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2.3. Symbolic Data

2.3.1. Quotation

. AgREE =Y BN g /129 FE

a <-1
b <- 2
List(a, b)

## [ 1, [ 2, NULL 1 ]
List(”a”, nbu)
## [ a, [ b, NULL ] ]
o TAFE Y] Bl
- R 787 2L &4 + 2L BAR PAHe] o 59
member <- function(item, x) {
if (is.null(x)) {
NULL
} else if (identical(item, head(x))) {
X
} else {
member (item, tail(x))

}
}

member(”apple”, LiSt(”X", nyn’ ”apple”, upearu))
## [ apple, [ pear, NULL ] ]

2.3.2. EX: Symbolic Differentiation

o ol BERAAL V|EH 0= nEshe T4

. dlold F4st Hek B (cf. FU4 B @ 4%)
247 dolge) nli m2 13

. T manAe] Bt gomut TAH o) uR
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is_variable(e)
is_same_variable(vl, v2)
is_sum(e)
addend (e)
augend (e)
make_sum(al, a2)
is_product(e)
multiplier(e)
multiplicand(e)
make_product (ml, m2)

Is e a variable?
Are v1 and v2 the same variable?
Is e a sum?

Addend of the sum e.
Augend of the sum e.
Construct the sum of al and a2.
Is e a product?
Multiplier of the product e.
Multiplicand of the product e.
Construct the product of m1 and m2.

deriv <- function(exp, variable) {
if (is.numeric(exp)) {
0
} else if (is_variable(exp)) {
ifelse(is_same_variable(exp, variable), 1, 0)
} else if (is_sum(exp)) {
make_sum(deriv(addend(exp), variable),
deriv(augend(exp), variable))
} else if (is_product(exp)) {
make_sum(make_product (multiplier (exp),
deriv(multiplicand(exp), variable)),
make_product (deriv(multiplier(exp), variable),
multiplicand(exp))
)
} else {
stop("unknown expression type -- deriv")

449 B9

o 9] E7]¥(prefix notation)

_ aa:—|—b—> LiSt(""’", LiSt("*", uau’ an)’ "b")
# s 1Y 22Y
is_variable <- function(x) { is.character(x) }

# £ BAL 23420 Zrod 2



is_same_variable <- function(vil, v2) {
is_variable(vl) && is_variable(v2) && identical(vl, v2)
}

# ot} 2 2[AE
make_sum <- function(al, a2) { List("+", al, a2) }
make_product <- function(ml, m2) { List("*", ml, m2) }

# 2|AEQ| X QAT} n+n0|D B
is_sum <- function(x) {
is_pair(x) && identical(head(x), "+")

}

on

# Cole 2= B 2AS0] SuH ela
addend <- function(s) { head(tail(s)) }

# ClERIs = 8 2AE0] MuE i
augend <- function(s) { head(tail(tail(s))) }

# E/L\E_o,/ 51‘/ -,I%/_/\,_]IL ”*”O/E:I L
is_product <- function(x) {
is_pair(x) &% identical(head(x), "*")

}

on

# Fohe £ F SAE SoiH AUz

multiplier <- function(s) { head(tail(s)) }

# ZoHRE ~E & 2LES MPA 24
multiplicand <- function(s) { head(tail(tail(s))) }

deriv(List("+", "x", 3), "x")

## [+, [ 1, [ 0, NULL ] ] ]

number_equal <- function(exp, num) {
is.numeric(exp) && identical(exp, num)

}

make_sum <- function(al, a2) {
if (number_equal(al, 0)) { # a10/ 0
a2
} else if (number_equal(a2, 0)) { # a27f 0
al
} else if (is.numeric(al) && is.numeric(a2)) { # al, a2 A} -> ZFEHS/
al + a2
} else {
List("+", al, a2)
+
}

make_product <- function(ml, m2) {
if (number_equal(ml, 0) || number_equal(m2, 0)) {



0

} else if (number_equal(mil, 1)) {
m2

} else if (number_equal(m2, 1)) {
ml

} else if (is.numeric(ml) && is.numeric(m2)) {
ml * m2

} else {
List("*", ml, m2);

}

}

4] 2¥5H9] 37
2.3.3. EX: Representing Sets
+A gle H2ER JY 2R
o X3 Hlo|H FA}S): union_set, intersection_set, is_element_of_set, adjoin_set

is_element_of_set <- function(x, set) {
if (is.null(set)) {

FALSE

} else if (identical(x, head(set))) {
TRUE

} else {
is_element_of_set(x, tail(set))

}

}

adjoin_set <- function(x, set){
if (is_element_of_set(x, set)) {
set
} else {
pair(x, set)
}
}

intersection_set <- function(setl, set2) {
if (is.null(setl) || is.null(set2)) {
NULL
} else if (is_element_of_set(head(setl), set2)) {
pair(head(setl), intersection_set(tail(setl), set2))
} else {
intersection_set(tail(setl), set2)
}
+

intersection_set(
adjoin_set (10, adjoin_set(20, adjoin_set(30, NULL))),
adjoin_set (10, adjoin_set(15, adjoin_set(20, NULL))))
## [ 10, [ 20, NULL ] 1]

«A Y= J2ER B3
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is_element_of_set <- function(x, set) {
if (is.null(set)) {
FALSE
} else if (x == head(set)) {
TRUE
} else if (x < head(set)) {
FALSE
} else {
is_element_of_set(x, tail(set)) # = > head(set)

}

intersection_set <- function(setl, set2) {
if (is.null(setl) || is.null(set2)) {
NULL
} else {
x1 <- head(setl)
x2 <- head(set2)
if (x1 == x2) {
pair(xl, intersection_set(tail(setl), tail(set2)))
} else if (x1 < x2) {
intersection_set(tail(setl), set2) ## BtsF F£9f
} else {
intersection_set(setl, tail(set2))
}
}
}

intersection_set (List (10, 20, 30), List(10, 15, 20))
## [ 10, [ 20, NULL ] ]
o]A E¥|® &

. Edio) 7t LE = Yol A

o Lo X RE EY JRE2 A KT A
o LEO QBE BE E PHS2 AMHY F
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Figure 1: T3t {1,3,5,7,9, 11}2 E8isi= ozl E2
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1. is_element_of_set?] &£ Al

e x < FHY9 E > X B EUE HAY
o x> XY LE > oEx BH Eajul AN

o EPt Y dud 27171 5]l ERlE
e EFIY L= AV 3 ElAER Y
— List(<entry>, <left_subtree>, <right_subtree>)

Aot EAZ £01%F -> O(logn)

entry <- function(tree) {head(tree)}

left_branch <- function(tree) {head(tail(tree))}

right_branch <- function(tree) {head(tail(tail(tree)))}

make_tree <- function(entry, left, right) {List(entry, left, right)}

is_element_of _set <- function(x, set) {
if (is.null(set)) {
FALSE
} else if (x == entry(set)) {
TRUE
} else if (x < entry(set)) {
is_element_of_set(x, left_branch(set))
} else {
is_element_of_set(x, right_branch(set))

o x5 G| F74E W) ¢ P 2] F ShiR Ry
[e]
o

adjoin_set <- function(x, set) {
if (is.null(set)) {
make_tree(x, NULL, NULL)
} else if (x == entry(set)) {
set
} else if (x < entry(set)) {
make_tree(entry(set),
adjoin_set(x, left_branch(set)),
right_branch(set))
} else {
make_tree(entry(set),
left_branch(set),
adjoin_set(x, right_branch(set)))

o #@ol MK E -> A H:
— adjoin_set ¢4t A] ET|E %Y Egz W
- HEO 2w X AME
A AR A (information retrieval)

o dlolEHo] s ] A" > a2 AT U Ea: key

=}



o A Qe BAEE AT A P4 7

make_record <- function(key, data) {pair(key, data)}
key <- function(record) {head(record)}
data <- function(record) {tail(record)}

lookup <- function(given_key, set_of_records) {
if (is.null(set_of_records)) {
FALSE
} else if (identical(given_key, key(head(set_of_records)))) {
head(set_of_records)
} else {
lookup(given_key, tail(set_of_records))
}
}

lookup(3, List(make_record(2, "Venus"),
make_record(5, "Jupiter"),
make_record(4, "Mars"),
make_record(3, "Earth"),
make_record(6, "Saturn")))

## [ 3, Earth ]

2.3.4. EX: Huffman Encoding Trees
« 7129] o]xl Ho3k

— 114 o] B35 (fixed-length codes)
+ A=000, B=001, C=010, D=011
+ E=100, F=101, G=110, H=111

— 7} Zo] B (variable-length codes)
* 24 2ol 7|2 o A2 RS A
x A=0, B=100, C=1010, D=1011
+ E=1100, F=1101, G=1110, H=1111

make_leaf <- function(symbol, weight) {
List("leaf", symbol, weight)
}

is_leaf <- function(object) {
identical (head(object), "leaf")

37} 7P e T olahe] k= e R s A (7



}

symbol_leaf <- function(x) {head(tail(x))}
weight_leaf <- function(x) {head(tail(tail(x)))}

o EO Y

make_code_tree <- function(left, right) {
List("code_tree", left, right,
appnd (symbols(left), symbols(right)),
weight(left) + weight(right))

. AEz

left_branch <- function(tree) {head(tail(tree))}
right_branch <- function(tree) {head(tail(tail(tree)))}

symbols <- function(tree) {
if (is_leaf(tree)) {
List (symbol_leaf (tree))
} else {
head(tail(tail(tail(tree))))
}
}

weight <- function(tree) {
if (is_leaf(tree)) {
weight_leaf (tree)

} else {
head(tail(tail(tail(tail(tree)))))
}
}
o A
{ABCDEFGH}17
{BCDEFGH}9
A8
{EFGH}4
{BCD}5
{GH}2
B3

C1 D1 G1 H1

Figure 3: 3|ZH 25 E2|

leaf A <- make_leaf("A", 8)
leaf B <- make_leaf("B", 3)



leaf _C <- make_leaf("C", 1)
leaf D <- make_leaf("D", 1)
leaf E <- make_leaf ("E", 1)
leaf F <- make_leaf("F", 1)
leaf G <- make_leaf("G", 1)
leaf H <- make_leaf ("H", 1)

subtree_CD <- make_code_tree(leaf_C, leaf_D)
subtree_EF <- make_code_tree(leaf_E, leaf F)
subtree_GH <- make_code_tree(leaf_G, leaf_ H)
subtree_EFGH <- make_code_tree(subtree_EF, subtree_GH)
subtree_BCD <- make_code_tree(leaf B, subtree_CD)

subtree_BCDEFGH <- make_code_tree(subtree_BCD, subtree_ EFGH)
tree_ABCDEFGH <- make_code_tree(leaf_A, subtree_ BCDEFGH)

subtree_CD

## [ code_tree, [ [ leaf, [ C

, L1, NULL] 11, [ [leaf, [ D, [ 1, NULL] 11, [ LC, [
- D, NULL ] 1, [ 2, NULL ] 1 1 1]

]

10| e EZ0 2 o)

choose_branch <- function(bit, branch) {
if (bit == 0) {
left_branch(branch)
} else if (bit == 1) {
right_branch(branch)
} else {
stop("bad bit -- choose branch")
}
}

decode <- function(bits, tree) {
decode_1 <- function(bits, current_branch) {
if (is.null(bits)) {
NULL
} else {
next_branch <- choose_branch(head(bits),
current_branch)
if (is_leaf(mext_branch)) {
pair(symbol_leaf (next_branch),
decode_1(tail(bits), tree))

} else {
decode_1(tail(bits), next_branch)
}
}
}
decode_1(bits, tree)

}
decode(List(1, 0, 0, 0, 1, 0, 1, 0), tree_ABCDEFGH)

## [ B, [ A, [ C, NULL ] ] 1]



o T B0 713 AelA 7P 2 FES e 4t o] W o
— A 9 g2ER T (ex. 2.61)

adjoin_set <- function(x, set) {
if (is.null(set)) {
List (x)
} else if (weight(x) < weight(head(set))) {
pair(x, set)
} else {
pair(head(set), adjoin_set(x, tail(set)))
}
}

make_leaf_set <- function(pairs) {
if (is.null(pairs)) {
NULL
} else {
first_pair <- head(pairs)
adjoin_set (make_leaf (head(first_pair), head(tail(first_pair))),
make_leaf_set(tail(pairs)))
¥
¥

make_leaf_set(List(List("A", 4),
List("B", 2),
List("C", 1),
List("D", 1) )

## [ [ leaf, [ D

s 1, NULL 1 11, [ [ leaf, [ C, [ 1, NULL ] 1 1, [ [ leaf,
< NULL 111, [

[
[ leaf, [ A, [ 4, NULL ] ] ], NULL ] 1 ] ]

2.4. Multiple Representations for Abstract Data

2.4.1. Representations for Complex Numbers

Programs that use complex numbers

add_complex mul_complex

sub_complex div_complex

Complex-arithmetic package
A\

Rectangular Polar
representation representation

\J
List structure and primitive machine arithmetic

Figure 1: S 82| ClOJE| £4431 Z (R2i4 Wit 8l)

. 24 w@E)
— AN E: =2 +1y
— A E: 2z = rexp(iA)

10
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Imaginary

32 s z=x+iy=re”

Real

Figure 2: 24%H

o XE4Z}: real_part, imag_part, magnitude, angle

o A} make_from_real_imag, make_from_mag_ang
# Wegs 27
make_from_real_imag(real_part(z), imag_part(z)) == z
make_from_mag_ang(magnitude(z), angle(z) == z)

. Bag A

-

%(21 + 22) = 5}%(21) + %(22), %(2’1 + 22) = %(Zl) + %(22)

|Zl'22|:|21"|22‘, 421'22:421+422

r=|z|=va2+y? a=ZLz=atan2(y, )

r=rcosa, Yy =rsinbd

add_complex <- function(zl, z2) {
make_from_real_imag(real_part(zl) + real_part(z2),
imag_part(zl) + imag_part(z2))
}
sub_complex <- function(zl, z2) {
make_from_real_imag(real_part(zl) - real_part(z2),
imag_part(zl) - imag_part(z2))
}
mul_complex <- function(zl, z2) {
make_from_mag_ang(magnitude(zl) * magnitude(z2),
angle(zl) + angle(z2))
}
div_complex <- function(zl, z2) {
make_from_mag_ang(magnitude(zl) / magnitude(z2),
angle(zl) - angle(z2))

o AWIE BY: pair(kALES | <54ES)

11



real_part <- function(z) {head(z)}
imag_part <- function(z) {tail(z)}

magnitude <- function(z) {
sqrt (square(real_part(z)) + square(imag_part(z)))
}
angle <- function(z) {
atan2(imag_part(z), real_part(z))
}

make_from_real_imag <- function(x, y) {
pair(x, y)

}

make_from_mag_ang <- function(r, a) {
pair(r * cos(a), r * sin(a))

}

my_co_num_1 <- make_from_real_imag(2.5, -0.5)
my_co_num_2 <- make_from_real_imag(2.5, -0.5)
result <- add_complex(my_co_num_1,
mul_complex(my_co_num_2,
my_co_num_2))
imag_part(result)

## [1] -3
o FHE EH: pair(<3A7]>, <HZh)

real_part <- function(z) {
magnitude(z) * cos(angle(z))

}

imag_part <- function(z) {
magnitude(z) * sin(angle(z))

}

magnitude <- function(z) { head(z) }
angle <- function(z) { tail(z) }

make_from_real_imag <- function(x, y) {
pair(sqrt(square(x) + square(y)),
atan2(y, x))
}
make_from_mag_ang <- function(r, a) {
pair(r, a)

}

my_co_num_1 <- make_from_real_imag(2.5, -0.5)
my_co_num_2 <- make_from_real_imag(2.5, -0.5)
result <- add_complex(my_co_num_1,
mul_complex(my_co_num_Q,
my_co_num_2))
imag_part(result)

## [1] -3

12



o Fge A FA42 FSl diol" A it A =
AACNA Y] FAEE
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)

2.4.2. Tagged Data

o Jumel FE B FohA] AME > F EIS FEY WE| K(tag) T2 AR

attach_tag <- function(type_tag, contents){
pair(type_tag, contents)

type_tag <- function(datum){
if (is_pair(datum)){
head (datum)
} else {
stop("bad tagged datum -- type_tag")
}
}
contents <- function(datum){
if (is_pair(datum)){
tail(datum)
} else {
stop("bad tagged datum -- contents")
}
}

. o]
is_rectangular <- function(z){
identical (type_tag(z), "rectangular")
}
is_polar <- function(z){
identical (type_tag(z), "polar")
}

. AmaE, 33

=
kel
rl

7h

real_part_rectangular <- function(z) { head(z) }
imag_part_rectangular <- function(z) { tail(z) }
magnitude_rectangular <- function(z) {
sqrt (square(real_part(z)) + square(imag_part(z)))
}
angle_rectangular <- function(z) {
atan2(imag_part_rectangular(z),
real_part_rectangular(z))

=)

}
make_from_real_imag_rectangular <- function(x, y) {
attach_tag("rectangular", pair(x, y))
}
make_from_mag_ang_rectangular <- function(r, a) {
attach_tag("rectangular",
pair(r * cos(a), r * sin(a)))

}

real_part_polar <- function(z) {
magnitude_polar(z) * cos(angle_polar(z))

13
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(data type) B Q



}

imag_part_polar <- function(z) {
magnitude_polar(z) * sin(angle_polar(z))

}

magnitude_polar <- function(z) { head(z) }

angle_polar <- function(z) { tail(z) }

make_from_real_imag_polar <- function(x, y) {
attach_tag("polar",

pair(sqrt(square(x) + square(y)),
atan2(y, x)))

}

make_from_mag_ang_polar <- function(r, a) {
attach_tag("polar", pair(r, a))

}

make_from_real_imag <- function(x, y) {
make_from_real_imag_rectangular(x, y)

}

make_from_mag_ang <- function(r, a) {
make_from_mag_ang_polar(r, a)

}

. AU e TE: We|EE BT ARG P

real_part <- function(z) {
if (is_rectangular(z) ) {
real_part_rectangular(contents(z))
} else if (is_polar(z) ) {
real_part_polar(contents(z))
} else {
stop("unknown type -- real_part")
}
}
imag_part <- function(z) {
if (is_rectangular(z) ) {
imag_part_rectangular(contents(z))
} else if (is_polar(z) ) {
imag_part_polar(contents(z))
} else {
stop("unknown type -- imag_part")
}
}

magnitude <- function(z) {
if (is_rectangular(z) ) {
magnitude_rectangular(contents(z))
} else if (is_polar(z) ) {
magnitude_polar(contents(z))
} else {
stop("unknown type -- magnitude")
}
}
angle <- function(z) {
if (is_rectangular(z) ) {

14

ol
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angle_rectangular(contents(z))
} else if (is_polar(z) ) {

angle_polar(contents(z))
} else {

stop("unknown type -- angle")
}

}

z <- make_from_mag_ang(3.0, 0.7)
imag_part(z)

## [1] 1.932653

. TR BT 7)Y}

'1;- .
~ ole] wET} A2 Bel > A2e &
Q12 (additivity)

. ARGl et 2 FAS T ANPLE T b5
2.4.3. Data-Directed Programming and Additivity

o A" 7]t ot (dispatching on type): At=& 749 & uhA A g
o Q5 AR T > Qi BE TP BES Fopop

- Aze EAFL 2716k o5 B4 BE TAF ¢
— N Bdo] S ol & o] 59 FE0] AUS & U
-> H|7HH]
g XY 22849
o ARt Shpo] tis 234 BE e
- W s A
- T AR
Types
Operations Polar Rectangular
real_part real_part_polar real_part_rectangular
imag_part imag_part_polar imag_part_rectangular
magnitude magnitude_polar magnitude_rectangular
angle angle_polar angle_rectangular

Figure 4: & & S44 A& A|AHIQ| MEXL

=

o IQ o (AA ¥ in 3%)
— Put(<op>, <type>, <item>)

* <item>g <op>(T), <type>(E)of gt Hof| 55
— Get(<op>, <type>)

* <op>(3l), <type>(@)o 2 Hof| TEH ofolgl ¥t (g1 FALSE)

install_rectangular_package <- function() {
# internal functions

15



}

real_part <- function(z) {head(z)}
imag_part <- function(z) {tail(z)}
magnitude <- function(z) {
sqrt(square(real_part(z)) + square(imag_part(z)))
}
angle <- function(z) {
atan2(imag_part(z), real_part(z))
}
make_from_real_imag <- function(x, y) { pair(x, y) }
make_from_mag_ang <- function(r, a) {
pair(r * cos(a), r * sin(a))

}

# interface to the rest of the system

tag <- function(x) { attach_tag('"rectangular", x) }

Put("real_part", List("rectangular"), real_part)

Put("imag_part", List("rectangular"), imag_part)

Put ("magnitude", List("rectangular"), magnitude)

Put("angle", List("rectangular"), angle)

Put ("make_from_real_imag", "rectangular",
function(x, y) { tag(make_from_real_imag(x, y)) }
)

Put ("make_from_mag_ang", "rectangular",
function(r, a) { tag(make_from_mag_ang(r, a)) }
)

"done"

install_rectangular_package()

## [1] "done"

install_polar_package <- function() {

# internal functions

real_part <- function(z) {
magnitude(z) * cos(angle(z))

}

imag_part <- function(z) {
magnitude(z) * sin(angle(z))

}

magnitude <- function(z) { head(z) }

angle <- function(z) { tail(z) }

make_from_real_imag <- function(x, y) {
pair(sqrt(square(x) + square(y)),

atan2(y, x))
}

make_from_mag_ang <- function(r, a) { pair(r, a) }

# interface to the rest of the system

tag <- function(x) { attach_tag("polar", x) }
Put("real_part", List("polar"), real_part)
Put("imag part", List("polar"), imag_part)
Put ("magnitude", List("polar"), magnitude)

16



Put("angle", List("polar"), angle)

Put ("make_from_real_imag", "polar",
function(x, y) { tag(make_from_real_imag(x, y)) }
)
Put ("make_from_mag_ang", "polar",
function(r, a) { tag(make_from_mag_ang(r, a)) }
)
"done"

}

install_polar_package()

## [1] "done"

o QlH} A]

=2 =

a7}

apply_generic <- function(op, args) {
type_tags <- map(type_tag, args)
fun <- Get(op, type_tags)
if (lidentical (fun, FALSE)) {
do_call(fun, map(contents, args))
} elsed{
stop("no method for these types -- apply_generic")
}
}

do_call <- function(what, args) {
if (lis_pair(args)) {
stop("second argument must be a List")
} else {
args <- flatten_list(args)
do.call(what, args) # R primitive
}
}

real_part <- function(z) { apply_generic("real_part", List(z)) }
imag_part <- function(z) { apply_generic("imag_part", List(z)) }
magnitude <- function(z) { apply_generic("magnitude", List(z)) }
angle <- function(z) { apply_generic("angle", List(z)) }

. AR

make_from_real_imag <- function(x, y) {

Get("make_from_real_imag", "rectangular")(x, y)
}
make_from_mag_ang <- function(r, a) {

Get ("make_from_mag_ang", "polar")(r, a)
}

z <- make_from_real_imag(1.0, 4.5)
z2 <- add_complex(z, z)
imag_part(z2); real_part(z2)

## [1] 9

17



## [1] 2
Az Ag

. A7 AP m2 1Yol Bk 7Y
. A2Y g4 A4t ol Bg Flsto 7 nae Al @4 A A4

make_from_real_imag <- function(x, y) {
dispatch <- function(op) {

if (identical(op, "real _part") ) {
X

} else if (identical(op, "imag_part") ) {
y

} else if (identical(op, '"magnitude") ) {
sqrt(square(x) + square(y))

} else if (identical(op, "angle") ) {

atan2(y, x)
} else {
stop("unknown op -- make_from_real_imag")
}
}
dispatch

}

o A WA AdEA Ao

pair <- function(x, y) {
dispatch <- function(message) {
if (message == 0) {
X
} else if (message == 1) {
y
} else {
stop("argument not 0 or 1 -- pair")
}
}
dispatch
}
head <- function(pair) { pair(0) }
tail <- function(pair) { pair(1l) }

. urAER A8

et

% w7

apply_generic <- function(op, arg) { head(arg) (op) }

o« A

-

g o] At 5

real_part <- function(z) { apply_generic("real_part", List(z)) }
imag_part <- function(z) { apply_generic("imag part", List(z)) }
magnitude <- function(z) { apply_generic("magnitude", List(z)) }
angle <- function(z) { apply_generic("angle", List(z)) }

z <- make_from_real_imag(3, 4)
real_part(z); imag_part(z); magnitude(z); angle(z)

18



## [1] 3
## [1] 4
## [11 5
## [1] 0.9272952

2.5. Systems with Generic Operations

o it &5 Tl HlolE dAS #¥ctE ZEE o8 B A
. OHE EF9 Aol tfat At A4S Ze Paoz Hojd
Programs that use numbers
| add sub mul div |
| )
Generic arithmetic package
add_rat sub_rat add_complex  sub_complex b
mul_rat div_rat mul_complex div_complex
. Complex arithmetic .
Rational Ordinary
arithmetic arithmetic
Rectangular Polar

List structure and primitive machine arithmetic

Figure 1: 2EH A& AJAR

2.5.1. Generic Arithmetic Operations

o HEO] Lo + §E|5o= add_rat, BE45o= add_complex A&

add <- function(x, y) { apply_generic("add", List(x, y)) }
sub <- function(x, y) { apply_generic("sub", List(x, y)) }
mul <- function(x, y) { apply_generic("mul", List(x, y)) }
div <- function(x, y) { apply_generic("div", List(x, y)) }

o HE & A& AT 1f]7] 7]

install_ordinary_number_package <- function() {
tag <- function(x) {
attach_tag("ordinary_number", x)

}

# generic arithmetic functions

Put("add", List("ordinary_number", "ordinary_number"),
function(x, y) { tag(x + y) })

Put ("sub", List("ordinary_number", "ordinary_number"),
function(x, y) { tag(x - y) })

Put("mul", List("ordinary_number", "ordinary_number"),
function(x, y) { tag(x * y) } )

Put("div", List("ordinary_number", "ordinary_number"),

function(x, y) { tag(x / y) } )

19



# constructor

Put ("make", "ordinary_number",
function(x) { tag(x) } )

"done"

}

install_ordinary_number_package ()

## [1] "done"
. AR

make_ordinary_number <- function(n) {
Get ("make", "ordinary_number") (n)

}

o frEle Ats (218 AE8)

install_rational_package <- function() {
# internal functions
numer <- function(x) { head(x) 1}
denom <- function(x) { tail(x) 2
make_rat <- function(n, d) {
g <- gcd(n, d)
pair(n / g, d / g
}
add_rat <- function(x, y) {
make_rat (numer(x) * denom(y) + numer(y) * denom(x),
denom(x) * denom(y))
}
sub_rat <- function(x, y) {
make_rat (numer(x) * denom(y) - numer(y) * denom(x),
denom(x) * denom(y))
}
mul_rat <- function(x, y) {
make_rat (numer(x) * numer(y),
denom(x) * denom(y))
}
div_rat <- function(x, y) {
make_rat (numer(x) * denom(y),
denom(x) * numer(y))
}
# interface to rest of the system
tag <- function(x) {
attach_tag("rational", x)
}
Put("add", List("rational", "rational"),
function(x, y) { tag(add_rat(x, y)) } )

Put("sub", List("rational", "rational"),
function(x, y) { tag(sub_rat(x, y)) } )
Put("mul", List("rational", "rational"),
function(x, y) { tag(mul_rat(x, y)) } )
Put("div", List("rational", "rational"),
function(x, y) { tag(div_rat(x, y)) } )
Put ("make", "rational",
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function(n, d) { tag(make_rat(n, d)) } )
n done n

}

install_rational_package()

## [1] "done"
. AR

make_rational <- function(n, d) {
Get("make", "rational") (n, d)

}

o SagAE (242 AER)

install_complex_package <- function() {
# imported functions from rectangular and polar packages
make_from_real_imag <- function(x, y) {

Get ("make_from_real_imag", "rectangular")(x, y)
¥
make_from_mag_ang <- function(r, a) {

Get ("make_from_mag_ang", "polar")(r, a)
}

# internal functions
add_complex <- function(zl, z2) {
make_from_real_imag(real_part(zl) + real_part(z2),
imag_part(zl) + imag_part(z2))
3
sub_complex <- function(zl, z2) {
make_from_real_imag(real_part(zl) - real_part(z2),
imag_part(zl) - imag_part(z2))
3
mul_complex <- function(zl, z2) {
make_from_mag_ang(magnitude(zl) * magnitude(z2),
angle(zl) + angle(z2))
}
div_complex <- function(zl, z2) {
make_from_mag_ang(magnitude(zl) / magnitude(z2),
angle(zl) - angle(z2))
}
# interface to rest of the system
tag <- function(z) { attach_tag('"complex", z) }
Put("add", List("complex", "complex"),
function(zl, z2) { tag(add_complex(zl, z2)) } )
Put ("sub", List("complex", "complex"),
function(zl, z2) { tag(sub_complex(zl, z2)) } )
Put("mul", List("complex", "complex"),
function(zl, z2) { tag(mul_complex(zl, z2)) } )
Put("div", List("complex", "complex"),
function(zl, z2) { tag(div_complex(zl, z2)) } )

Put ("make_from_real_imag", "complex",
function(x, y) { tag(make_from_real_imag(x, y)) } )
Put ("make_from_mag_ang", "complex",

function(r, a) { tag(make_from_mag_ang(r, a)) } )
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n done n

}

install_rectangular_package();

## [1] "done"
install_polar_package() ;

## [1] "done"

install_complex_package ()
## [1] "done"
. AR

make_complex_from_real_imag <- function(x, y) {

Get("make_from_real_imag", "complex")(x, y)
}
make_complex_from_mag_ang <- function(r, a) {
Get("make_from_mag_ang", "complex")(r, a)
}

o 2.4.3.3} H]1: 22 H]

e
Ear—ann

Figure 2: 2= Ej 1 A|AH]

.
>
[>
i)

r <- make_complex_from_real_imag(4, 3)
p <- make_complex_from_mag_ang(5, 0.5)

add(r, p); # results in a complex number in rectangular coord

## [ complex, [ rectangular, [ 8.387913, 5.397128 1 ] ]

mul(r, p) # results in a complex number in polar coordinates
## [ complex, [ polar, [ 25, 1.143501 ] ] ]

2.5.2. Combining Data of Different Types

Put("add", List("ordinary_number", "ordinary_number"),
function(x, y) { taglx + y) } ) # E& =+ + E&E +
Put("add", List("rational", "rational"),

function(x, y) { tag(add_rat(x, y)) } ) # 72+ + 22+
Put("add", List("complex", "complex"),
function(zl, z2) { tag(add_complex(zl, z2)) } ) # 245 + E44
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A s
- FARFY AAE B AR AR AF
- eg. HE 5 = 55HI7F 09 Hag

ordinary_number_to_complex <- function(n) {
make_complex_from_real_imag(contents(n), 0)

}

put_coercion("ordinary_number", "complex",
ordinary_number_to_complex)

## [1] "done"

e apply_generic =74

apply_generic <- function(op, args) {
type_tags <- map(type_tag, args)
fun <- Get(op, type_tags)
if (!'identical(fun, FALSE) ) {
do_call(fun, map(contents, args))
} else if (len(args) == 2 ) {
typel <- head(type_tags)
type2 <- head(tail(type_tags))
al <- head(args)
a2 <- head(tail(args))
tl_to_t2 <- get_coercion(typel, type2)
t2_to_tl <- get_coercion(type2, typel)
if (!identical(tl_to_t2, FALSE) ) {
apply_generic(op, List(tl_to_t2(al), a2))
} else if (!identical(t2_to_t1, FALSE) ) {
apply_generic(op, List(al, t2_to_t1(a2)))

} else {
stop(paste(capture.output (print(List(op, type_tags))),
— -—— apply_generic"))
}
} else {
stop(paste(capture.output (print(List(op, type_tags))),
< —-— apply_generic"))

X
3

z <- make_complex_from_real_imag(4, 3)
n <- make_ordinary_number (7)
add(z, n)

## [ complex, [ rectangular, [ 11, 3] ] ]
4299 A% 72

o SH91% (subtype), %13 (supertype)
— A (raise): A -> 5, FElg > A
— A2 (inheritance): real _part (<d4>)
— 7F5(lower): (2+3i)+ (4 —3i) =6

23
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« AF PRI ARG S B4 e k9199 A=Y

2.5.3. EX: Symbolic Algebra
m QAbAf o] g5l Astate] B 1

- Yz WA=, dae) =R 59 A 4
. A28 ARAT, OatA], Saldts, ek =
o e.g. x?sin(y? + 1) + x cos 2y + cos(y® — 2y?)

~ 249 AR 29 A

~ wo] Thaale] A% 7S

— Azbate o] 014 yol tharAl

— yo] THaHAl o] A S AL

S}7]

olx

Al Ate A

o %L SRl Al T

A, BT T2

>

o AEiZ}: variable, term_list - H4QL FEO| Z|lAE
q

o A2} make_poly

S~

add_poly <- function(pl, p2) {
if (is_same_variable(variable(pl), variable(p2))) {
make_poly(variable(pl),
add_terms(term_list(pl), term_list(p2)))
} else {
stop(paste(capture.output (print(List(pl, p2))),
"polys not in same var -- add_poly"))
3
}

mul_poly <- function(pl, p2) {
if (is_same_variable(variable(pl), variable(p2)) ) {
make_poly(variable(pl),
mul_terms(term_list(pl), term_list(p2)))
} else {
stop(paste(capture.output (print(List(pl, p2))),
"polys not in same var -- mul_poly"))
}
}

is_same_variable <- function(vl, v2) { # Sect 2.3.2
is_variable(vl) && is_variable(v2) && identical(vi, v2)
}

is_variable <- function(x) { is.character(x) }

. AY A A2H

Jofl &<
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# template
install_polynomial_package <- function() {
# internal functions

## representation of poly

make_poly <- function(variable, term_list) {

pair(variable, term_list)
+
variable <- function(p) { head(p) }
term_list <- function(p) { tail(p) }
### <is_same_variable, is_variable>

## representation of terms and term lists

adjoin_term <- function(term, term_list) { ... }
### <more functioms...>

coeff <- function(term) { ... }

add_poly <- function(pl, p2) { ... }

### <functions used by add-poly>

mul_poly <- function(pl, p2) { ... }
### <functions used by mul-poly>

# interface to rest of the system

tag <- function(p) { attach_tag("polynomial", p) }
Put("add", List("polynomial", "polynomial),
function(pl, p2) { tag(add_poly(pl, p2)) } )
Put("mul", List("polynomial", "polynomial"),
function(pl, p2) { tag(mul_poly(pl, p2)) } )

Put("make", "polynomial",
function(variable, terms) {

tag(make_poly(variable, terms))

}
)

"done"

o349 54
. A7 e B ol Ui A 23 A
. s BliE
— the_empty_termlist: A=At
— adjoin_term: ¢ ZAE0| A & F7}

— is_empty_termlist: &9]

rr

— first_term, rest_terms: A&z}
o Fof tigk ot

— make_term: A2}

— order(Z}z), coeff(Al4): Az}t

add_terms <- function(L1l, L2) {
if (is_empty_termlist(L1l) ) {

(

=

Ol

T ©
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L2
} else if (is_empty_termlist(L2) ) {
L1
} else {
t1 <- first_term(L1)
t2 <- first_term(L2)
if (order(t1) > order(t2) ) {
adjoin_term(tl, add_terms(rest_terms(L1l), L2))
} else if (order(tl) < order(t2) ) {
adjoin_term(t2, add_terms(Ll, rest_terms(L2)))
} else {
adjoin_term(make_term(order(tl),
add(coeff (tl), coeff(t2))), # t19 Zf=~, ZH+9]
add_terms(rest_terms(L1),
rest_terms(L2))) # LfOHR[ G4t

!

Eo 7+ 32 § Z|AEQ RE & H (mul_term_by_all_terms)
g ), 3% = (% o] 240 g9l o

N2 AL g g AEES BT ¢ sl B AER W

|
w4 >
=
1o
oh -
2
B
I
Jn
O
1o
2
P
lo
il

mul_terms <- function(L1l, L2) {
if (is_empty_termlist(L1)) {
the_empty_termlist
} else {
add_terms(mul_term_by_all_terms(first_term(L1), L2),
mul_terms(rest_terms(L1), L2))
¥
¥

mul_term_by_all_terms <- function(tl, L) {
if (is_empty_termlist(L)) {
the_empty_termlist
} else {
t2 <- first_term(L)
adjoin_term(make_term(order(tl) + order(t2),
mul (coeff(tl), coeff(t2))),
mul_term_by_all_terms(tl, rest_terms(L)))

2
9,
T
T

4+ add, mul -> ¥k 4tz W 7| 2)7F 2| Y5ks RE a5 AR AR 7 (+ A I

Put("add", List("polynomial", "polynomial),
function(pl, p2) { tag(add_poly(pl, p2)) } )

## [1] "ok"
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Put("mul", List("polynomial", "polynomial"),
function(pl, p2) { tag(mul_poly(pl, p2)) } )

## [1] "ok"

* polynomial A& ¢S] AR} A4 7}

or

GRS L]
o @ P2E: ASE key R S AS JG
. 233.9 JY BF T4 B8 (24 H2E)
o 29 oy 2 422" + 322 - 20 -5

List(1, 2, 0, -2, -5)

o 34 ThSHA] 2100 4 222 + 1
List(List (100, 1), List(2, 2), List(0, 1))

adjoin_term <- function(term, term_list){
if (is_equal_to_zero(coeff (term))) {
term_list
} else {
pair(term, term_list)
}
}

the_empty_termlist <- NULL

first_term <- function(term_list) {head(term_list)}

rest_terms <- function(term_list) {tail(term_list)}
is_empty_termlist <- function(term_list) { is.null(term_list) }

make_term <- function(order, coeff){List(order, coeff)}
order <- function(term) {head(term)}
coeff <- function(term) {head(tail(term))}

install_ordinary_number_is_equal_to_zero <- function() {
Put("is_equal_to_zero", List("ordinary_number"),
function(x) {x == 0} )
|ldone|l

}

install_ordinary_number_is_equal_to_zero()

## [1] "done"

is_equal_to_zero <- function(x) {
apply_generic("is_equal_to_zero", List(x))

. AR

make_polynomial <- function(variable, terms){
Get("make", "polynomial")(variable, terms)

}
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. AR

e

A7

install_polynomial_package <- function() {
# internal functions

## representation of poly

make_poly <- function(variable, term_list) {
pair(variable, term_list)

}

variable <- function(p) { head(p) }

term_list <- function(p) { tail(p) }

## representation of terms and term lists
adjoin_term <- function(term, term_list) {
if (is_equal_to_zero(coeff (term)) ) {
term_list
} else {
pair(term, term_list)
}
}
the_empty_termlist <- NULL
first_term <- function(term_list) { head(term_list) }
rest_terms <- function(term_list) { tail(term_list) }
is_empty_termlist <- function(term_list) { is.null(term_list) }
make_term <- function(order, coeff) { List(order, coeff) }
order <- function(term) { head(term) }
coeff <- function(term) { head(tail(term)) }

add_poly <- function(pl, p2) {
if (is_same_variable(variable(pl), variable(p2)) ) {
make_poly(variable(pl),
add_terms(term_list(pl), term_list(p2)))
} else {
stop(paste(capture.output (print (List(pl, p2))),
"polys not in same var -- add_poly"))
¥
¥
add_terms <- function(L1l, L2) {
if (is_empty_termlist(L1) ) {
L2
} else if (is_empty_termlist(L2) ) {
L1
} else {
tl <- first_term(L1)
t2 <- first_term(L2)
if (order(tl) > order(t2) ) {
adjoin_term(tl, add_terms(rest_terms(L1), L2))
} else if (order(tl) < order(t2) ) {
adjoin_term(t2, add_terms(Ll, rest_terms(L2)))
} else {
adjoin_term(make_term(order(tl),
add(coeff(t1), coeff(t2))),
add_terms(rest_terms(L1),
rest_terms(L2)))

28



}
}
mul_poly <- function(pl, p2) {
if (is_same_variable(variable(pl), variable(p2)) ) {
make_poly(variable(pl),
mul_terms(term_list(pl), term_list(p2)))
} else {
stop(paste(capture.output (print (List(pl, p2))),
"polys not in same var -- mul_poly"))
}
¥
mul_terms <- function(Ll, L2) {
if (is_empty_termlist(L1) ) {
the_empty_termlist
} else {
add_terms(mul_term_by_all_terms(first_term(L1), L2),
mul_terms(rest_terms(L1), L2))
}
¥
mul_term_by_all_terms <- function(tl, L) {
if (is_empty_termlist(L)) {
the_empty_termlist
} else {
t2 <- first_term(L)
adjoin_term(make_term(order(tl) + order(t2),
mul (coeff(tl), coeff(t2))),
mul_term_by_all_terms(tl, rest_terms(L)))

# interface to rest of the system
tag <- function(p) { attach_tag("polynomial", p) }
Put("add", List("polynomial", "polynomial'),
function(pl, p2) { tag(add_poly(pl, p2)) } )
Put("mul", List("polynomial", "polynomial"),
function(pl, p2) { tag(mul_poly(pl, p2)) } )
Put ("make", "polynomial",
function(variable, terms) {
tag(make_poly(variable, terms))
X
)
"done"

}

install_polynomial_package ()

## [1] "done"

o A
(42”4 32 + 7)(52% + 22 4 10) = 202* + 232> + 8122 + 442 + 70

pl <- make_polynomial("x",
List(make_term(2, make_ordinary_number(4)),
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make_term(1,
make_term(O,
p2 <- make_polynomial("x",
List(make_term(2,
make_term(1,
make_term(O,

make_ordinary_number(3)),
make_ordinary_number(7))))

make_ordinary_number(5)),
make_ordinary_number(2)),
make_ordinary_number (10))))

mul(pl, p2)

## [ polynomial, [ x, [ [ 4, [ [ ordinary_number, 20 1, NULL 1 1, [ [ 3, [ [
ordinary_number, 23 ], NULL ] 1, [ [ 2, [ [ ordinary_number, 81 ], NULL 1 1, [ [ 1, [
[ ordinary_number, 44 ], NULL ] 1, [ [ O, [ [ ordinary_number, 70 ], NULL ] ], NULL ]
111111

—
—

—

A% dsolAel Aung A% 72

o QA T PRI} obd: (A4 yol ThFAQ 29] ThaA))

o Hpo] &AE w72 ST B2 W R E st

o o o 22

el
o o® ZEF AA(FGFA A7 AAZE A2 B2 42ge o ANZ THY B AL 5
0] o
A
o A O] 2 olee §1g: by A At A4 4
o ANA dlole F4sk tkAlol T4 84 A7 kA S 9Le
o A QA lole) XA Z2 YL ol gto] s

3. Modularity, Objects, and State

3.1. Assignment and Local State
3.1.1. Local State Variables
o withdraw: 23] A%} Q1E +&
- #e 9, uE At
— Al (state) S 7] ISHES dloF 7@ 7Fs
balance <- 100

withdraw <- function(amount) {
if (balance >= amount) {
assign("balance", balance - amount, inherits = TRUE)
balance
} else {
"Insufficient funds"
}
}

o h¢(assignment) assign(<name>, <value>, inherits=TRUE )
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— <name>°| UEI= 0] g5 <value>2 W7

withdraw(25);

## [1] 75
withdraw(25)

## [1] 50

%1€ 99

1A7kA] m2 oA ARE-SE o] FE-2 ¥ (immutable)

& Aztet 22 Al (time-varying) 7HA©] BE-& LA H AA ] e ¥ (balance)o] G W7

& lefoF g

— “WAE A 22 o] 5] Mg M2 e tiedohs A

+ balance’} withdraw WAt T 7Faole & ol Zlo] BESte] G238 A Ad] W4 (local state
variable) 9] 7'\ © &s] 74

[

et rlo

make_withdraw_balance_100 <- function() {
balance <- 100
function(amount) {
if (balance >= amount) {
assign("balance", balance - amount, inherits = TRUE)
balance
} else {
"Insufficient funds"
}
}
}

new_withdraw <- make_withdraw_balance_100()
new_withdraw(25)

## [1] 75

make_withdraw <- function(balance) {
function(amount) {
if (balance >= amount) {
assign("balance", balance - amount, inherits=TRUE )
balance
} else {
"Insufficient funds"
}
}
}

W1l <- make_withdraw(100)
W2 <- make_withdraw(100)

A& A2 FA

o Wb w2E SHARD WA -> 2] Ao AfH ¥4 balances 71



W1(50); W2(70)

## [1] 50
## [1] 30

make_account <- function(balance) {
withdraw <- function(amount) {
if (balance >= amount) {
assign("balance", balance - amount, inherits = TRUE)
balance
}
}
deposit <- function(amount) {
assign("balance", balance + amount, inherits = TRUE)
balance

}
dispatch <- function(m) {
if (m == "withdraw") {
withdraw
} else if (m == "deposit") {
deposit
} else {
stop(past ("unknown request -- make_account", m))

}
+
dispatch
}
45 7Fed 23 A AA
o make_account § &0t} 2| Ae| W4 balanceE ZH= $H7 (environment)o] TS0 F
o Hrehgh(dispatch)& HAIZ] A WA (2.4.3) 08 238 A|F /HAE vettl= ok
— 97 ol Ao Wag WA vk
acc <- make_account (100)
acc("withdraw") (50);
## [1] 50
acc("deposit") (40)

## [1]1 90

acc2 <- make_account (100)
acc2("withdraw") (30);

## [1] 70
acc2("deposit") (50)

## [1] 120
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3.1.2. The Benefits of Introducing Assignment
o ZHZIEE A9 FA9E Pt Ao 2 AF HleriE BT
. RARR 22 T 4GS AR2A HB0] Sett AR RE 7

# General Monte Carlo Function
monte_carlo <- function(trials, experiment) {
iter <- function(trials_remaining, trials_passed) {
if (trials_remaining == 0) {
trials_passed / trials
} else if (experiment()) {
iter(trials_remaining - 1, trials_passed + 1)
} else {
iter(trials_remaining - 1, trials_passed)
}
}
iter(trials, 0)
}

« rand: 2 LEo|A FHY| 52

rand_update <- function(x) {
m<- 2731 -1
a <- 775
b <- OL
(a*x+Db) %%m

x_1 <- 3 # given number
x_2 <- rand_update(x_1)
x_3 <- rand_update(x_2)

« Y%L o8¢ rand 7@
random_init <- 123456789L

make_rand <- function() {
x <- random_init
function() {
assign("x", rand_update(x), inherits=TRUE )
X
}
}

rand <- make_rand()

gecd <- function(a, b) {

ifelse(b == 0, a, gcd(b, a %% b))
}
dirichlet_test <- function() {

gcd(rand(), rand()) == # TRUE or FALSE
}

estimate_pi <- function(trials) {
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sqrt(6 / monte_carlo(trials, dirichlet_test))
}

estimate_pi(500)

7o) BejrlEa 2%
## [1] 3.285022

random_gcd_test <- function(trials, initial_x) {
iter <- function(trials_remaining, trials_passed, x) {
x1 <- rand_update(x)
x2 <- rand_update(x1)
if (trials_remaining == 0) {
trials_passed / trials
} else if (gecd(xl, x2) == 1) {
iter(trials_remaining - 1, trials_passed + 1, x2)
} else {
iter(trials_remaining - 1, trials_passed, x2)
}
¥
iter(trials, O, initial_x)

}

estimate_pi2 <- function(trials) {
sqrt(6 / random_gcd_test(trials, random_init))

}

estimate_pi2(500)
A A8eA e 7
## [1] 3.285022

. BEY

— rand& AFESH AHA HA: 912]9] experiment T4E AL QIAE HH= monte_carlo
2ol B/ We 5E
~randZ ASSIA G (5, A9 4TS B Go) A M U 17 22
Z A5} x2-5 HHE RO A Z|AHESY] rand_updatel] Yo7 AR
- T2 BHAIER ARANE A daol Agvt gt 4 98
*x 29 § estimate_pi2o| A W WA 7] 9] 2 7)Fk initial_x& A|Fofof
o 5, P AT YRV 22O b2 HEo R o] U -> RHIIER IEE UE Z

3.1.3. The Costs of Introducing Assignment
o assign 4hS AMESH 21 AHIE 2= A 2
« 7}
— m2IE Qoo Ael

ok

5 A4S o o) A% BY(115) 02 AP 5 g
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- Ao r Tttt HY ok et e TR o=
o tiddo] gle 71E W 22 48 > 22 &9
— &5 AL 5 o] Ao R T s S d T2 I # 9 (functional programming)

make_simplified_withdraw <- function(balance) {
function(amount) {
assign("balance", balance - amount, inherits = TRUE)
balance
}
+

W <- make_simplified_withdraw(25)
W(20); W(15)

4 554
## [1] 5
## [1] -10

make_decrementer <- function(balance) {
# do not use “assign’
function(amount) {
balance - amount
}
}

D <- make_decrementer (25)
D(20); D(15)

## [1] 5
## [1] 10

A% 1Y9] 712 73
o ‘IR Ty dojofl A 7|5 (symbol)= EHAHO R FhE Y5k o] Foltt
P& T Pot7] Aol el A (4=)
- e EQlo=m WO ghe 74
* oAl M & AT 4 e olE FAE 9]
[e}]

« Agao] 7 g2 22O AY =T 1Y 5 9ls > 4 29 (3.2)

D1 <- make_decrementer(25)
D2 <- make_decrementer(25)

W1l <- make_simplified_withdraw(25)
W2 <- make_simplified_withdraw(25)

“gepre] o]

o ol ZFAS YU of wig w2z tiASIA 22 gho] h2te Aol fle
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W1(20);

## [1] 5
w1(20);
## [1] -15
wW2(20)
## [1]1 5
o ZIHY dojo Fx B 22 AL 22 Ao A% I
- e mes 2z FYAo] /AR -> B ool
o “Peter?} Paul-2 Z+a17} $100Q1 238 A&7} sht QJch”
peter_acc <- make_account (100)
paul_acc <- make_account(100)
peter_acc <- make_account (100)
paul_acc <- peter_acc
o A HA RYoA= F AR EAN
o = HA BP0 A= paul_acc®} peter_acc/| TS
- 5 el 3% A%
— side effect: T2 1Mo A paul_acc/} HAE 4 v X Zol =4

HAEE = Zofok ¢

olt

o dol8 Al et Wo] 518w gherhd A dlole AR FHak
. w7do] Sl g H B4 AL FHaLSHE B2 FALS 7H
e e A

— 23 AFE Ad=eA Tt Hell o] ¢
— AFE stte] AR A4 shE A #A

gy 299 3

factorial <- function(n) {
iter <- function(product, counter) {
if (counter > n) {
product
} else {
iter(counter * product, counter + 1)
}
}
iter(1, 1)
}
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factorial(5)

## [1] 120
o AS AL (BLR)

factorial <- function(n) {
product <- 1
counter <- 1
iter <- function() {
if (counter > n) {
product
} else {
assign("product", counter * product, inherits = TRUE)
assign("counter", counter + 1, inherits = TRUE)
iter()
}
+
iter()
}

factorial(5)

## [1]1 120

. BYG: A A D oy

3.2. The Environment Model of Evaluation
o XS Y (1.1.5.): FATTE AEAEC 8T = 2 4] v/ EE - S5= gl
5ol 17}
o 3} (environments)
- S =Y ¢
- M=z22 H7t 29
— 34 T

* T }d: o]

Amrmenﬂmnmem

+ (49 A o)) 2AH T2
- #73 C==DofA x: 3

73 AoIA x: 7 (7}2]7] (shadowing): HFZ &7 9] &2 o525 72A ¢F HolA o)
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o 22 mdA o] Wrtsl= EHE A4
o BHAL HrtE= 3 o] Qlojogt oJu|E 71
—eg 1+ 12 +7} QA 7| St B9 Qo AT 2Hs

3.2.1. The Rules for Evaluation
o = A A
- @4 = (3=, BHozo BIH) 4
e e.g. square <- function(x) { x * x }
- ZE: o7 A (x) ek e BA { x o+ x )
— ZQlH: ot BAA function(x) { x * x }o] Hrtd &3 (AY

4 1 3)e 147
- <2 OEY F@S ANE B

riol

global other variables

env square: 7

(define (square x) ‘
(*x x))

parameters: x
body: (* x x)

Figure 2: M 8A40|A square <- function(x) { x x x } S GIleHM CHEO{ZI &4 X

o Remark. & g2 H7} (1.1.4.)
1 480 B8 BRAS(F4 BAH square, AT HBA 5) 47} B}
2. Fa(aha B4 - B4 ARG AgAA FAA| 50| A8
o U E AR g W A2 By il 2HF RS ARgshE?
Loolas x2 AR g sol B mall oht T (B A4 + A9 87 (3
71217+ 24)
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global other variables

env square:

(square 5) ’

—
E1l ——| x5

*xx)
parameters: x

body: (* x x)

Figure 3: T BHANM square(5) E H7I6HA ¥ &+

» Notes
- E12 1ol
PEEEE
— square(5) 2] Zk: ElolA B4 { x = x }5 H7}
x x A7) Elo] x=5 QJ& -> 5
« x Z17]: Elof| gloy RE(HY)o= Z2phA 2=
* AAF{ 5 %5 }->25
. B el B 2 74
L e AAE AEdAtsol 48 e

3= 7te71E Ol squares A

— &0l A v HSE AL AR FolA T 2 ZHA AL Al

- S B0 BN B4 BAS Bkg

— A mAge AgEE w4 AR e

rr

assign(<name>, <new_value>, inherits=TRUE )

assignd] 25 B4
. 9lo] FAAL Fol7 Tl Boreh
— ofig °lF <name>©] HIIQS 7P A WA =Y
<new_value>8} A|2o] £-&
- BL weIgol gow Al THe

— inherits = FALSE -> A¢] 8738 ZAFSHA] -2 (default)

o
o
ofl

riel

3.2.2. Applying Simple Procedure
square <- function(x) {
X * X
}
sum_of_squares <- function(x, y) {

square(x) + square(y)

39
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}

f <- function(a) {
sum_of_squares(a + 1, a * 2)

}

£(5)

## [1] 136

. 87 BYL olgd) A

sum-of-squares:

global

square:
env f

parameters: a parameters: x parameters: x,y
body: body: (*xx) body:
(sum-of-squares (+ (square x)
(+al) (square y))

(*a2)

Figure 4: < 3t Ljo| &= JHA|

global
env_
F5) | | | |
£l a5 £ X6 E3 X:6 E4 x:10
— — y:10 —_ —_
(sum-of-squares (+ (square x) * xx) (*xx)
(+al) (square y))

(*a2)

Figure 5: (5) H7I2 MdE 8F

« E1
— ax 59 Y
— sum_of_squares(a + 1, a * 2) H7}
- BY wEy B}
E19] A Za ol sum_of _squares {l= -> A9 A LA A 2z
art, asol U2 QUAE 2 > 22t 6, 1002 B}
&= 714 sum_of _squaresE MG A} (6, 10)°] 2§ -> A} &7 E2 A
o« E2

- x= 6, y= 10°] F

— square(x) + square(y) H7}
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=

A2 B} square (x)
E20] 47 T2|9)0] squarer} 91 -> 4] A BAOIH 2
o WA squares G} 60 A& -> A T E3 44

x BH
T

* BB T H7}: square(y)
2o Aoz A 34 B4 B4

e E3
— w7} 6ol %)
—x * x J7}-> 36
e E4

~ x7H100] 5]

— x *x x J7}-> 100
« B DS nE grlet & A% A9gS v
— T 9] square & & AoJF FE0] sum_of_squaresoflA Yz LR} +5 o]-g5lo] ]
— Agrol £(5) 2 gro= Hrt

~ squareS §5% rjultt x| HRolRS matel A2 FAo] 44
R x2 PAT A RE A2 GE Adus5o] 24 thE xagle] gAA He)
So] mE HBAG 71e]7)E o] squarest Aelo] A Aol

3.2.3. Frames as the Repository of Local State
AE A= FA
. B 2gom 4, GURCR o] S 2 A4 Easl)

make_withdraw <- function(balance) {
function(amount) {
if (balance >= amount) {
assign("balance", balance - amount, inherits=TRUE )
balance
} else {
"Insufficient funds"
+
}
}
W1l <- make_withdraw(100)
W1(50)

## [1] 50
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global ——| make-withdraw:
env

parameters: balance
body: (lambda (amount)
(if (>= balance amount)
(begin (set! balance
(- balance amount))
balance)
“insufficient funds"))

Figure 6: M AN make_withdraw £ H2o|st Zut

A
T

L]
Am
N
>,
o9
ot

S

global | make-withdraw:

e W1:j I ‘

El —[ balance: 100 ]

parameters: balance
body: ..

parameters: amount
body: (if (>= balance amount)
(begin (set! balance (- balance amount))
balance)
"insufficient funds")

Figure 7: W1 <- make_withdraw(100) 2| 7|2 47| &4 1=

e W1l <- make_withdraw(100)9] H7}2 A2 A= 274 El
— "7 balance®t AEQIA} 100 FH-2 HIF o] Sl = 174

— E19]| 4] make_withdraw®] 2] (F£Hg4 function(amount){...}2] EEA H7})
* W7t Ayp: I =7t FRgetpo] mizfEs A 2 24 / A9 e o w El 7

— o] 7}A|7} make_withdraw(100) 9] Zto & ut3} wiof F<¢
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S

make-withdraw: ...

global
env__ Wi 1

| Here is the balance
E1 —‘ balance: 100 ] that will be changed
by the set!

{ amount: 50 ’

parameters: amount (if (>= balance amount)
(begin (set! balance

body: ..
(- balance
amount))

balance)
"insufficient funds")
QIZ} 50 o M&3}0f PHE0ITI &

2 xgt

Figure 8: &> 7| w1 2
o WIE A} 50°ﬂ A-g -> Wi w74 amount o} A
-9l 8
o e e A
* amount HFQIY: A A T
* balance HFQIH: E1 (A4 2H74)
inherits=TRUE ): balance?] HFQITS 1009]A]

x assign("balance", balance - amount

5005 HpE

&)

make-withdraw: ...

global

env Wi1: —]
|

E1 — balance: 50

amount

parameters:
body: ..

5538 %083

Figure 9: w1

e W1 SEXE

amount: 500] ¢
/\(lj /\(-)]

tlo

2o mey

9 oz E1S 7H 7= Al
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make-withdraw: ...

global W2 .

env

e (—— W1:

)
El — balance: 50 E2 — balance: 100

[

parameters: amount
body: ..

Figure 10: W2 <- make_withdraw(100) @2 CECIE Q1= X 2| x| 7HH|IE MMt $o| 8t A%

o T OE = A A WA AE 7
3.2.4. Internal Definitions

average <- function(x, y) {
x+y) /2
}

sqrt2 <- function(x) {
is_good_enough <- function(guess) {
abs(square(guess) - x) < 0.001
}
improve <- function(guess) {
average(guess, x / guess)
}
sqrt_iter <- function(guess) {
ifelse(is_good_enough(guess),
guess,
sqrt_iter (improve(guess))
)
}
sqrt_iter (1)
}

sqrt2(2)

ABE A (1.1.8.)
## [1] 1.414216
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parameters:
body:

(define good-enough? ...)
(define improve ...)
(define sqrt-iter ...)

(sqrt-iter 1.0)

X:2

good-enough?:
X E1T —| . .

improve: ...

sqrt-iter: ...

E2 — guess: 1

call to sqrt-iter

E3 — guess: 1

body:

(< (abs...)

)

call to good-enough?

Figure 11: sqrt2 &2t LHE &4

NEERE
SEER
. A Par
- A g

parameters: guess

)

3.3. Modeling with Mutable Data
+ Remark. dlole] Z4ste] fa) (2): Az F2E AR A2 ol gslel 714
o AHIE 7H AR Al2E RS} -> W2 mutator)7F Q.
o e.g 23 At G Az o HASH= set_balance(<account>, <new_value> )
« W74 7Fs Hl°olE 7] (mutable data objects): HZg2}7F 2 o5 dlo]8 7§

3.3.1. Mutable List Structure

o A (pairs) ->
« A2 set_
— AA
- =

Ue HE 271
head®} set_tail =%

AL /A= pair

A7} 712]7]e O head Fi tail ZIEE B

olge Y w4 oRol ogil £
& olge A9 T4t 2ad ) A4
9] @aee] AgdAte] A 7Vs o
Ze0] BAlL A9 §40] B} 80

ol =

o,
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:
7
L

]
4

—
—e
—
| o

@_
@_

%

——e

[

Figure 1: x <— List(List("a", "b"), "c", "d") ¥ y <- List("e", "f")) 2 MME 2|AE 31X

@_

(X <- List(List("a", an)’ "C", "d”));

## [ [a, [ b, NULL]1 1, [c, [ d, NULL 1 1 ]
(y Q= List("e", nfn))

## [ e, [ £, NULL ] ]

—7]

1]
T
oE=

garbage

L

E]_

(o =]
T
E=

Figure 2: Figure 12| 2|AE0| set_head(x, y) S 485t Zq}

set_head(x, y)
X

## [ [ e, [ £, NULL]1 1, [ c, [ 4, NULL ] 1 1]
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x— [ o o]

g
gl
!

Figure 3: Figure 12| 2|AE0| z <- pair(y, tail(x)) £ $3st At
(z <- pair(y, tail(x)))

## [ [ e, [ £, NULL] ], [ c, [ d, NULL ] ] ]

fin 15—
garbage @

X

Figure 4: Figure 12| 2|AE0| set_tail(x, y) S 35t Zn}

set_tail(x, y)
x

## [ [ e, [ £, NULL ] ], [ e, [ £, NULL ] 1 1]

a— 1]y
* [I*F[T

Figure 5: z1 <- pair(x, x) 2 MAE 2|AE JF|

49 =44

47



z2

37[{ *F[T
L))

| |
Figure 6: z2 <- pair(List("a", "b"), List("a", "b")) 2 MME 2|AE 4|

x L= List(nau s llbll)

(z1 <- pair(x, x));

## [ [a, [ b, NULL] ], [ a, [ b, NULL ] ] 1]
(z2 <- pair(List("a", "b"), List("a", "b")))

## [ [a, [ b, NULL ] 1, [ a, [ b, NULL ] ] 1
identical(head(zl), tail(zl));

## [1] TRUE
identical (head(z2), tail(z2))

## [1] FALSE

set_to_wow <- function(x) {
set_head(head(x), "wouw"
X

}

set_to_wow(zl);

W32t ax
## [ [ wow, [ b, NULL ] 1, [ wow, [ b, NULL ] ] ]

set_to_wow(z2)

## [ [ wow, [ b, NULL ] ], [a, [ b, NULL ] ] ]
. WAe HYY B

pair <- function(x, y) {
.head <- x
.tail <- y
dispatch <- function(message, val =
if (identical(message, "head")) {
.head
} else if (identical(message, "tail")) {
.tail
} else if (identical(message, "set-head!")) {
#.head <<- wval
assign(".head", val, inherits=TRUE )
invisible (NULL)
} else if (identical(message, "set-tail!")) {

NULL) {

48



#.tail <<- wal
assign(".tail", val, inherits=TRUE )
invisible (NULL)
} else {
"unknown-message"
X
b
class(dispatch) <- "pair" # S3, covered later
dispatch
}

head.pair <- function(pair) {
pair("head")

}

tail.pair <- function(pair) {
pair("tail")

}

set_head <- function(pair, new_value) {
pair("set-head!", new_value)

}

set_tail <- function(pair, new_value) {
pair("set-tail!", new_value)

}

3.3.2. Representing Queues
o 719: AJAZE(first in, first out, FIFO) Atm F+Z
— &9 Sldko] A}, el A A

ALk A o714
q <- make_queue()
insert_queue(q, "a") a
insert_queue(q, "b") ab
delete_queue(q) b
insert_queue(q, "c") bec
insert_queue(q, "d") becd
delete_queue(q) cd

2 @ ol
A3} make_queue ()

A& is_empty_queue(<queue>)

ARz} front_queue (<queue>)

WAz insert_queue(<queue>, <item>) delete_queue(<queue>)




ne

front-ptr rear-ptr

L9l

e

Figure 7: QHCt ZOIE|Q} SITH ZQIE|Q| B|AE R 2&5H 7|

front_ptr <- function(queue) { head(queue) } # Z[AEQ X ILjOjE 7f2|7|= HECIE]
rear_ptr <- function(queue) { tail(queue) }

set_front_ptr <- function(queue, item) { set_head(queue, item) }

set_rear_ptr <- function(queue, item) { set_tail(queue, item) }

o Hi71E At

front-ptr

T

ORNGENT

Figure 8: Figure 7 2| CH7|€0f| insert_queue(q, "d") £ H&st Z1}

q— °
i
rear-ptr l

o)

is_empty_queue <- function(queue) { is.null(front_ptr(queue)) }
make_queue <- function() { pair(NULL, NULL) }

front_queue <- function(queue) {
if (is_empty_queue(queue)) {
stop("front_queue called with an empty queue")
} else {
head (front_ptr(queue))
}
}

insert_queue <- function(queue, item) {

new_pair <- pair(item, NULL)

if (is_empty_queue(queue)) {
set_front_ptr(queue, new_pair)
set_rear_ptr(queue, new_pair)

} else {
set_tail(rear_ptr(queue), new_pair)
set_rear_ptr(queue, new_pair)
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queue

q <- make_queue()
insert_queue(q, "a")

## [ [ a, NULL 1, [ a, NULL ] 1]

insert_queue(q, "b")

## [ [a, [ b, NULL]1 1, [ b, NULL ] 1]

o
i

front-ptr

gl “ﬁ[{
I

Figure 8 2| Ci7|€0f| delete_queue(q) 2 X5 A1}

delete_queue <- function(queue) {
if (is_empty_queue(queue)) {
stop("delete_queue called with an empty queue")
} else {
set_front_ptr(queue, tail(front_ptr(queue)))
queue
}
}

delete_queue(q)
## [ [ b, NULL ], [ b, NULL ] ]

3.3.3. Representing Tables

. 713k 2] At A

o1



table

Gl g0l
e | [l ) [ T]

]_i}'-%_]_ = (2.3'3.) Figure 9: 0{2| &2l 2|AERZ B3t &
# expects a key and a list of key-wvalue pairs as arguments.
# returns the key-value pairT that has the given key as its head
assoc <- function(key, pairs) {
if (is.null(pairs)) {
FALSE
} else if (equal(key, head(head(pairs))) ) {
head(pairs) # a key-value pair
} else {
assoc(key, tail(pairs))
X
3

equal <- function(xs, ys) {
if (is_pair(xs)) {
is_pair(ys) &&
equal (head(xs), head(ys)) &&
equal(tail(xs), tail(ys))
} else {
identical(xs, ys)
}
}

# takes a key as argument and returns the associated value
lookup <- function(key, table) {
kvpair <- assoc(key, tail(table))
if (!identical(kvpair, FALSE)) {
tail(kvpair) # walue
} else {
FALSE
}
}

insert <- function(key, value, table) {
kvpair <- assoc(key, tail(table))
if (identical(kvpair, FALSE)) {
set_tail(table,
pair(pair(key, value), tail(table)))

} else {

set_tail (kvpair, value)
}
n Ok n
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make_table <- function() {
List("*tablex")
}

o Al

t1 <- make_table()
insert("a", 10, t1)

## [1] "ok"
lookup("a", t1)

## [1] 10

table

gl
e | g3l
Lees | [ ]1]) [

279 ® (2.4.3.) Figure 10: 2%t &

lookup2 <- function(keyl, key2, table) {
subtable <- assoc(keyl, tail(table))
if (!identical (subtable, FALSE)) {
record <- assoc(key2, tail(subtable))
if (!identical(record, FALSE)) {
tail(record)
} else {
FALSE
}
} else {
FALSE
}
}
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in

##
##
##
##
##
1o

##
lo

##

A

#

sert2 <- function(keyl, key2, value, table) {
subtable <- assoc(keyl, tail(table))
if (!identical (subtable, FALSE)) {
record <- assoc(key2, tail(subtable))
if (!identical(record, FALSE)) {
set_tail(record, value)
} else {
set_tail(subtable,
pair(pair(key2, value), tail(subtable)))

}
} else {
set_tail(table,
pair(
List(keyl, pair(key2, value)),
tail(table)
))
+
”Ok”
[1] "ok"
[1] "ok"
[1] "ok"
[1] "Ok"
[1] "ok"
okup2("math", "-", t2)
[1] 45
okup2("letters", "a", t2)
[1] 97
o ®

i

iz

o Fultt lookupd} insert g~

table with two keys

make_table2 <- function() {

local_table <- List("*tablex")
lookup <- function(keyl, key2) {
subtable <- assoc(keyl, tail(local_table))
if (!identical(subtable, FALSE)) {
record <- assoc(key2, tail(subtable))
if (!identical(record, FALSE)) {
tail(record)
} else {
FALSE
}
} else {
FALSE
}
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}
insert <- function(keyl, key2, value) {
subtable <- assoc(keyl, tail(local_table))
if (!identical(subtable, FALSE)) {
record <- assoc(key2, tail(subtable))
if (!identical(record, FALSE)) {
set_tail(record, value) # replace existing value
} else {
set_tail(subtable,
pair(pair(key2, value), tail(subtable)))

¥
} else {
set_tail(local_table,
pair(
List (keyl, pair(key2, value)),
tail(local_table)
))
}
n Okll
¥

dispatch <- function(m) {
if (identical(m, "lookup")) {
lookup
} else if (identical(m, "insert!")) {
insert
} else if (identical(m, "table")) { # tempoarily for testing
local_table
} else {
stop("Unknown operation -- TABLE")
}
}
dispatch
}

o Get¥} Put ¢I4te] 7@
operation_table <- make_table2()
Get <- operation_table("lookup")
Put <- operation_table("insert!")

Put(llan s np" s 10) g

## [1] "ok"
Get("a" R llbll)

## [1] 10
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