Multiscale Geographically Weighted Regression (MGWR)

[Fotheringham et al., 2017]
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Introduction
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2. Model Formulation & Calibration, Bandwidth Selection
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Model Formulation & Calibration (1): GWR
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Model Formulation & Calibration (1): GWR

o KRR X|HO| R|E s 2t1 S5HH

° d(-): H2|
* K: g
® /: i ZE(Bandwidth)

 Model Calibration: B(si) = (XTW,, X)"IXTW, y

® Weighted Least Squares Method= =3
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Model Formulation & Calibration (1): GWR

m
yi = Bi(ui,vi) mij + &, (1)
=0
¢ Hat Matrix (Projection Matrix) [Joubert De Bellefon et al., 2018]
x| (XTW, X) ' XTW,,
S = :
x| (XTW,,X) ' XTW

Sndnxn

(B®X)1 =Sy
=y-y=(0-9)y

e cf. WLS2| Hat Matrix: X(XTWX)~!XTW

(LI
I
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Bandwidth Selection

* GWR(Zf SGWR)0||AM= SfLte| i ZTE TR
o L= MY 7[E: Goodness-of-Fit Measures

n + tr(S)
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Model Formulation & Calibration (2): SGWR

i =Y a;zi(a +Zbl ui, vi) i (b) + €, (2)

Sy=X(aa+ (BxX()1+e
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Model Formulation & Calibration (2): SGWR

‘6’
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Model Formulation & Calibration (2): SGWR

-1

X, ()T (X(b) TV, X(b) ' X(b)TV

where Vg, is the weight matrix

Sndnxn

€X(a) = (I-SGwr)X(a)
ey = (I —=SGwr)y
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Model Formulation & Calibration (2): SGWR

2. eyE ex()0ll Cl OLSE Salf AHH (H)=2| A+ aS ettt

a= (e;(a)ex(a))fle;{(a)ey
= (X(a)"(I-Sgwr) I -S&wr)X(a) ™' X(a) (T - Sgwr) (I-S&wr)y
= (X(a)"'WX(a))"'X(a) "Wy

3.y — X(a)a2 X(b)Oll T GWR 3101 22| (H)3|274 b2 FaiCt

(B ® X(b))1 = SGwr(y — X(a)a)
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Model Formulation & Calibration (2): SGWR

)a+Sawr(y — X( )a)
a)a+ Sewry — SewrX(a)a
)a + S&w Ry — SewrX(a)(X(a) ' WX(a)) 'X(a) Wy

0 ( W:(I_SZ;WR)T(I_SEWR))

— X(a)a + Sy
= X(a)(X(a) "WX(a)) ' X(a)Wy + S&w ry
= SsawRY

~.Ssawr = X(a)(X(a) ' WX(a)) ' X(a)W + St
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Model Formulation (3): MGWR

i =Y Bow, (s, v1)s5 + €, 3)

J=0

e 7|Z2| Model Calibration2} Bandwidth Selection &% 225}7| {24 &
* 2t 2{Z|0|M H40ICH MZ CHE T FS A|E
* Jtsth Had AF 2| VHARI HE BE

s O

® GAM(generalized additive model)Oj|A] A}ZSt= Back-Fitting Algorithm O|&

m
y:ij+€
=0
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Back-Fitting Algorithm

Converge? >-Trues

Calculate the residual
e=y-Floh

estimate

Regress ¢4 aginst
of  fowj

using GWR, and update
with the new estimate
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Back-Fitting Algorithm

Back-Fitting Algorithm for a MGWR Model Calibration

1.

2.

e+ fr=y—>_ fofl tist x,2 GWRE

J#k
2,32 k=1,2,...,m Of Cslf AI3H
A7te

o] 240|7} £2E IFR| 2, 3, 4 e

7¢|w\

=
.
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[Sixe)
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Back-Fitting Algorithm: & 7% 434

— Rule of Thumb: GWR &2
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Back-Fitting Algorithm: & 7% 434

2. &g
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_ |RSSpew — RSSoudl
50CRss = =155,
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3. A|22{|0|M 4|0|E|E £35F GWRZ} MGWR H|1
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Simulation Design 1

® DGP: y; = Bo(ui, vi) + B1(uwi, vi)zin + B2(wi, vi)wiz + €

o w125 ~ N(0,1); e ~ N(0,0.52) 2 100742 Ci|O|Ef A4A

e Bl — 5low

® B2 = Brigh =

21 £~=9| Parameter Surface: MGWRO| 4 &t 2EI&SH=71?

1
=1+ —(u+v)

12

L gpl86 - (6 5)7)[36 - (6 5]

324

2810 heterogeneity

5 -low heterogencity 5, high heterogeneity

PIOf
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Simulation Design 2

® DGP: y; = Bo(ui, vi) + B1(ui, vi)zin + €

® 11,79 ~ N(0,1); e ~ N(0,0.5%) 2 100712| G||O|E] 444

o Z2t2 U7bA 0| &M £Z9°| Parameter Surface: GWRZ} MGWR H|Zst A1)?
1
® ﬂO _>Blow = 1+E(U+’l})

® 51 — Blow% 90 §|Z|_-I

fiorlow heterogeneit fr-low heterogensity
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Evaluation Methods

1. Y= Y| (cont.)

e Adaptive Bisquare Kernel C}21} Z80| Zo|=ICt
o fl T e
0 Otherwise

® dy: it j A|E ZH A2
® G;: M*™ Nearest Neighbor2}t9| AH2|
e M: AlCc H|WE Sall 7+t 2/ 9| Nearest Neighbor 7§14
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fob

Evaluation Methods
2. 3| A Y9 HEE
e GWR1t MGWR 29| ¥t = 3| A +HE

RMSE;E Sadff ItEICt.
1< 2
RMSEJ = gz /BJ U, Uy ](ulavl))

3. A&%= (Goodness of Fit)
® RSS (MGWROj|A = HE

® Note. RSS&= tHel-2|24 0|11

=2 g

H weight matrix7f 20|52 2 AlICc A4t 8
ool 232¢

=7)

LOf| ot I EEIE FA %S

RSS = Zn:(yi -
i=1
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Evaluation Methods
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Initialization and Convergence Criteria

Iterations AlCco AlCc, AlCc, by by b, SOC._f

1 3,544.475178 3,107.084069 1,223.5442417 622 310 46 0.039566412
2 1,118.033996 966.721046 984.2842971 444 62 44 0.002339227
3 904.1492707 954.050443 984.5833555 524 62 44 0.000155162
4 902.270467 953.5527079 984.7089459 536 62 44 1.70x 1073
5 902.1610436 953.4854188 984.7075472 536 62 44 203 x10°°
6 902.1504341 953.4776078 984.7065979 536 62 44 3.29%x 1077
7 902.148657 953.4763536 984.7063954 536 62 44 5.60x 1078

Simulation Design 1 - Data Set 42| Back-Fitting Algorithm 2t 21} (2|2 2¥25 0)
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Initialization and Convergence Criteria

Zeros GWR OLS

Iterations by bi by by by by by b b

1 622 310 46 260 62 44 413 146 46
2 444 62 44 524 62 44 512 62 44
3 524 62 44 536 62 44 536 62 44
4 536 62 44 536 62 44 536 62 44
5 536 62 44 536 62 44
2|z 242k 40| T2 Simulation Design 1 - Data Set 49| CHHZ 43 D}y (SOC; < 107°H Z£2)

© 0, GWR-ZHY, OLS-2HY & GWR-2HYS 27|U02 MYUS 0} 1Y 23

31/58



Simulation Design 1: Results

1. 2% o Z MY Ao}
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Simulation Design 1: Results
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Simulation Design 1: Results
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Simulation Design 1: Results

o 8r0 haterogensity G o zera heteroganaity NGWR o 70r0 haterogenaity

2. 22| BAAS 24 FEe
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Simulation Design 1: Results
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Simulation Design 1: Results
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Simulation Design 1: Results
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Simulation Design 2: Results
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Simulation Design 2: Results
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Simulation Design 2: Results
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Simulation Design 2: Results
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4. Irish Famine Dataset2 £33t GWRZ} MGWR H| 1!
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Irish Famine Dataset [Fotheringham et al., 2013]

b

[ ]
rk

Al 7H4: 2,31771 4L (Electoral Divisions)

B4 184110} 18514 Z2F Q17 =24 (Note. OFL2HE T 7| 2: 1841-1850)
2~ 871

=
=
&
2
Y

nx oW

® Grain Cultivation (52 T=)
Mean Elevation (B« 15
Average Holding Size (Hm E2| HZ)
Potato Cultivation (ZfA} 4=

[}
Urban Proximity (=4 284)

Workhouse Proximity (721 Z2&4A)

—

Population Density on Cropped Land (&2Z| Q12 E)
)

Distance to Coast (oliQt7}Z|2] H2|
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Irish Famine Dataset

Predictor Variable GWR MGWR
Grain Cultivation 136 2,316
Mean Elevation 136 81
Average Holding Size 136 365
Potato Cultivation 136 86
Urban Proximity 136 66
Workhouse Proximity 136 210
Population Density On Cropped Land 136 91
Distance To Coast 136 2,316

o 2 %%.*Oﬂ %“'%*S 0J2 IE %#%‘ s L 20| THE (global-regional-local)
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Irish Famine Dataset

1. No Variation (Global)
- Distance to the Coast

e MGWR (2,316) >
)
o« HAHO2 00 It B4 :
* GWR (136)
o 2[Cl0| IRt S4, OpA B3 EE

25 0 25 50 75 100km

47/58



Irish Famine Dataset

2. Regional Variation
- Workhouse Proximity

e MGWR (210) vs. GWR(136)

o 2 7ol Hi% (- HUB RAN
* MGWR 20| & Cf 2|%%(Z
22202 00f 7172
o Mot HAROIA L THIRI0] 217
UAZ |5t st
— — 1=
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Irish Famine Dataset

3. Local Variation
- Mean Elevation

e MGWR (81) vs. GWR (136)

o 2 Aol Hi% (- HHE QAN

© MGWR 2320| & ¢ 2|3
o ME: THAIE HA =S (chollA 2zt

x 0

N -1.35--1.08

ZHHHEE" %F%% %DI- . -1.08--081
— t7|2e= Qg njs 43 =
o OHE A9 DA27E HOf =2 A|CHOI A Hiie
» B 064-081
YA} A (Bl E3) z o
S 7|2o2 olst ojE 2 2 0 2 @ 75 w0 5
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5. Discussion and Conclusion
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Further Research

1. MGWRO|| &&%t 4 Q= AlCc2t 22 Goodness-of-Fit Measure2| 7H{2f

2. Local R?, Local EZ22}, Local t-2}0]| C23H= EA|2F 7l8t

3. MGWRC| At 28 A AT

4. MGWRT} SVC 2SS H|@SH 4 9l= | T 7{at
=2

5. MGWRO|| 25t S % 2
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Additional Materials: Inference in MGWR [Yu et al., 2020]

® GWR as a GAM

k
y= Z fjte
j=1
k fEljBlj
y:Z}j where f; = :
=1 xnjBn]

Since ,Bij = ej(XTWiX)’lXTW,-y,

wljej(XTW1X)71XTW1

fi= : y
xnjej(XTWnX)_lXTWn

R;: Hat Matrix for j"j
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Additional Materials: Inference in MGWR

® The Hat Matrix in MGWR

® Initialization using GWR Estimates:

k k
y=> Fi= (ZRj)y=Sy
Jj=1

Jj=1

® Regress x; against fj + e: (GWR)

= A;(R;y +y — Sy)
=(AjR; + A; — A;S)y

R;f: Updated Hat Matrix
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Additional Materials: Inference in MGWR

® The Hat Matrix in MGWR (after regressing x;)
S*=S-R;+R;

® | ocal Standard Errors of the Parameter Estimates in MGWR

xlj/Ji)lj zi;j 0 -+ 0
~ :Ezjﬁgj 0 ."L‘2j e 0 A . ~
j ) = 0 0 53' = dlag(xj),ﬂj
xnjan 0 0 o Ty

B; = [diag(x;)] ' f; = [diag(x;)] ' Rjy = Cy
Xyi—9)? Bij

= ~ tnftr(S)

Var(,éj) = diag(CC"5?) where 5% =
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