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0 Some Basic Result in Statistics

0.1 Facts about Variance and Covariance
Cov(X,X)=Var(X)
e < Cov(aX,cY)=acCov(X,Y)
Cov(a+ X,c+Y)=Cov(X,Y)
e If X 1LY, Cov(X,Y)=0

e Var(a1 X1 + axXz) = aiVar(Xy) + a3Var(Xz) + 2a1a2Cov(X1, X2)

0.2 Normal Probability Distribution and Related Distribution

e Normal X ~ N(u,0?) if the density function of a random variable X is

(@) = = exp(—g (o =)

Standard Normal Z = % ~ N(0,1)

x2 Let Zy,..., Zy ~ N(0,1)

EV)=n

V=2 ++Z, ~x*n) and
Var(V)=2n

e tlet Z 1LV

7= 2 4 ana 4P =0
VV/n ! Var(T) =n/(n —2)

eFlet VA2, W~x2andV LW

V/m
FZ*Nan



0.3 Statistical Estimation 2 LEAST-SQUARES ESTIMATION

0.3 Statistical Estimation

Properties of Estimators

e unbiasedness: E(6,) =0
e consistency: lim P(|f,, — 0] > €) = 0 for any € > 0

n—oo

e minimum variance: Var(6,) < Var(0:) for all 6

1 Simple Linear Regression Model

e A simple linear regression model with a single regressor z is
y=Lo+bizte e (0,02

e The primary goal is to do statistical inference on f(x) = By + S1x

1. Estimate 8y and (5
2. Do testing Hyp : f1 =0

2 Least-Squares Estimation

2.1 Least-Squares Estimation of 3, and

e Estimate 8y and 7 to minimize
S(Bo,B1) =Y (i — Bo — Przi)® =Y €
i=1 i

e Least-squares normal equations

n

o8 . . . oon n
aiﬁohéoﬁl = —22(% —Bo—PBixi)) =0 = nBo+ le — Zy
1=1

=1 =1

86751‘30,31 = -2 Z(yz - BO - Blfi)xi =0 = Bozxz —+ Bl Z;I;i — szyz
= i=1 i=1 i=1

Yy
e LS estimators: { . S where Sy, = Y (z; — 2)? and Spy = > (2i — ) (yi — )

e Define the fitted values and the residuals as §; = 8o + S1x; and e; = y; — U;

2.2 Properties of Bo and Bl

e (Unbiasedness) E(fy) = o and E(B1) = b1

72 02

o Var(fy) = 02(% + Sx—) and Var(f,) =

xrx Szw




2.3 Properties of the Least-Squares fit, § 3 HYPOTHESIS TESTING ON THE SLOPE

2.3 Properties of the Least-Squares fit, y
LY (yi— %) = Z:l@i

n n .
0 <= > yi=) 9
=1 =1

2. The least squares fit always passes through the point (Z, 7).

3. > e, =0
i=1

4. > gie; =0
i=1

2.4 Estimation of ¢

e As an unbiased estimator of o2, use

2 _ SSe

e Decomposition of the SS of y;:

SSr =S8Sg + SSk

D=9 = (i —5:)*+ Y (6 — )
=1 =1 =1
o SSp =S8 — (184, (df =n-—2)
R o S .
o SSp =18, = B%T Sy = B2S,. (df =1)
xy

2

e 52 is called the standard error of regression, and is a model-dependent estimate of o2

2.5 Alternative Form of the Original Model

e Consider an alternative model

yi = (Bo + 1Z) + Pr(zi — ) + ¢
=B+ bilzi —7)+ ¢
d B(I) = BO +Bl-f =y and Bl = Swy/wa

L4 COU(B(,hBl) = CO’U(g, Bl) =0

3 Hypothesis Testing on the Slope
e Now we need the assumption e i N(0,0?)

e Then 3, is distributed in N(81,02/Sez)
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3.1 t-Tests
e Typically, 02 is unknown.
e Use t-test

tﬁBlfﬂllio 31
0=

se(B1)  /MSg/Swa

e Reject the null hypothesis if

[to] > ta2,n—2

3.2 F-Tests (ANOVA)
o F-test@} t-test= simple regression®]| 4] equivalent.
e Test statistic

po__ SSe/L___ MSg
07 5S5/(n—2)  MSg

E(MSg) 02+ %See H
* E(R) = 5315, ~ 2

4 Interval Estimation

4.1 Confidence Intervals on 5y and [;

o Under ¢; % N(0,02%)

Bi—B1 . Bo—Bo
— and -
se(B1) se(fo)

where

se(Bo) = | MSs( +

e Therefore, a 95% confidence interval on (3 is
B — t0.025,n7286(30) < Bo < Bo+ t0.975,n7256(31)
4.2 Confidence Intervals on o2

o Under ¢; N(0,02%)



4.3 Interval Estimation of the Mean Response, E(y|xo) 4 INTERVAL ESTIMATION

o Therefore, a 95% confidence interval on o2 is
(n—2)MSg

2
X0.025,n—2

(n—2)MSg

<o <
X0.975,n—2

4.3 Interval Estimation of the Mean Response, E(y|z)
e Use the estimates E(y\}jo) = fly|zo = Bo + Bro

o E(jy|a,) = E(ylzo)
o Var(fiy,) = o?(L + 27
e Since
fiylzo — E(ylo)
\/MSE(% + (Zo2P)

~tp_2

a 95% confidence interval on the mean response at the point © = xq is

ylzo — t0.025,n—2A4 < E(y|20) < fly|ze — to.975,n—24

(zo — 2)?

SIZ )

where A = \/MSE(l +
n

4.4 Prediction of New Observation

e The variability of g9 — yo is

E(fo — y0)* = Elfo — E(y0)]* + Elyo — E(yo)]?

1 (1‘07!77)2
_ 200 2
_U(nJr S ) +o

e Therefore, a 95% prediction interval on a future observation at the point x = zg is

Yo — t0.025,n—2B < yo < o — to.975,n—28

(w0 — 1)

1
here B =4/ MSg(1+ —
where \/ Se( —|—n+ 5 )

4.5 Coefficient of Determination, R?
e The coefficient of determination is defined as

R2=% (0< R?*<1)
T

e SSg = OO]Eﬂ R? = 1, SSg ~ SSr O]rﬂ (é» Ui ~ g) R*~0



4.6 Regression through the Origin 4 INTERVAL ESTIMATION

Properties of R2

Blsxx
1. R* = g = 2
vy
9 F— MSr SSr - (n—2)R2

MSp  SSp/n—2 1-R2

4.6 Regression through the Origin

Yi = 1T + € €@N(0,02)

RS
° 5% = 555 = ! i(yz’—ﬁwi)Q

4.7 Least-Squares2} MLE2] 34|
e Under assumption that y; P N(Bo + Br2i,0?), the likelihood function is
L(50751,02) = f(y1)f(y2) - f(yn)
S| 1
= H exp(—?(yi —Bo — 51%’)2)

el S i~ o — fui))

1
Take log: In L(By, B1,0%) = —g In27 — gln o? — 257 S (yi — Bo — Brxi)?
0% i=1

OlnL | n A )
dBo 180.5 2:0 ﬁzl(yi—ﬁo—ﬁlxi)gzo
0 1B0,81,6 i=
OlnL 1 n A )
. B s s o =0 = 5 lei(yi_ﬂo—ﬁwi)Q:O
1 507[31,5' 1=
OlnL n | n ) )
omk —0 — - g
962 |4 81,52 262 + 254 Z;(yz Bo — Br;)

The first two equations are same as the least-squares normal equations.

e From the last equation,

. 1 ¢ -
oL = - Z(iyz — Bo — frz;)?
i=1
1
— ~5S5p
n

-2
Therefore, E(6%,,) =02 - n

(# 02, biased)
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Some Basic Results in Matrix Algebra

Definitions and Properties

Properties of transposed matrix:
(AT =A, (A+B)T"=AT+BT (AB)" =BTA”

Symmetric matrix: A is said to be symmetric if A = AT
Orthogonal matrix: A is said to be orthogonal if ATA =T <= A~! = AT

Idempotent matrix: A is said to be idempotent if A = AA.

An idempotent matrix is called a projection matriz.
Quadratic form: Let y be a k x 1 vector, and let A be a k x k matrix. The function
E ok
y Ay = Z Z AijYiYj
i=1 j=1
is called a quadratic form.

Positive-definite(p.d.): A symmetric matrix A is said to be positive-definite if x” Ax > 0 for all x, x # 0.

Matrix Derivatives

0aly Ca oyTy _

ay ) ay 2y

daT Ay — ATa oyT Ay
dy Ay

= Ay + ATy (=2Ay when A is symmetric)

Expectations and Variances of Matrix
E(aly) = alp
E(Ay) = Ap
Var(Ay) =alVa

Var(Ay) = AVAT (if V = %I, then Var(Ay) = 02AAT)



2 LEAST-SQUARES ESTIMATION

e E(yTy) =tr(AV) + puTAp (if V = 021, then E(yTy) = o?tr(A) + pTAp

e Cov(Ax,By) = ACov(x,y)BT

1 Multiple Linear Regression Model
e The multiple regression model is
yi = Bo + Bizir + Baziz + - + Bz + €

where i =1,2,...,n.

e With matrix notation, the model is:

y=XB+e¢
where

Y1 1 z11 ®12 - Tk
Y2 1 221 22 -+ To

y = ’ X = y
Yn 1 Tnl Tp2 e Tnk
Bo €1
B1 €2

B=|""| ande=|
IBk €n

e X is an n x p(= k + 1) matrix, which is also known as the design matrix of the model.

e The assumption on the error is € ~ N(0,0%1,,)

2 Least-Squares Estimation

2.1 Least-Squares Estimation of B

e Wish to find ,3 that minimize

=(y-XB8)"(y-XB)



2.1 Least-Squares Estimation of 3 2 LEAST-SQUARES ESTIMATION

e S5(B) can be expressed as
S(B) = (y —XB)"(y — XB)

=yY - B X"y —y"XB +8"X"X3
=y¥Y —2y"XB+BTXTX3 (- y'Xp is a scalar)

e LS estimators must satisfy

08

—| =-2XT+2X"XB=0 = X'X3=X"y
B3

It is called the least-squares normal equations(p7l 9] equations).

The least-squares estimators of 8 is 3 = (X2 X)X Ty, provided that (XZX)~! exists.

The fitted regression model is

where the n x n matrix H = X(X7X)~*X7 is called the hat matrix.
. HY| 43
1. Symmetric: HT = H
2. Idempotent: HH = H
3. Orthogonal projection of Y € R™ onto (X) (column space of X)

e The residual is

e=y-y
=y-Xp
=y—Hy
=(I-H)y

« I—HO| 44

1. Symmetric: (I — H)T =T—-H
2. Idempotent: (I —H)(I - H)=I1-H
3. Orthogonal complement projection of Y € R" onto Q(X): (I — H)y € Q+(X)

e Under the assumption E(€) = 0 and Var(e) = 021,

E(B) = E(X"X)"'X"y)
= (XTX)"'X"Xp=p



2.2 Estimation of o2 2 LEAST-SQUARES ESTIMATION

and

Var(B) = Var(XTX)1XTy)
=Var(Ay) = AcAAT
=A(XTX) I XTX(XTX) ™!

_ 02(xTx)fl
2.2 Estimation of o2
e Note that
n
SSp=> ¢
=1
= eTe
=(y - XB)"(y — XB)
—y' 28" X"y + B X"XB
=y’ - éTXTy (".- LS normal equations)
or

e SSg has n — (k + 1) degree of freedom.

e The estimator of o2 is

SSE
A2
7 k-1
e MSg is an unbiased estimator of o2, that is
E(MSg) = o?

2.3 Gauss-Markov Theorem

Theorem. Suppose that we have a model y = X3 + € where E(€) = 0 and Var(e) = ¢?I. (No normality

assumption.) Let é = dTy be any unbiased linear estimator of ¢ = ¢’ 3 with an arbitrary vector ¢. Then,

Var(¢) > Var(¢)

where ¢ = ¢T3 and 3 = (XTX)"1XTy.

(i.e. Each element of 3 is a minimum variance unbiased estimator since ¢’

is arbitrary.)



3 HYPOTHESIS TESTING

Proof. Since E(d”y) = d" E(y) = d"X8 = ¢”3 (.- unbiased), ¢’ = d” X.
Need to show that Var(cT8) < Var(d'y).
(First proof)
Var(d"y) = Var(dTy — ¢' 8+ ' B3)
= Var(c"B) + Var(d'y — " 8) + 2Cov(c" B,d"y — ' B)
> Var(c' B) + 2Cov(c’ B,d"y — ' 3)

Since Cov(c?B,d"y — cTB) = 0, Var(¢) > Var().
(Another proof)

Var(d'y) = d" Var(y)d
=o2d"d

Var(c'B) = Var(d"Xg)
= d"XVar(3)X"d
=o2d"X(XTX)"1XTd
=o?d"Hd

and since d” (I — H)d > 0...

3 Hypothesis Testing

3.1 Geometric Interpretatoin of LS

e The model y = X3 + € = E(y) + € where

y = (ylv"'ayn)T eR"
E(y) = p=XB = a linear combination of the columns of X € Q(X)

e In the least-squares, we would like to find B such that minimizes S(3).
<= Find a vector X8 € Q(X) that is closest to y.

: #élﬁﬂ

e

e It can be obtained by making the difference y — X3 perpendicular to the space Q(X)



3.2 Test for Significance of Regression 3 HYPOTHESIS TESTING

e Since 1,x1,...,X are in the space Q(X), it is required that

1M(y -XB) =0
X"y - XB) =
v . H=0 — X" (y - XB) =0 = (X"X)B = X"y
X' (y —XB)=0

3.2 Test for Significance of Regression

e The appropriate hypotheses are

Hy: pr=p2=--=5=0
Hy: p; #0 for at least one j

e Decompose SSt into SSi and SSg

n

SSr=> (i—=9)>=>_ui =20y v +ny’
=1 i=1

=1

n
=yl —ny’
1=1
1 n
=yly - E(; yi)?
1=

~T
SSp=y'y—-pB X"y
=y"(I-H)y

n

SSr=> (i —9)>=>_ 9 —ny’
i=1

i=1

Theorem. Let A be an n X n symmetric matrix with rank(A) = k, and y ~ N(u,3) where 3 is an n X n

positive definite matrix. If AY is idempotent,
Y AY ~ Xi urap

Fact. If p is idempotent, rank(p) = tr(p).



3.3 Tests on Individual Regression Coefficients 3 HYPOTHESIS TESTING

e By the theorem and the fact,

SSg 5 9
o2 Xrank(I-H),B"XT(I-H)XB ~ Xn—k-1
SSr 5

_ 2
o2 ~ Xrank(HfiJn),,BTXT(Hfi‘]n)xlg = Xk (under HO)

Theorem. Let y ~ N(pu,X) and A1, Ay be n x n symmetric matrix. If A;X AL =0,
yT A,y and y7 Asy are independent.

I-H H-1j,

o2

°
—
o)
t+
>
L
Il

. Then by the theorem,

1
ASAT = —(I-H)H--J,)=0
n

1
o2

Obtain F-statistic

n_ MSp SE/p-1)
" MSy T SEjm-p) T

under Hy : 3 =0.
e Decision rule: reject Hy if Foy > Fo kn—k—1
e ANOVA table:
Source of Variation SS DF MS Iy
Regression ,@TXTy — (X vi)? k MSp MSr/MSg
Error yTy—,@TXTy n—k—1 MSg
Total y'y — (T v)? n—1

3.3 Tests on Individual Regression Coefficients

e The appropriate hypotheses are

Hol ﬁij
H12 BJ#O

e Test statistic for the hypothesis is

e B _ B

VE2Cy;  se(B))

where Cj; is the diagonal element of (X7X)~! corresponding to Bj and 62 = MSg

e Decision rule: reject Hy if [to| > to/2,pn—k—1



4 CONFIDENCE INTERVALS

3.4 Coefficient of Multiple Determination

3.4 Coefficient of Multiple Determination

e The R? is defined as

SSr SSE
2_ 2V 4 EME
R= SSt ! SSt

e In general, R? always increases when a regressor is added to the model.

e Use an adjusted R? defined as
n—1 SSE

R, =1- " - 2=
adj n—k—1 SSg

4 Confidence Intervals

4.1 C.I. on the Regression Coefficients

e The test statistic

is distributed as ¢t with n — (k + 1) df.

e 100(1 — a)% C.I for S, is

Bi = tajan—hinyse(B;) < B < Bj+tasom—winselB;)

4.2 C.I. on the Mean Response at x

e The fitted value at xo = (1,201, ..., Zor)" is

Yo = XOTB

e E(ijo) = xI'8 = E(y|xo) and Var(jo) = xLVar(B)xo = o2xT (XTX)x,

e The test statistic
Yo — E(9]x0)

6/ xE (XTX)"1xg

is distributed as t with n — (k + 1) df.

e 100(1 — a)% C.I. for E(y|xo) is

o — taj2m—(kr1)01/ X4 (XTX)"1x0 < E(y|%0) < Go + taj2,n—k+1)01/ %0 (XTX)71xg



5 EXTRAM SUM OF SQUARES METHOD

5 Extram Sum of Squares Method

5.1 Introduction

e The goal of this section is to investigate the contribution of a subset of the regressor variable to the

model.

Let the vector of regression coefficients be partitioned as follows

B
IB — 1
B2

where 3, is (p — r) x 1 vector and 3, is 7 X 1 vector.

e Wish to test the hypotheses

H()Z ,32:0
Hll ﬂQ#O

Full model: y = X8 + € = X138, + X285 + € under Hy U Hy

Reduced model: y = X3, + € under Hj

In the reduced model, the (uncorrected) model sum of squares is
~T 1
SSr(B1) = B1 X1y
e The extra sum of squres due to 3, is defined as

SSR(/32|/31) = SSR(ﬁ) - SSR(Bl)

i.e. The SSgr due to B, given that 3, is already in the model.

&){sﬁ) M&) 3
[ N
U e 441 bhe.,
| AR
Ye e =% &0— gﬁ[ﬁ)
e The test statistic is
jol SSr(B2|B4)/r

~ 5Sp(8)/(n—k—1)

follows the distribution Fj.,,_r_1 under the Hy : B, =0



5.2 Partial F-test 5 EXTRAM SUM OF SQUARES METHOD

5.2 Partial F-test

e Consider the full model

y = Po+ Bix1 + Poxa + €

e The hypothesis is

Hol 52:0
Hy: B2#0

o SSp = SSr(B1,B2|P0) + 9SSk
e The extra SS due to fs is

SSr(B21P1, 80) = SSr(B1, B2, B0) — SSr(B1, Po) (uncorrected ver.)
= SSr(B1,B2|P0) — SSr(B1|B0) (corrected ver.)

e The term SSg(B1, B2|B0) can be obtained from SSg of the model y = By + f1x1 + Boza + €
and the term SSg(51]5o) can be obtained from SSg of the model y = By + f1x1 + €.

e The test statistic is

_ SSRr(B5181,80)/1
07 8Su(F)/(n—k—1)

5.3 Testing the General Linear Hypothesis (1)

e Consider the full model

y = Bo + Brx1 + Boxo + Paxs + €

e The hypothesis is

Hy: (=203
Hy: TB=0

where T'= (0,1,0, —1).

e The extra sum of squres due to the hypothesis is

SSu = SSpmrm) — SSEFM)

e The dfis (n —3) — (n—4) = 1. (i.e. TB2] independent3t row =)

10



5.4 Testing for the General Linear Hypothesis (2) 5 EXTRAM SUM OF SQUARES METHOD

e The test statistic is

B SSp/1
SSE(F]\/[)/(N — k- 1)

Fy

5.4 Testing for the General Linear Hypothesis (2)

o Full model: y = X3+ € = X8, + X208, + € under Hy U H; where

Xj is n X (p — r) matrix and Xy is n X r matrix.

e Reduced model: y = X3, + € under Hy

5 ol B Sbe At SSese) =s%(P)

_>'
N/é(, ( ﬁTﬁ’;%).
resiual @ redued weded . Bp ()7 5% (F)
0

/ W Gy

Dy mdete
Xz wa@??i

o SSp(R) = SSp(F) ol By yE A9Yste ol ==°] 54| et

e Let w be a reduced model and Q2 be a full model.

SSp(F) =y (I - Pa)y

where

Pg, = projection matrix of Q = X(X7X)1XT
P, = projection matrix of w = X (XTX;)™'X7

SSH = SSE(R) — SSE(F) = yT(PQ — Pw)y

Since (Pq — P,,) is idempotent, under the Hy

SSe(F)
oz N
P, - P, I-P
e SSp and SSy are independent. (-.: Q 5 oad | 5 e _ 0)
o o
e Under the Hy, the test statistic
SSH/T

Fy

~ Fr,nfp

- SSE(FM)/(” —k—1)

11
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