a scalar)

• LS estimators must satisfy

∂S

∂β

∣∣∣∣
β̂

= −2XT + 2XTXβ̂ = 0 ⇐⇒ XTXβ̂ = XTy

It is called the least-squares normal equations(p개의 equations).

• The least-squares estimators of β is β̂ = (XTX)−1XTy, provided that (XTX)−1 exists.

• The fitted regression model is

ŷ = Xβ̂

= X(XTX)−1XTy

= Hy

where the n× n matrix H = X(XTX)−1XT is called the hat matrix.

• H의 성질

1. Symmetric: HT = H

2. Idempotent: HH = H

3. Orthogonal projection of Y ∈ Rn onto Ω(X) (column space of X)

• The residual is

e = y − ŷ

= y −Xβ̂

= y −Hy

= (I −H)y

• I −H의 성질

1. Symmetric: (I −H)T = I −H

2. Idempotent: (I −H)(I −H) = I −H

3. Orthogonal complement projection of Y ∈ Rn onto Ω(X): (I −H)y ∈ Ω⊥(X)

• Under the assumption E(ϵ) = 0 and V ar(ϵ) = σ2In,

E(β̂) = E((XTX)−1XTy)

= (XTX)−1XTXβ = β

3



2.2 Estimation of σ2 2 LEAST-SQUARES ESTIMATION

and

V ar(β̂) = V ar((XTX)−1XTy)

= V ar(Ay) = AσAAT

= σ2(XTX)−1XTX(XTX)−1

= σ2(XTX)−1

2.2 Estimation of σ2

• Note that

SSE =

n∑
i=1

e2i

= eTe

= (y −Xβ̂)T (y −Xβ̂)

= yy − 2β̂
T
XTy + β̂

T
XTXβ̂

= yy − β̂
T
XTy (∵ LS normal equations)

or

SSE = = eTe

= (y − ŷ)T (y − ŷ)

= yT (I −H)T (I −H)y (∵ y − ŷ = (I −H)y)

= yT (I −H)y

• SSE has n− (k + 1) degree of freedom.

• The estimator of σ2 is

σ̂2 = MSE =
SSE

n− k − 1

• MSE is an unbiased estimator of σ2, that is

E(MSE) = σ2

2.3 Gauss-Markov Theorem

Theorem. Suppose that we have a model y = Xβ + ϵ where E(ϵ) = 0 and V ar(ϵ) = σ2I. (No normality

assumption.) Let ϕ̃ = dTy be any unbiased linear estimator of ϕ = cTβ with an arbitrary vector cT . Then,

V ar(ϕ̃) ≥ V ar(ϕ̂)

where ϕ̂ = cT β̂ and β̂ = (XTX)−1XTy.

(i.e. Each element of β̂ is a minimum variance unbiased estimator since cT is arbitrary.)
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3 HYPOTHESIS TESTING

Proof. Since E(dTy) = dTE(y) = dTXβ = cTβ (∵ unbiased), cT = dTX.

Need to show that V ar(cT β̂) ≤ V ar(dTy).

(First proof)

V ar(dTy) = V ar(dTy − cT β̂ + cT β̂)

= V ar(cT β̂) + V ar(dTy − cT β̂) + 2Cov(cT β̂,dTy − cT β̂)

≥ V ar(cT β̂) + 2Cov(cT β̂,dTy − cT β̂)

Since Cov(cT β̂,dTy − cT β̂) = 0, V ar(ϕ̃) ≥ V ar(ϕ̂).

(Another proof)

V ar(dTy) = dTV ar(y)d

= σ2dTd

V ar(cT β̂) = V ar(dTXβ̂)

= dTXV ar(β̂)XTd

= σ2dTX(XTX)−1XTd

= σ2dTHd

and since dT (I −H)d ≥ 0...

■

3 Hypothesis Testing

3.1 Geometric Interpretatoin of LS

• The model y = Xβ + ϵ = E(y) + ϵ where

y = (y1, . . . , yn)
T ∈ Rn

E(y) = µ = Xβ = a linear combination of the columns of X ∈ Ω(X)

• In the least-squares, we would like to find β such that minimizes S(β).

⇐⇒ Find a vector Xβ̂ ∈ Ω(X) that is closest to y.

• It can be obtained by making the difference y −Xβ̂ perpendicular to the space Ω(X)
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3.2 Test for Significance of Regression 3 HYPOTHESIS TESTING

• Since 1,x1, . . . ,xk are in the space Ω(X), it is required that


1T (y −Xβ̂) = 0

X1
T (y −Xβ̂) = 0

...

Xk
T (y −Xβ̂) = 0

 =⇒ XT (y −Xβ̂) = 0 ⇐⇒ (XTX)β̂ = XTy

3.2 Test for Significance of Regression

• The appropriate hypotheses are

H0 : β1 = β2 = · · · = βk = 0

H1 : βj ̸= 0 for at least one j

• Decompose SST into SSR and SSE

SST =

n∑
i=1

(yi − ȳ)2 =

n∑
i=1

y2i − 2ȳ

n∑
i=1

yi + nȳ2

=

n∑
i=1

y2i − nȳ2

= yTy − 1

n
(

n∑
i=1

yi)
2

SSE = yTy − β̂
T
XTy

= yT (I −H)y

SSR =

n∑
i=1

(ŷi − ȳ)2 =

n∑
i=1

ŷi − nȳ2

= β̂
T
XTy − 1

n
(

n∑
i=1

yi)
2

= ŷT ŷ − 1

n
(

n∑
i=1

yi)
2

= yTHy − 1

n
yTJny (∵ ŷ = Hy)

= yT (H − 1

n
Jn)y

Theorem. Let A be an n× n symmetric matrix with rank(A) = k, and y ∼ N(µ,Σ) where Σ is an n× n

positive definite matrix. If AΣ is idempotent,

yTAy ∼ χ2
k,µTAµ

Fact. If p is idempotent, rank(p) = tr(p).
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3.3 Tests on Individual Regression Coefficients 3 HYPOTHESIS TESTING

• By the theorem and the fact,

SSE

σ2
∼ χ2

rank(I−H),βTXT (I−H)Xβ = χ2
n−k−1

SSR

σ2
∼ χ2

rank(H− 1
nJn),βTXT (H− 1

nJn)Xβ = χ2
k (under H0)

Theorem. Let y ∼ N(µ,Σ) and A1,A2 be n× n symmetric matrix. If A1ΣA
T
2 = 0,

yTA1y and yTA2y are independent.

• Let A1 =
I −H

σ2
,A2 =

H − 1
nJn

σ2
. Then by the theorem,

A1ΣA
T
2 =

1

σ2
(I −H)(H − 1

n
Jn) = 0

• Obtain F-statistic

F0 =
MSR

MSE
=

SSR

σ2 /(p− 1)
SSE

σ2 /(n− p)
∼ Fp−1,n−p

under H0 : β = 0.

• Decision rule: reject H0 if F0 > Fα,k,n−k−1

• ANOVA table:

3.3 Tests on Individual Regression Coefficients

• The appropriate hypotheses are

H0 : βj = 0

H1 : βj ̸= 0

• Test statistic for the hypothesis is

t0 =
β̂j√
σ̂2Cjj

=
β̂j

se(β̂j)

where Cjj is the diagonal element of (XTX)−1 corresponding to β̂j and σ̂2 = MSE

• Decision rule: reject H0 if |t0| > tα/2,n−k−1
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3.4 Coefficient of Multiple Determination 4 CONFIDENCE INTERVALS

3.4 Coefficient of Multiple Determination

• The R2 is defined as

R2 =
SSR

SST
= 1− SSE

SST

• In general, R2 always increases when a regressor is added to the model.

• Use an adjusted R2 defined as

R2
adj = 1− n− 1

n− k − 1
· SSE

SSR

4 Confidence Intervals

4.1 C.I. on the Regression Coefficients

• The test statistic

β̂j − βj

σ̂
√

Cjj

, j = 0, 1, . . . , k

is distributed as t with n− (k + 1) df.

• 100(1− α)% C.I. for βj is

β̂j − tα/2,n−(k+1)se(β̂j) ≤ βj ≤ β̂j + tα/2,n−(k+1)se(β̂j)

4.2 C.I. on the Mean Response at x0

• The fitted value at x0 = (1, x01, . . . , x0k)
T is

ŷ0 = xT
0 β̂

• E(ŷ0) = xT
0 β = E(y|x0) and V ar(ŷ0) = xT

0 V ar(β̂)x0 = σ2xT
0 (X

TX)−1x0

• The test statistic

ŷ0 − E(ŷ|x0)

σ̂
√

xT
0 (X

TX)−1x0

is distributed as t with n− (k + 1) df.

• 100(1− α)% C.I. for E(y|x0) is

ŷ0 − tα/2,n−(k+1)σ̂
√
xT
0 (X

TX)−1x0 ≤ E(y|x0) ≤ ŷ0 + tα/2,n−(k+1)σ̂
√

xT
0 (X

TX)−1x0
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5 EXTRAM SUM OF SQUARES METHOD

5 Extram Sum of Squares Method

5.1 Introduction

• The goal of this section is to investigate the contribution of a subset of the regressor variable to the

model.

• Let the vector of regression coefficients be partitioned as follows

β =

(
β1

β2

)

where β1 is (p− r)× 1 vector and β2 is r × 1 vector.

• Wish to test the hypotheses

H0 : β2 = 0

H1 : β2 ̸= 0

• Full model: y = Xβ + ϵ = X1β1 +X2β2 + ϵ under H0 ∪H1

• Reduced model: y = X1β1 + ϵ under H0

• In the reduced model, the (uncorrected) model sum of squares is

SSR(β1) = β̂
T

1 X
T
1 y

• The extra sum of squres due to β2 is defined as

SSR(β2|β1) = SSR(β)− SSR(β1)

i.e. The SSR due to β2 given that β1 is already in the model.

• The test statistic is

F0 =
SSR(β2|β1)/r

SSE(β)/(n− k − 1)

follows the distribution Fr,n−k−1 under the H0 : β2 = 0
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5.2 Partial F-test

• Consider the full model

y = β0 + β1x1 + β2x2 + ϵ

• The hypothesis is

H0 : β2 = 0

H1 : β2 ̸= 0

• SST = SSR(β1, β2|β0) + SSE

• The extra SS due to β2 is

SSR(β2|β1, β0) = SSR(β1, β2, β0)− SSR(β1, β0) (uncorrected ver.)

= SSR(β1, β2|β0)− SSR(β1|β0) (corrected ver.)

• The term SSR(β1, β2|β0) can be obtained from SSR of the model y = β0 + β1x1 + β2x2 + ϵ

and the term SSR(β1|β0) can be obtained from SSR of the model y = β0 + β1x1 + ϵ.

• The test statistic is

F0 =
SSR(β2|β1,β0)/1

SSE(F )/(n− k − 1)

5.3 Testing the General Linear Hypothesis (1)

• Consider the full model

y = β0 + β1x1 + β2x2 + β3x3 + ϵ

• The hypothesis is

H0 : β1 = β3

H0 : Tβ = 0

where T = (0, 1, 0,−1).

• The extra sum of squres due to the hypothesis is

SSH = SSE(RM) − SSE(FM)

• The df is (n− 3)− (n− 4) = 1. (i.e. Tβ의 independent한 row 수)

10



5.4 Testing for the General Linear Hypothesis (2) 5 EXTRAM SUM OF SQUARES METHOD

• The test statistic is

F0 =
SSH/1

SSE(FM)/(n− k − 1)

5.4 Testing for the General Linear Hypothesis (2)

• Full model: y = Xβ + ϵ = X1β1 +X2β2 + ϵ under H0 ∪H1 where

X1 is n× (p− r) matrix and X2 is n× r matrix.

• Reduced model: y = X1β1 + ϵ under H0

• SSE(R) ≃ SSE(F ) 이면 β2는 y를 설명하는 데 도움이 되지 않는다.

• Let ω be a reduced model and Ω be a full model.

SSE(F ) = yT (I − PΩ)y

SSE(R) = yT (I − P ω)y

where

PΩ = projection matrix of Ω = X(XTX)−1XT

P ω = projection matrix of ω = X1(X
T
1 X1)

−1XT
1

• SSH = SSE(R)− SSE(F ) = yT (PΩ − P ω)y

• Since (PΩ − P ω) is idempotent, under the H0

SSE(F )

σ2
∼ χ2

r

• SSE and SSH are independent. (∵
PΩ − P ω

σ2
σ2I

I − PΩ

σ2
= 0)

• Under the H0, the test statistic

F0 =
SSH/r

SSE(FM)/(n− k − 1)
∼ Fr,n−p
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