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We will derive the upper bound of PE* as a function of the correlation and strength.

Let
e mr(X,Y) = Py(T(X : 6) = Y) — Py(T(X : ) = —Y)

Then the strength of a single tree is
s =Exy)(mr(X,Y)).

Chebychev’s inequality gives
PE* < Var(mr)/s.

Now we calculate Var(mr). mr(X,Y) can be expanded as

mr(X,Y) = Eo(I(T(X : ) = Y) — [(T(X : ) = —Y))
=Ey(rmg(6,X,Y)),

where rmg(0, X,Y) = I(T(X : ) = Y) — I(T(X : 6) = —Y). Note that
mr(X,Y)? = E, yrmg(6, X,Y)rmg(¢, X, Y),
where 6 and ¢’ are independent and 0,0 ~ 7(9). Then

Var(mr) = Ey g cov(rmg(0, X, Y),rmg(6', X,Y))
=Eo0 (p(6,0)sd(0)sd(6")),

where , , ;
P0,0) = corrx v, (rmg(6, X, Y), rmg (¢, X, )16, 0)

and sd(0) = stdx.y(rmg(6, X,Y)|6). Then

Var(mr) = 5 (Eo(sd(9)))* < 7Eo(sd”(6))

where ) ) }
7= By (p(0.0)5d(0)sd(0)) /By (sd(0)5d(0).
‘Write

Eo(sd*(9)) < Eo(Ex.y)(rmg(6, X,Y)?)) — Ea(E(x.y)(rmg(6, X, Y)))?
<1-s%

To sum up, we have
PE* < p(1 - 52)/s?

It shows that the two ingredients involved in the generalization error for random forests are the strength of the
individual classifiers in the forest, and the correlation between them in terms of the raw margin functions. It is the
first of its kind to explain that an important ingredient in success of ensemble methods is diversity of base learners.
For example, random perturbation can be understood as a tool of increasing the diversity.

One example of a simplified tree is the centered forest is defined as follows. Suppose the data are on [0, 1]%
Choose a random feature, split in the center. Repeat until there are k leaves. This defines one tree. Now we average
M such trees. Breiman (2004) and Biau (2012) proved the following.

Theorem. If cach feature is selected with probability 1/d, k = o{n) and k — oo then
E[f(X) - P (OP] = 0
asn o0
Under stronger assumptions we can say more:

Theorem. Suppose that fy is Lipschitz and that fy only depends on a subsct S of the features and that the probability
of selecting j € § is (1/S)(1+ o(1)). Then

5700 - =0 (1)

This is better than the usual Lipschitz rate n=2/(¢+2) if |S| < d/2. But the condition that we select relevant
variables with high probability is very strong and proving that this holds is a research problem.

A significant step forward was made by Scornet, Biau, and Vert (2015). Here is their result.
Theorem. Suppose that Y = ¥, f;(X(j)) + € where X ~ Uniform(0,1]¢, ¢ ~ N(0,0%) and each f; is continuous,
with f(X) = 5, £5(X(j)). Assume that the split is chosen using the mazimum drop in sums of squares. Let t, be
the number of leaves on each tree and let a,, be the subsample size. If t, — 00, an — oo and t,(loga,)”/a, — 0
then

E[f(X) = PP~ 0

asn — 0o,

Again, the theorem has strong assumptions but it does allow a greedy split selection. Scornet, Biau, and Vert
(2015) provide another interesting result. Suppose that (i) there is a subset S of relevant features, (ii) p = d, (iii)
m; is not constant on any interval for j € 5. Then with high probability, we always split only on relevant variables.



bh 4

\ﬂ Lolo

Vardle  duptme — F i o bok o/ XA w0

2} = JM ZJ;W:\/ (’)( \ml&—w—k , Gee W\j

W = Ch— Bp el - Ca— 20007

= 4y prubeton vk o ol estedt
- EDa1 - 'L 0 Aot O st Tl 4
E{ Permatatton ivv\YAV‘{M\/[LQ

— e KD B e oob.

D : ov8 ok bor tree |,

S0t ) ) o K gonced
|z
= Tis wEw
| = A 2 @ z
e Wy = L%U‘t (fz - 4t[\l'¢ﬂ - '}M— %ﬁ Ot - £.060)

Tiimadng

W LG 46077 - €00 foa ]

2
— . B A5 - o (za) -

bb. gﬂo‘,ﬁw}.
- mgf\ﬂug, weak &M“""S‘
— Lt oz U W), Toe fu

— e ‘rmmmg X - Lo Gume >0, 2 ﬂ{gﬂfkbm Ao vk h ¢k
T Plrbz 4.+ = I-§

— Aol L e o gt
L et (EhY
S R
W b Mg agde B (o k0G).
M B = By (bt W) = TRk L(h ).
(D ot - éﬁa} {53 o L %70 . ot e

“ AN @ |t e
ch Lo D = i) {/@h”

- Bl et ®
Zy

3 Gy W= T G

< Qe W= fga G



bha . Tt T

L—@_I\_% ’Z’t = im - Z_Dﬂ e T e )

T Ggge et T Liog ve
Nﬁ"QM /Q(@D < ‘@Fh&T ( v > 0 )

Loy Condonny G

— -t (aek) s Ak werl 5 VO b T

= si/waflvg, o (%)T

- % o ke, (20

e & Vb \, [%}f (%”}hé /:pi.

- W A v Aw, by o bage U,

el k(D 2 p00 . [T - T @fwm ..
NS

T vepe (eost 14, R&) £ q/Q‘P(g/U;(\\‘) AE—JTE Fﬂ?/g\)
T R ghad < T [HTea” < b

(o, CLg-h)
b, Moded Seleotln  am)  Assesomnt. .
— ;t\ g p:g/“% Tl (¢-40)7] = :p,,’,)é (qeqa £ Wﬁ%O),
L2 F(‘/ E 3‘}’ }("7-’\ Zfi ,;::d/v

f2 Dakedusin
— eeted  predean eme 0 E[(X-40)"]
Y wT(vKuX(MLL /34 %o) = [fé\{[ 5(——707- T dwe w%v% W

AN

e P
ogeete el (o) e (- foy 1
Gl B ) spesomont
~ j Predicn © phost - lidelnn - ATC. 2 e |

iy
Mwﬂ% we v 10



£pUR Jrf’w)\“vgomd/v.
Lo fedodtar sl B-V. Tdeol?. "

_ A ges) e /z{wxl
e . u
L ELOE A ek ] = w (B[ Bl de)]
e L— Rk (o)

= gty MR- Bl 4 ElCdR-Eli]) ]

A ) 2 Un ) —
o wbumsed AL 2 e W A

¢ ‘{' Tvil»llmﬁ}r Fow MAJ, Q,ﬁ,ﬂgyn.

— Hw & ocBmule EPE7

ELO- 26071, = g1,
Lt dat (4] 4

g Lzl T = ko
d

(2 g5 (gl D (g R H
(o= plYG A= pD4 8l )

- Bkl W Bor - & ElY-10

~ L E e

~ et G b d).
] :
o . el
AVIR oty
~> e Loy ) = L3 g ). (-
AN

/é (7? s \Msmeeé Qék Qﬁmm%n. @ﬁ&ﬂém

— b (- %@ =l ) = = 22upd)

ol opms el ke Bt (omplepsy @ 9).
eq  Lld=, UH) =L

a

9N
N;«:NZ + iﬁ ﬁ(@) c ubaiel emee b Ahe @ﬁmdf{u%w

) ﬁ// % — 3 > "‘EE{Q1> L 2215

= % - o4 + -2l * j:fﬂ[%}.
(B opfudstc sty A e



L cv-
— tGwmede  FLICRDT W e AP (Muu(ﬂmﬁé)
- splee ’wﬂmwz) o W KBl (HRD

(B e e - 3

wﬁqm wS 4 k‘{‘ H& e G\/}& U?’(H) = 7|l;< ize(% (34’ 1-0%»31'
Av 1 4y
Q\IM\SQ - Vi) = £ 2ok (#7) Ck=n : Loocy) .

~ ka4 fwo— vatinee  avpde &Q

— \fonf‘ C 0\/61}) -~ \/{N (J}; ia/k (%—H'Bw 4\ & '\{wf(wl (6\0_/{;)3)

P R _
S (C'i(ﬁv A,LH ﬂ.ﬂ z e%m\}{e - (47’/@(;3) '

b(] ALC V?MLE
— kL ‘Lmvﬁw\ua) {) ‘e &W‘% PPl 16\) eghomke] W
> 4~ i R m

vl L (1 Ps) & Mﬂwurawg Ky ~ f(?écz 3 [}m ,Lb
(FN = % = By g e B7)
_ ho- 4 S i) = A48 o b hebhelsl Zm

3 A {7 ¥ [t SR o

J

”‘l{}“ﬁ Vg @& = L U&@ﬁ -4

6.0, bBeo
— Bl = 215(5&7,ﬁ (%/{q%w. (QLE ‘{% ttne, yokel #A-

b?évnm\\dr\ s P j,jaz

’() 4. L'lww 4%*\'\&/@

— D = T ot - vk {
A=W o B plekge) -l

(T»\fx/\\f C;vnmr%\n{/vy( W; Cﬁ’%? y
Q)= 4 5 m §of b5 oy
2700

o (- G-



